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FREE GRUPOIDS WITH 2%2? = 232°

VESNA CELAKOSKA-JORDANOVAY

Abstract. A description of free objects in the variety V of groupoids defined

by the identity 2222 = 2323 is obtained. The following method is used:

one of the sides of the identity is considered as ”suitable” and the other as
"unsuitable” one. First, the left-hand side 2222 is chosen as "suitable” and
the set of elements of I (F being an absolutely free groupoid with a basis
B ) containing no parts that have the form 2323 is taken as a ”candidate”
for the carrier of the desired free object in V. Continuing this procedure, a
V-free object is obtained. Another construction of V-free object is obtained

by choosing the right-hand side 2323 as "suitable” one.

0. INTRODUCTION

First, we introduce some notations.

Throughout the paper, F = (F,-) will denote a given absolutely free groupoid?)
(i.e. groupoid free in the class of all groupoids) with the basis B. The following
two properties characterize F' ([1]; L.1.5):

a) F is injective (i.e. ab=cd = a =c¢,b=d);

b) The set B of primes®) is nonempty and generates F.

For every w € F, a set P(w) (called the set of parts of w) and the length |w| of
w are defined by:

P) = {b}, Pluv)={uwv}UPu)UPW), |bl=1, |w|=|u|+]|v|,

for every b € B and u,v € F.
The subject of this paper is a construction of free groupoids in the variety V of
groupoids defined by the identity

2% = 2328, Y (0.1)

In order to construct V-free objects (i.e. free objects in the variety V) we will
recall the corresponding procedure given in [2] for the variety V; of groupoids
defined by the identity

zr? = 2%2? (0.2)

1Research supported in part by MANU within the project ”Free algebraic structures”. I am
grateful to Professor Gorgi Cupona, the project manager.
?Notions as: groupoid, free groupoid, homomorphism ... have the usual meanings.
3In a groupoid G = (G, "), a € G is prime iff a # zy, for all z,y € G.
4Here, 2" is defined by: z! = z, zF+! = zFz.
Key words and phrases. groupoid, variety, free groupoid.
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Namely, choose first z2z2 as the ”suitable” (i.e. zz? as the ”unsuitable”) side
of (0.2). As a ”candidate” for the carrier of a V;-free groupoid, define the set
R={te F:(Va€ F) ad® ¢ P(t)},
and then define an operation * on R by
ttu€ R= {txu=tuiftu € R&t+u=(t2)? if u = t?}.

The obtained groupoid R = (R, *) is a V;-free groupoid with the basis B.
Next, we choose zx? as the ”suitable” (i.e. z22? as the ”unsuitable”) side and
define a ”candidate” for the carrier of a V;-free groupoid to be the set

Fy={te F:(Na€F)(a*?¢P(t)},
and then an operation *; on Fy by
tueFl = {tru=tuiftu € Fy &t*x u=aa? ift =u=a?}.

Then Fy = (Fy,#1) is a groupoid that is not in V;. As a consequence of the

identity zz? = 2222, we come to a new identity o?(aa?) = (aa®)?. This suggests

a definition of a new ”candidate” Fy = (F3, *2) :
Fy={te€ F,: (Ya € F\)(ac?)? ¢ P(t)},
We obtain that Fy ¢ V; and come to a new identity in Vy:
(aa®)(a?(aa?)) = ((a*(aa®))%.

Continuing this procedure, we see regularity in the consequences of (0.2) that
suggests introducing a special kind of groupoid powers z +— <"~ defined by:

$<k+1>' (03)

_ Using this, we have: (a?)? = (a<!'>)?, (aa?)? = (a<?>)? etc. and a sequence of
groupoids F,, = (Fn, *,), n > 0, defined by: Fy = F = (F,-),

Fy={te Fy: (Va€ Fy)(a<'>)? ¢ P(t)},
Fo={te€ F,_1: (Vo € F,)(a")* ¢ P(t)},

<0 = g g<1> = g2, g<k+2> _ g<k>

t,u€ Fp = {txpu=txnquiftxn_1u € Fy &tryu=a<""> ift =y = a<">}

The groupoids F), are not in V;.However, the fact that ' D Fy--- D F,, D ... and

that F), is "better” than F,_; enables us to define a carrier R’ of a free object in
VY by: '

R={tecF:(VaeF k>1) (@) ¢P@t)} (=(|{Fa:n>1})
and an operation *' on R’ by:
tue R ={t¥u=tu if tuec R & t¥u=a<*"> if t=u=0a%>, k>1)}.

Then R’ = (R,+’) is a V;-free groupoid with the basis B and it is isomorphic to
R.

We use below the same method for constructing free objects in the variety V of

groupoids with z22% = 2323 .
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1. CONSTRUCTION OF V-FREE OBJECTS BY CHOOSING 7222 AS THE ”SUITABLE
SIDE”

Choosing the left-hand side of (0.1) as "suitable”, we define the first ” candidate”
for the carrier of a V-free groupoid by:

Fi={teF:(NVaecF) (a®)?¢ P(t)} (1.1)
By (1.1) we obtain:
1) ttue Fy = {tu¢ F| &t =uisa cube °}
2) t,Lue Fy = {tue Fy & [t # uor (t = u is not a cube|}
3) t?c Fy & {tc F; & tis not a cube}
4) e et’eh

Define an operation *; on Fj by:

tu, if tue I

2)2 3

tueFy =txu= X
Al = = e

(o

By a direct verification we obtain that F; = (F,*;) is a groupoid. However, the
equality (0.1), which has the form here

(1 t) xq (Ex1t) = ((Exgt) %1 t) *1 ((E*1¢) %1 1) (1.2)

is not satisfied in Fy . Namely, for t = a® , the left-hand side of (1.2) is ((a?)?)?
and the right-hand side is ((a?)?®)?. Thus, Fy ¢ V. Therefore, as a consequence
of (1.2), we obtain that: ((a?)?)? = ((a?)%2a?)? is an identity in V.

This suggests a definition of a new ”candidate” Fy = (Fy, %9):

F={tcF:NachF) ((*)%%? ¢ P(t)},

t 1 u, if txiuelkF,

thue Fo = txou= .
: ? {((a2)2)2, if t=u=(a?)?23.

Checking (1.2) (when =*; is substituted by *5), we obtain that F» € VV and one more
identity in V: (((?)?)%)? = (((«?)?)?((«?)??))?. Continuing this procedure,
we can sec "regularity” in the consequences of the identity (1.2). This suggests
introducing the following notations:

(B (z(k))z;
(1.3)

B R NSV ]

It is easily seen, by induction on n, that:

5a € G is a cube in a grupoid G = (G, ) iff (Ja € G)a = o?; if G is injective then « is unique.
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Proposition 1.1. If G = (G,-) is any groupoid, then for each x € G and
m,n > 0:
plm+n) _ (z("‘))(").
By induction on p, one can show the following propositions:
Proposition 1.2. If z,y € F and p,q > 0, then:
a) [¢@] = 2°lzl; b) [ = 2+ — 1)
)z® =yP o z=y; d)zP =yPt) o g =y,
e) (Vz € F) (A(y,p) € F x No)[z = v & (Vz € F)y ¢ 7] ©
fatl=gletll o p— g =y,

Proposition 1.3. If G= (G,-) € V, then for each x € G and p,q > 0:
(w{pl)2 - ($(p))2‘
More generally: (a:[P])(r) =zt for any r > 1.

Proof. . Clearly, the above equality holds for p = 0. Suppose that it is true for
p = k. Then, considering the identity (0.1) and the inductive hypothesis, we have:

P2 (D) 612 (B2 g RIY2 (k12612 = ((pIK])3)2 =
(@) =( )" = (") )" = ((=")"=™)° = (™))

()22 = (z®))? = (a=+D)?.

Using (1.3), we can define the following infinite set of groupoids:
Fy={teF:(VacF)(aY)?¢ P(t)},

tu, if tue Fy

i F; t =
,auerp=1t*xu {a(2)’ if t=u=a[1].

Fop1 = {t € F,: (Ya € F,) (a"*1)2 ¢ P(1)},

tx,u, if t*x,u € Fhp

tu€ Fopr = txppru= {a(n+2), if t=u=qalrt,

One can show that F,; is a groupoid and F,4+1 ¢ V.
The fact that F D F; D --- D F,, D ... and that F,4y is "better” than F,
suggests to define the carrier of a free groupoid in V in the following way:

R={te F:(NVae F,k>1) (alf)? ¢ P(t)}. (1.4)

(Note that it is not necessary to define the whole sequence, since the desired ”good
candidate” can be noticed after several steps.)

6Np is the set of nonnegative integers.
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By (1.4) we obtain:

0) BCRCF

i) tueR=>{tu¢ Re BacFk>1)t=u=ao}

i) tue R=>{tuc Ra[t£uor (t=u & (Vae R k>1)t#a")]}

i) tP*D e RoteR & t#£a® k> 1.
Theorem 1. Let R be defined by (1.4) and an operation * on R by:

ttue R={txu=tu if tuc R & t*xu= o) if t =u=altl},

Then R= (R, *) is a V-free groupoid with the basis B.

Proof. Tt follows that, for every u € F | there is at most one pair (o, k) € F' x Ny,
such that v = a*l. By a direct verification of (0.1) we obtain that R € V.
Furthermore, B is a generating set of R and for any groupoid G € V and a
mapping A : B — G there is a homomorphism ¢ : R— G that extends A. O

2. CONSTRUCTION OF V-FREE OBJECTS IF 2323 IS THE ”SUITABLE SIDE”
Now, choose the right-hand side of (0.1) as "suitable” and define:
Fl={tc F:(Va€F)(a??¢P(t)} (2.1)
By (2.1) we obtain:
1) t,tue F| = {tu ¢ F| &t =u is a square }7
2') t,ue Fy = {tue F{ & [t #u or (t =wu is not a square |}
3) t? € F{ & {t € F{ & t is not a square}
{)ytPeFlet"e F|,n>3.
Define an operation *} on F] by:

Lu, if tue Fy

3)2 2

t,tucF =tsju= ,
, “if t=1=a”.

(a
By a direct verification we obtain that Fy’ = (Fj, *}) is a groupoid. However, the
equality
(Ex1 ) %) (Ex8) = ((E*1 8) %1 8) %) ((Ex D) %7 8) (2.2)
is not satisfied in Fy ’. Namely, for t = o2, the left-hand side of (2.2) is ((a®)2a?)?
and the right-hand side is ((o®)3)? . Thus, F; ’ ¢ V. Therefore, as a consequence
of (0.1), we obtain that: ((a®)2a?)? = ((a®)3)? is an identity in V.
This suggests a definition of a new ”candidate” Fy ' = (Fj,*5):

Fy = {t € F{ : (Va € F) ((o®)a)* ¢ P(t)}

I “a € G is a square in a groupoid G= (G,-) iff (3a € G) a = a?; if G is injective, then « is
unique.



14 VESNA CELAKOSKA-JORDANOVAY

E= w, if tue F|
((@®)?3)?, if t=u= (a2

Checking (2.2) (when x} is substituted by %5), we obtain that Fy ' ¢ V and one
more identity in V: (((®)?)2((a?)2a?))? = (((o?)3)?)2.

Continuing this procedure, we can see a "regularity” in the consequences of the
identity (2.2). This suggests introducing the following notations:

£<9> = o g<kH> = (g<k>)3,

t,u€F2':>t*’2u={

250 = 5% p<k+1] (z<k+1>)2x<k} (2.3)

It is easily seen, by induction on n, that:

Proposition 2.1. If G = (G,-) is any groupoid, then for each x € G and

m,n > 0:

<m4n> _ ( <m>)<n>.

& &
By induction on p, one can show the following propositions:
Proposition 2.2. If z,y € F and p,q > 0, then:
a) [z = 37[a
b) z<P> = y<PH> o g = <o,
¢) (Vz € F)(3(y,p) € F x No)[z = y<P” & y is not a cube |.
Proposition 2.3. If z,y € F and p,q > 0, then:
a) o< = (@ = Dfal; b) [27) < [a<F>]; ) @ £ P> > 1

d) aPH> £ y<il p>0,g21; ) P =yUsp=qz=y

Proposition 2.4. If G = (G,) € V, then for each z € G and p,q > 0:
(wq}])2 _ (z<p+l>)2'

More generally: (z<P)<™> = x<P+> for any r > 1.

As in (1.4), we define the carrier of a free groupoid in V in the following way:

R ={teF: VaeFk>0) (a2 ¢ P(t)}. (2.4)

By (2.4) we obtain:

0) BCR CF

i) tbtuc R = {tu¢ Re BaeF) t=u=a<" k>0}

W) tueR = {tue R & [t£u or t=u&k (YaeFk>0)t#aM)]}
Theorem 2. Let R’ be defined by (2.4) and an operation +' on R’ by:

ttue R = {t¥u=tu if tuc R &t+ u= (a<*">)? if t =u =<}
Then R' = (R, ') is a V-free groupoid with the basis B.
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Proof. 1t follows that, for every u € F there is at most one pair (o, k) € F' x Np,
such that v = a<k. By a direct verification of (0.1) we obtain that R’ € V.
Furthermore, B generates R’ and, for any G€ V and a mapping A : B — G, there
is a homomorphism ¢ : R — G that extends . O

(Note that R and R’ are isomorphic with the same basis B.)

3. SOME REMARKS

Remark 3.1: The method used above is not applicable in some varieties of groupoids.
Namely, consider the variety of groupoids with the identity z? = 2. If we choose
z? as the ”suitable side” of the identity and define

R={teF:(VaeF)a®¢P{)},
ttue R=> {txu=tu if tu€ R&txu=1> if t =u?},

then we obtain that R = (R, *) is a free object in this variety. However, if we
choose the right-hand side as the "suitable” one, then by

R ={tcF:NacF)a*¢ P},
ttu€R = {t¥u=tu if tu € R &t+ u=1> if t =u},
R' = (R',+') is not a groupoid. (Namely, if t = u , then t ¥’ t = t*> = t2t ¢ P(t)!)
Thus, the procedure used for the variety V is not applicable in one of the
cases for the variety of groupoids with the identity 22 = 2* and in any variety of

groupoids with the identity such that one hand-side of the identity is a part of the
other one.

Remark 3.2: It is natural to consider the ”shorter” side of the identity 2222 =
z%z3 as a "suitable” one (as we did in Section 1) and to expect a ”shorter” (or a
”less compiicated”) construction of a free groupoid in this variety. However, com-
paring the constructions in Section 1 and Section 2 we can see that they are nearly
equal, although one can say that the groupoid powers (1.3) are a "little simpler”
than (2.3). Moreover, the situation with the variety defined by zz? = 2222 is
quite different. Namely, the choice of the ”shorter” side zz? as ”suitable” leads to
a longer and more complicated construction than the choice of the ”larger” side
z?2? (the construction in this case finishes at once, at the first step!). (Probably,
the "symmetry” in 2222 plays a certain role.)

Remark 3.3: The free groupoids R and R’ obtained in Theorems 1 and 2 are
V-canonical groupoids. (A groupoid H= (H, %) is said to be V-canonical groupoid
in a given variety V([3]) iff:

(o) BCHCF (¢)) tue H=>t,ue H&tu=txu; (c) His V-free

(i.e. H€ V; B generates H; for any G € V and any mapping A : B — G, there is
a homomorphism ¢ from Finto G such that pp = A).

For a given variety V of groupoids, a set R is said to be representative for V
([4]) iff the following conditions are satisfied:

(jo) RC F;
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(1) for every w € F' there is exactly one u € F' such that v € R and the
equation (w,u) is satisfied in V;

(j2) ift € R, then P(t) C R.

Proposition 3.1. The carrier of any V-canonical groupoid is a representative set
for V.

Proof. Let V be a variety of groupoids and R = (R, %) be a V- canonical groupoid
(with a basis B). If F is an absolutely free groupoid with a basis B, then there
is a unique homomorphism ¢ from F into R such that ¢(b) = b, for any b € B.
Therefore, for every w € F, ¢(w) is a uniquely determined element of R and
clearly the equation (w, p(w)) is satisfied in V. Thus, (j1) holds. The condition
(j2) can be shown by induction on length of . Namely, if |t| =1, i.e. ¢ € B, then
P(t) = {t} € R. Suppose that P(t) C R for every t € R with |t| < k. Let t € R be
such that [¢| = k+1. Then t = uv, |u| < k, |v| < k and since {uv}, P(u), P(v) C R,
it follows that P(t) C R. O
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CJIOBOIOIHU I'PYIIOUION CO z2z?% = 232°
Becna Ilenakocka-Jopnanosa
Peszuwme

Bo paboraBa e manmen omuc Ha ciaobomHuTe 00jeKTM BO MHOryobpasuero V
O Tpynouau AeMHUPAHO CO MACHTUTETOT T x> = z°z°. Kopucrena e cren-
HaBa MOCTAIKa: eaHATa O [ABeTe CTPAHU Ha MACHTUTETOT ja CMeTaMe 3a
”coomBeTHa”, a mpyrara 3a ’HecooaBerHa'. Pasriemanm ce nBaTa MOMKHU
cnyuau. IIpBo, neBara crpaHa z’r? e 3emena 3a ”coomserHa”. Bo Toj
cllyudaj, MHOMXKECTBOTO ejeMeHnTn of F (kanme mro F e anconyTHO cinobonen
rpymoun co 6a3a B) xoumTo He coap)aT Aen on obaukoT r3x3, 3emeHo e
Kako "kKapmuaaT  3a HOcUTeN Ha caobomen objext Bo V. IlpomomxyBajiu ja
Taa nocramnka, nobuen e V-caobomen rpynoun. pyr V-caobonmen rpynoun e
KOHCTPYWMpPaH CO 3eMame Ha JecHaTa cTpaHa z°z> kako ”coomserna”. (Ilo-
Guenure V-cnobonuu rpynounmu ce uzomoppuu.) MerfyToa, oBaa mocranka
HE € TPUMEHJIVBA BO HEKOM MHOryobpa3suja Ipynouand, Kako Ha IPUMEpP BO
MHOTYOOpa3ueTo AeGUHUPAHO CO MASHTUTETOT T2 = 2°, a 1 BO CEKOe MHOT'YO-

Opasmwe rpynougy CO WAEHTWUTET BO KOj eQHATA CTpPaHA € IeJl O Apyrara
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(Remark 3.1). Hobuenure V-canobonuu rpynouny R n R’ (Theorem 1 u The-
orem 2) ce V-xanonmunu. Ce moxaskysa (Proposition 3.1) nexa nocumenom ua
V-xanonunen epynoud e penpesenmamueno mruoxcecmao 3a V (Remark 3.3)
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