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Abstract. In this paper we consider antiautomorphisms of simple finite-
dimensional ternary algebras.

1. INTRODUCTION

A classification of antiautomorphisms is motivated by a study of antipodes in
Hopf (2, 3)-algebras ([Z]). It is shown in [Z] that Hopf (2, 3)-algebra can be embed-
ded in the usual Hopf algebra. The structure of semisimple finite-dimensional Hopf
algebras H, which have only one the irreducible non-one-dimensional representa-
tion, we found in [A]. This describtion is based on a classification of the antipodes
in H. The results of the present paper can be used for analogous problems for
(2, 3)-algebras.

In [N] and [Ny] there is found the structure of simple (1)-artinian (2,n)-rings
in two cases, when the considered (2, n)-ring consists or not proper (1, n)-ideals.

In the first case, the ring R is isomorphic to (2,n)-ring of square matrices
A" (¢, ) over a skew field A, with a fixed automorphism ¢, such that "~ = 14
and with central element ¢, ¢(c) = ¢, with usual addition and n-ary multiplication

n—2
@

_ @
T Ty = CT1T4 T Ty,

for x1, -+ ,xn € Apy.
In the second case, the ring R has the form

Homy(Vi, Vo) @ Homy(Va, Va) @ - - @ Homy (V_1, Vi),

where k is a skew field not necessarily commutative, V;, 1 < i < n — 1, finite-
dimensional (left) vector-spaces over k, d; = dimy V; . In the matrix language,

2000 Mathematics Subject Classification. Primary 16W30.
Key words and phrases. Antipode, antiautomorphism, ternary Hopf-algebra.

61



62 V.A. ARTAMONOV AND B. ZEKOVIC

(2,n)- ring R is representative as the ring of block-matrices of the form

—~~
di{ [+
d1
=
daq{ [#] ) 0
P
ds{ [+]
dn—2
—~~
0 do s (T

In particular, for n = 3, we consider (2, 3)-rings R together with the multipli-
cation
(Az1)zox3 = x1(Ax2) T3 = T122(AX3) = A(T12273),
for each A € k. We also assume that k is an algebraically closed field.

In this paper, in the first case we consider antiautomorphisms of order 2 or
involutions
v : Mat(m, k) = Mat(m, k),
defined by
1t t,—1

y(z) =p etz

where = 41 and z is invertible matrix from Mat(m,k) (T.2.1)
In the second case, we find antiautomorphisms in two cases, as:

0 Y\ [0 tA-1tXtB
TV x o )= tB1tytga o

'A=)A, 'B=\B

where

and A = 1 (T.3.1) and

0 Y\ [0 AlA-ltyt g
TUx o )7 U atatxa o

(T.3.2.).

2. ANTIAUTOMORPHISMS OF (2,3)-ALGEBRAS R = A3 (¢, ¢)

In this section, we consider antiautomorphisms of (2, 3)-algebra R = A3 (c, ¢)
(IN]). Note that as a vector space

A7, (e, ) = Mat(m, k),
where k = A, with ternary multiplication

T1Tox3 = criryxs, @° =1
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and @ is an automorphism of the ring Mat(m, k), ¢ is a central element, such that
¢(c) = c. Then, there exists a matrix P € Mat(m, k), such that X¥ = PXP~'and
P?2 = )\E.

Let characteristic of the field £ is not equal to 2 and k is algebraically closed.
Then, the polynomial 2> — X has no multiple roots. Let ¢ and —¢ be two different
roots of the polynomial. Then, there exists an invertible matrix S, such that

E,
Sps—t — ( o ﬂgEm_s )
In this case 5 0
tg-ltptg _ ( B s B )
Put

Q=155

Then, QPQ~! =P and 'Q = Q. Hence,

0 '"PQ=P.

Consider the map
v : Mat(m, k) = Mat(m, k),
defined by the rull
(X)) =Q 'XQ.
We shall show that v is an antiautomorphism of (2, 3)-algebra R, i.e.
Y(eX1PXo P71 X3) = ey(X3) Py(X2) P~ 1y (Xy).

We have
Y(eX1PXoP 1 X3) = QM (e X1 PXo P71 X3)Q

— CQfltXStpflthtPtXlQ

= cQ " X3QPQT ' X,QPTT QXL Q
or

tP_lthtP — QPQ—MX2QP—1Q—1 — tPthtP_l.
But,
P?=)\FE

and so

P l=)X1tpP, MNlPX,tP=tP X, \"!P
Therefore, v is antiautomorphim. If +; is arbitrary antiautomorphism, then
~~lo~; = a is an automorphism and therefore

Y1 =7°«¢.
So, an arbitrary antiautomorphism -; has the form
1n(X) =Q Ma(X)Q.
Then, there exists an element D € Mat(m, k), such that
a(X)=a(E)D™'XD
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(IN]). So,
N(X)=Q ''D'X'D"a(E)Q = Z' X Z 1 (E) (%)
where Z = Q71D and v1(E) € GL(m, k).
Suppose that 4?2 =1, i.e.
X =n(Z'XZ 'y (E)) = Z'y(E) Z ' X' ZZ 'y (E) (%)
for every X. The coefficients x;; in matrix X on the right side are equal to
Z (Z'N(E)' Z Virars("ZZ 7 (E))s;-
Since z;; is arbitrary element,
(Z'N(E)Z™")i('ZZ7 N (E))sj = 6irsj- (3 %)
If
(‘ZZ7n(B))s; #0
for some s # j, then
(Z'(B)'Z™ir = bir,
i.e.
Z'v(BE)YZ7' = E
and 'y (E) = Z Y7 ie. 1(E)=Z'Z71.
Analogously, if
(Zn(E)'Z™ )i #0,
for some ¢ # r, then
227 (E)=E
and therefore
w(E)=2tz7"
In both cases, we obtain in ()
nX)=2'xz"17t7z7' = 7t Xt 771
Suppose that both of matrices
Z'v(BE)YZ7Y, 'ZZ7 'y (E)
are diagonal. Then, we obtain in ()
E=Z"(E)Z " ZZ7'(E) = Z'(E)Z ™' (E)
or
Zt")/l(E) = ’yl(E)ilZ
and therefore we obtain in (#x)
X =y(E)y ' Z2' 27 X' 2271y (E).
So
n(EY 227 = uE
and
n(E)=p 227"
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Using (*), we obtain
nWX)=2' X7yt 2t 727 = Tt 2t X 7
From here
X=7(X)=m@ '2'X'Z27")

_ Mflzt(‘ufltitzfl)tzfl

— /,[/_QZZ_lthtZ_l — ,U/_2X
Sopu=2=1and u==+l1.
Thus we have proved:

Theorem 2.1. Let v be an involution. Then, there exists an invertible matrix
Z, such that

N(X)=p 12X 27 p=+1

for each X. Conversely, any map v1 from (x) is an involution.

3. ANTIAUTOMORPHIMS OF (2,3)-ALGEBRAS R = Homy(V1,Va) @ Homy(Va, V1)

We describe antiautomorphisms of (2, 3)-algebra
d2
0 [ ]

R= dz{[\*l/ 0

dy

pda

([N]1). For X = < ?4 OB ) € R, the transpose has the form

0 A
ty —
(8 Hen
So, the map
v X =X
is an antiautomorphism of (2, 3)-algebra R. If 7; is an arbitrary antiautomorphism,
then v=! 04y = « is an automorphism of (2, 3)-algebra R. Hence,

Mm=yoa

i.e. every antiautomorphism of R is a composition of an automorphism a of R
and the antiautomorphism . The automorphism « of R has form

a(X)=PXP! (A)
where

A B
PZ(C D)EGL(d1+d2,k)

(5 D))

(IN1]). Thus
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Suppose first that the matrix P preserves the blocks of ( g(

each block X, there exists a unique block X7, such that

P(xn)r=(5% ) &

and for each Y, there exists a unique Y7, such that

0 Y (0N
P(oo)P _(00)_ (©)
The formula (B) can be written as
0 O 0 0
P(%0)=(% o)r (B,)

Taking into account the form of the matrix P, in (B;) we have
A B\ (0 0)_(BX 0
C D X 0/ \UDX 0
_ (0 0\ (A BY_/[0 0
S \UX: 0 C D) \ X1A X1B )
Thus BX =0= X;B and DX = X; A.

Since, X and X; are arbitrary, it follows that B = 0. Similary, (C) implies
C = 0. So, we have proved:

Proposition 3.1. If P from (A) defines an automorphism, which preserves blocks

. 0 Y A 0 . . .
n < X 0 ), then P = ( 0 B ), where A and B are invertible matrices of

sizes di and ds, respectively.

Put P in (A1). Then,
(5 0) =00 5) (o) (0 o)
:(%X §Y> (64 (1)3 ) (BXA1 81YB_1>

is an automorphism of (2, 3)-algebra. In this case, an arbitrary antiautomorphism
v1 = =y o « has the form

0 Y 0 tA-1tXtRB
A X 0 = tp-ltytg (A2>

Let us describe the antiautomorphism ~;, which is an involution, i.e. 7% = 1.
By (As)

2o 0 Y\ (0 tATYAYB™YB\ (0 Y
A x 0o )7 UB'BXA A 0O “LxX o
Then
‘BTIBXA''A=X, 'AT'AYBYMB=Y. (D)
The following Lemma is well known:
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Lemma 3.1. Let U,V be square matrices and UY = YV, for every Y. Then,
U=M)E,V =)\E.

Now, we have proved:
Theorem 3.1. The antiautomorphism (As) is an involution if and only if
"A=MA, 'B=)B, )=+l

If P does not preserve blocks, then P is a composition of a permutation of

the blocks and considered automorphism with the matrix ( 64 OB ) ([N1]). The
permutation of the blocks with d; = ds is defined by matrix ( % OE ) So,

re(e v ) (0 8)-(57)

The antiautomorphism

M =7yoa.

. 0 B\ (0 Y\ (0 Al
A0 X 0 Bl 0
(0 tp—1 (0 X\ [0 ‘A
—\tATt oo Y 0 ‘B 0
([ 'B7MY 0 0 'A
Vo toA-ttx )\ tB 0

0 tB—ltytA
<tA—1tXtB 0 >

The map 7 is an involution if and only if 42 = 1, i.e.

0 Y B 0 thlt(thltytA)tA _
X 0 - tAflt(tAfltXtB)tB 0 -

Then,

1

(% 0)

N 'B-LAY B~ A
'ATIBXATMB 0

for every X,Y. By Lemma 3.1 !A71B = \E, i.e. B = \A.
So, we have proved:

Theorem 3.2. If di = dy and 1 is not any involution from Theorem 3.1. then

it has the form
0 Y\ [0 ATTAMHYTA
MTUx 0 )7\ aatixa o '



68 V.A. ARTAMONOV AND B. ZEKOVIC

REFERENCES
[Z] B. Zekovic, Ternary Hopf algebras, Algebra and Discrete mathematics, Kijev, 2005., N.3,
96-106.
[A] V.A. Artamonov, On semisimple finite-dimensional Hopf algebras, Mat. Sbornik 198
(2007), N.9

[N] A.N. Nikitin, Semisimple (2,n)-rings, ” Vesnik MGU”, ser. matem, mehan, 6 (1984), 3-7
[N1] A.N. Nikitin, Semisimple (2,n)-rings, Vsesojuznij simpozijum po teoriji koljec, algebr i
moduljej, Novosibirsk, 1982, s. 98-99.

DAPARTMENT OF ALGEBRA,

FAacuLTy OF MECHANICS AND MATHEMATICS,
Moscow STATE UNIVERSITY, Moscow, RuUSSIA
E-mail address: artamon@bk.ru

*FACULTY OF NATURAL SCIENCE,

DEPARTMENT OF MATHEMATICS,

UNIVERSITY OF MONTENEGRO, PODGORICA, MONTENEGRO
E-mail address: biljanaz@t-com.me



