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GEOMETRICAL INTERPRETATION OF THE ANTISYMMETRIC
COVARTANT DIFFERENTIATION

Kostadin Trendevski

Abstract. In this paper it is given a geometrical interpre-
tatijot of the differentiation (1), where A is a tensor f1e1d of
type (r,s). Indeed it is proved the equality (5) where ¢ deno~
tgs the parallel displacement along the curve 1 11311211—1, and
£ -5k, —ap (fig. 1).

Fig. 1

Let M be an n-dimensional manifold which is endowed with a
linear connection. We choose an arbitrary point OEM and a local

% in a neighbourhood of 0. We shall

coordinate system x',...,x
denote by C*? the set of all functions which are twice differen-
tiable and the second derivative is a continuous function in

that neighbourhood with respect to the coordinate system (xi).

i ...1
Let A" j Yec? be the tensor field of type (r,s), then
geeedg
ige..d f,0..4 i,...4
r r r
DA) . = A, . - A. . 1
( 31._.3 kp 31...js;k;p 3,---3gipik (1)

defines a differentiation which is antisymmetric with réspect to
the indices k and p. In this paper we will give a geometrical
interpretation for this differentiation. Using the Ricci identi-

ty, (1) can be written in the following form
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S SR i Qi,...i i i ...q
(DA) . T = R ! .y f-...-RT . A, .+
Jye--dgkp gkp i, ... g akp 3, ...3g )
igeeeip igeeei i1...ir
+rR9, A, ~ +...+ R9. A, T 4+r9 A, )
J,kpady .- -dg Jgkp i, .. -q pk3 ...34i9

Let g,neTO(M) (fig. 1), and let r1(t) (0 <t =puj, t,(t)
(0 <t < aAv), T3(t) (0 <t < aAu) and Tu(t) (0 £t £ Av) be geodesic
lines which connect O and M, M and B, B and C, C and D respecti~

vely, such that

(dr1(t)/dt)t=° = &, (de(t)/dt)t=o = (n)y:
--(n)C

1l

(dr,(0)/dt) o = ~(8)g,  (dr,(£)/de)

In the above formulas (n)M is the vector at the point M which is
obtained by parallel displacement of n along the curve T1,(£)B
is the vector at the point B which is obtained by parallel dis-

placement of ¢ along the curve t, -t and (n)C is the vector at

27
the point C which is obtained by parallel displacement of n along

the curve 1,°1,°1,.

Now we are going to find the differences of the coordinates
between the points D and O to the second order of approximation

with respect to Au and Av. Since T, is a geodesic line, it holds

ky _/.ky _ k 1,52k 2 2
(x)y = (x) 5 = (drf(t)/ae) _ au +5(d2c7 (£)/dt?) _ (Aw)? +
+0(su?) =£Xau —lrk TeS(au)2 +0(au?).
Slmllarly we can calculate the differences (x ) —(x Yur (xk)c-bﬁﬁB

and (x ) —(x ) c’ and one can obtain that

. mK ,.r s 2 2
)O = Trsg nTAuAv + o(Au“) + o(Av*®). (3)

(xk)D - (x

Specially, if gf=¢%

X and ns=6;, (3) implies that

r 2 2
TkpAuAv + o(au®) + o(av®). (4)

Theorem. Let AEC? be a tensor field in a neighbourhood of

- (xr)O =

the point O. Then the following formula holds
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i1"‘ir 1 D i,'...ir i1...ir
(DA) . . =1im ——-—[¢ (A, )~ (AL .7) ] (5)
]1...jspk Au_)oAuAv 0 3,003 D Jyee-dg 0

Av->o

where ¢D denotes the parallel displacement along the curve

17T, and gF=st ns=5; (fig. 1).

Ty T3 Tp Ty k’
Proof. It is well known that if a tensor A at any point of

the manifold is transported parallelly round an infinitesimal

circuit in the form of an infinitesimal parallelogram with adja-

cent edges dx* and 6x, then the principal part of the infinite-

i1...ir
simal increment in A, 5 is
‘s

i, e..d ge...i_ i, i ...q i

AA. .F = (-A. L R -...- A, .RE 4
Jyeeedg Jyeeedg gkp Jyee-dg akp (6)
io...d i ...i '

+ A T rY, + ...+ A, r g9, yaxFsxP.
q....js j1kp Jy0..q jskp

Let us consider now the closed curve ODCBMO (fig. 1), where
the points O and D are connected with a smooth curve z(t). It can
be considered as a small distortion of an infinitesimal paralle-
logram with adjacent edges.ni=6; and & —Gk. Let ¢8 denotes the
parallel displacement from O to D along the curve z(t). The for-
mula (6) can be applied and we obtain

..1 i ...1i
r

. r \
A ) - . ] =

¢ (¢O( 3, 'Js)D) (AJ1--'JS)D
i,... i i,...1

r 479 A, r. ]AuAv +0(Au?) + o(av3).

= DA .
[( )31---3 kp  “kp 3,-..35

Applying the formula for the parallel displacement of the tensor
i,...1

(A .r) from O to D, and using that
31"‘35
i,e..d i ...i i,...1
@ hp=a T e /axR (5 - () ) o (auP) Ho (av?)
400 dg 3,03 3 ee-dg
we obtain
i,. ..ir - i1...ir i,...1i
(A )~ {A.L ") . = (DA). Audv + o(au?)+o(Aav3).

i ...]s D J,+4-3g 0] 3, <3 pk
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If we devide this equality by AulAv and put Au > O, Av > O we will
obtain the formula (5). ||

The above theorem gives the required geometrical interpreta-
tion of the antisymmetric differentiation D, using the parallel
displacement of tensors. It is well known that the covariant dif-

ferentiation can be written in the following form
11...lr 1[

49 (A ) - (a, T

A. . = lim .
M Jaeee3dg Jaeedg M

]1...js;k Au_mAu.

i,...1 i i

|
where ¢3 denotes the parailel displacement from O to M along the
geodesic line 7,(t) (0 <t < Au) (fig. 1l). We notice that both of

these differentiations have similar geometrical interpretations.

Similar result can be obtained if one does not use indices.
Indeed, if A€C? is a tensor field in a neighbourhood of the point
0 and X,YGTO(M), then the following formula

. 1 D
D (A) = lim ————[¢ (A.) -A ] (7)
Y, X AgrolUubv]T0 7D (o
Av~+o
holds, where
D = V.V, = VeV

+ Vv -V .
Y,X X Y Y X (VYX) (VXY)

We note that Au/Av and Av/Au in (5) and (7) are supposed .to
be bounded numbers.
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TEOMETPHCKA WHTEPHPETAIIMJA HA AHTUCHMETPHUYHOTO
KOBAPHJAHTHO OUGEPEHUUPARE

Kocranun TpeHueBCKH
Pesumwme

Bo oBOj TPYA e nmanmeHa reoMerpucka MHTE j
prnperanuja Ha gudpe-
benunpameTo neduHupano co (1) ommocuo (2), Kaze wTO A € TEeH30pPHO
no’e Bn THn (r,s). BcyumocT, ce AokaxyBa paBeHCTBOTO (5) kagne

ITO
o f? O?Ha?YBa napasneJsiHO IpeHecyBame MO NOJIKMHATAa Ha KpHBara

r .r s
Ty T3 T, T, , ¥ E°=8, n =6; (cn. 1).



