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ON THE STRICTLY PARALLEL SUBBUNDLES OF VECTOR BUNDLES

K. Trendevski

Abstract. In this paper are considered four propositions
about strictly parallel subbundles of vector bundles. In propo-
sitions l.and 2 are generalized some results of Walker [1] and
Wong [2] in case of an arbitrary vector bundle, instead of tan-
gent bundle. Proposition 3 generalizes one Wong’s result [2] in
global case. In proposition 4 are given necessary and sufficient
conditions for existence of a connection in a vector bundle £
such that given r linearly independent vector fields and s line-
arly independent l-forms in £ are parallel. That condition is
given by (3).

Suppose that £=(e,ﬂ,Mn) is a vector bundle of rank m and
that it is endowed with connection. A subbundle £’=(e',w’,Mn)
of £ with rank r is said to be parallel, if for any two points
A,BEM a vector in (r*)~'(n) is displaced into a vector in
(r*) "' (B) by parallel transport along any curve from A to B. A
subbundle £’=(e',n’,Mn) of £ with rank r is said to be strictly
parallel, if it contains™a basis of r parallel differentiable

vector fields.

Proposition 1. A necessary and sufficient condition for a
vector subbundle £’ of rank r to be parallel, is that its basis
of parallel vector fields {},,} (ee{l,...,r}, i€{1,...,m}) sa-
tisfies the recurent relations of the form

ol tealaats ()
where Agk (¢,8€{1,...,r}, k&{1l,...,n}) are components of co-vec-
tor field for fixed a and B.

In a special case when g=(e,m,M ) is the tangent bundle, -
the proof is given in [1]. The proof of proposition 1 is ana-
logous to that proof.

The components
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(a ,8,6€(1,...,r}, k,2€{1,...,n}) for fixed o« and B transform as
a tensor skew-symmetric in k and 2. Furthermore, for fixed k
and L Aikz has tensor character with respect to a« and B under

the change of the basis ([2]). So AE is called double tensor.

ke
In the case when €=(s,n,Mn) is the tangent bundle, Wong
([2] , theorem 6.1) has proved the following proposition.

Proposition 2. If the vector subbundleE'=(e',w',Mn) is
strictly parallel, then the double tensor associated with £’
identically vanishes. Conversely, if the double tensor associa-
ted with a vector subbundle £' identically vanishes, then for
each point pemn there exists a neighbourhood U of p such that
the restriction of £’ on U is a strictly parallel vector sub-
bundle, i.e. £’ is locally strictly parallel vector subbundle.

In general case the proof of theorem 2 is analogous to the
Wong'’s proof.

Now we shall give an improvement of the second part of the
proposition 2 in global case.

Proposition 3. Assume that Mn is simply-connected differen-
tiable manifold. If the double tensor which is associated with
a vector subbundle ¢’ vanishes identically, then &’ is strictly
parallel vector subbundle.

Proof.”We can suppose that Mn is connected maﬂifold. Let
xeMn,_?nd we choose r linearly independent vectors x(1),...,x(r)
€(nr’) (x). For arbitrary point yEMn there exists a path z(t)
which connects x and y, and the vectors X(i) (i=1,..4,2) can
parallelly be transported to the point y. Using the lemma of
factorization and the second part of the proposition 2, it can
be verified that the transported.vectors at y do not depend on
the choice of the path z(ti from x to y. It also can be veri-
fied that these r vector fields are parallel, and thus we obta-
«in a basis of r linearly independent parallel vector fielﬁs for
the vector subbundle ¢'. ||



Further we shall consider vector bundles without connection
and our aim is to endow them with connections such that given
vector fields and l-forms be parallel,

éioggsition 4. Assume that Mn is paracompact differentiable
manifold and assume that x(1),...,x(r) are linearly independent

vector fields and w(1) e ' are linearly independent l-forms
on the vector bundle g= (e,n,M ). Then there exists a connection
on £ such that x( ) and w(q) be parallel vector fields and
l1-forms (pe{1,...,r}, g€{l,...,s}), iff for each pe{l,...,r} and
for each qge€{1,...,s}

(q) i
w (X(P)) CP const. ; £3)
Proof. Let us suppose that X(p) has components A?p).

{i8{1, . oum), peld,. ..., v}) and w'd) has components u;q}.
(je{1,...,m}, g€{1,...,s}) with respect to the local coordinates.
Then (3) is equivalent to

; M S o v e
y (p)ul Cp const. (4)
If there exists a connection such that x( ) and w(q) (pe
{1,...,r}, g€{l,...,s}) are parallel, then it is obvious that

(4) is satisfied.

Conversely, let us suppose that the matrix [ % )“iq)] has
constant components and its rank is t. Then there exist inver-
tible matrices [CE]rxr and [dg sxs with constant elements such
that '

p. L B(‘I)=
[C“A(p)dq i ] 0 0 i

Since Ai u{q) do not dépend on the coordinate system, then tt

follows that [CE] and [dg] also do not depend on the coordinate
system.

We can define new vector fields Aii) and l1-forms ui(“) by

r(ﬂ)_ a (B)
j 83
and ui(a)=d$h(n_s)u;*) for pe{m-s+t+l,...,m}. Since the vector

L

(v)~¢ (p) for yé{1,...,r}, and u} for a€{l,...,t}
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fields and l1-forms are linearly independent, it can be verified
that r £ m-s+t. The new vector fields and l-forms satisfy

p S
(B)) i (5)

(B€{lsecs,r}, a€{l, ..., t;m—8+t+l,...,m}).

w' (a) (x

Since Mo is a paracompact manifold, then there exists a lo-
cally finite open covering of coordinate neighbourhoods {Ui},
and let {fi} be the corresponding decomposition of the unit.

In arbitrary coordinate neighbourhood Ui can be chosen m-r

vector fields XEY) (yeixr+i,...,m}) such that

st im 9 o (6)

(ke{1,...,m}, a€{l,...,t,m=s+t+l,...,m}) and XE1)'°"'Xim) to
be linearly independent vector fields. Then XE1),...,X’ ) gene-
on U;

(m
r r
(1) i such that x(1),...,x(m) are
parallel vector fields on Ui' Since XE*)""'XEm) are linearly
independent, it follows from (6) that w' (i) (ie{l,...,t,m-s+t+1,
re«.,m}) are parallel l-forms. Let us define a connection I on

£ by

W

rate flat connection T

o R
g 4 W
&

]
iTke (i)
(36843 .vuaml 26{1,...,n}). Then using that ¥ K

for arbitrary tensor field K, where V¥

o B £(%) (4,
v and (VY)(i) are cova-

riant derivatives with respect to the connections I and T

'(1)f---nW'(t)(i)

respectively, we obtain that XE1);--.,XEr).w ’

w,(m—s+t+1)’._.'w,(m) are parallel vector fields and 1-forms

with respect to the connection r. So X(1),...,X(r) and w(1),

...,w(s) are parallel vector fields and l1-forms with respect to

the connection r. |
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3A CTPHUKTHO IAPAJIEJIHUTE NOIPACIIOJYBABA
HA BEKTOPCKHUTE PACJIOJYBABA

K. TpeHYeBCKH

Pesunme

Bo OBOJj Tpyn Cce naneHH 4YeTUpH TeEpOewma. Bo TepaemaTa 1 H 2
ce oBormTeHM HeKOM pesyaTaTH Ha Walker [1] u Wong [2] so cnyuaj
Ha NPOMSBONHO BEKTODPCKO DaciojyBake, HAMECTO BO TAaHT'E€HTHOTO
pacnojysame. TBpOemeTO 3 TeHepanM3HMpa eNeH pes3yaTaT Ha Wong [2]
BO rnobaneH clyuaj. Bo TepaemeTo 4 ce mameHH TOTPeBHH ¥ IOBOJIHH
VCJIOBH 3a NOCTOeme Ha KOHeKCHJja BO €HO BEKTODCKO DAaciyojyBame
£, TaKa WTO OameHH r JHHEapHO HE3aBHCHM BEKTODCKH NONHBAa M ma-
LEHH S JIMHeapHO HEe3aBHCHH l1-QopMM BO £ 6upaT napanennx. Toj
yCJOB e pmanmeH co (3).
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