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RELATIVE HUREWICZ PROPERTY AND GAMES

LILJANA BABINKOSTOVA

Abstract. In this paper we assume that X is a Lindeldf space. Our main
result characterizes the relative Hurewicz property game-theoretically.

Let X be a topological space and let Y be a subspace of X, possibly equal to X .
By a cover for X we always mean ”countable open cover”. Since we are primarily
interested in Lindelof spaces, the restriction to countable covers does not lead to
a loss of generality. We will use the following classes of open covers:

1. T’ — the collection of y-covers of the space. An open cover U of X is said to
be a y-cover if it is infinite and for each z € X the set {U e U : x € U} is
finite.

2. A — the collection of A-covers of the space. An open cover U of X is said to
be a A-cover if: for each z € X theset {U € U : x € U} is infinite.

The symbol T'x (Ax) denotes the set of y-covers (A-covers) of X, and T'y (Ay)
denotes the collection of y-covers (A-covers) of Y by sets open in X.

In [3] Hurewicz introduced a covering property which is nowadays called the
Hurewicz property: For each sequence (U, : n < 00) of open covers of X there is
a sequence (V, : n < oo) of finite sets such that for each n V,, C U, and each
element of X belongs to all but finitely many of the sets UV,,.

The symbol U s, (Ax, By ) denotes the following selection principle: For a sequence
(Uy, : n € N) of elements in Ax there is a sequence (Uy: n € N) such that for each
n € N, U, is a finite subset of U,, and {{JU, : n € N} is an element of By, or
there exist an n such that ¥ C |JU,. According to [6] and [7] we say that Y has
the relative Hurewicz property in X if the selection principle U i (T x.T'y) holds.

Theorem 1. Ufin(l—‘x,ry) = Ufin(Ax,Fy).

Proof : The implication Uyin(Ax,Ty) = Usin(T'x,T'y) is evident. Now, let
Ufin(Tx,Ty) hold and let (U, : n € N) be a sequence of A-covers of X. We may
assume that for each finite subset F C UneN U,, we have that Uy N F = 0 for all
but finitely many k.

For each n, enumerate U, bijectively as (U]} : k € N) and define
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Vi =U{UPr:i<m}.

We have that each V,, = (V,? : m € N) is an open cover of X for which: either
there exists mn, such that V;; = X, or V, is a y-cover of X. We must consider
the case where there exists an infinite set A for which V,, is a y-cover for each
n € A. So, let V,, be a y-cover for each n € A. We apply the selection principle
Usin(T'x,T'y) and we can find a finite subset W,, C V,, such that {{JW,, :n € A}
is y-cover of Y in X. ¢

We define the following game associated to Uyn(I'x,T'y): in the n-th inning
player ONE selects a y-cover U,; player TWO responds by selecting a finite set
Un C U,. TWO wins the play Uy, Uy;Uz,Us; ... \Up,Up;... if {JU, :n € N} €
I'y; otherwise ONE wins. This game is denoted Hurewicz(X,Y).

Theorem 2. For a Lindeldf space X andY C X the following are equivalent:

1. The Usin(T'x,Ty) property hold;

2. ONE does not have a winning strategy in the game Hurewicz(X,Y).

Proof : (1) = (2): Let F be a strategy for the player ONE. The first move of
the player ONE according to the strategy F will be denoted with F(X). We will
prove that for the strategy F of player ONE there exists a play of the game

F(X),T] C F(X), F(T}),Tz C F(Tl),F(Tl,Tz),T,g C F(T],TQ), R
where T, Ts, T3, --- are finite sets such that the player TWO wins i.e.
(Vy € Y)(V)) (y € UThn).

Because X is Lindelof we may assume that the player ONE always chooses a
countable A-cover for the space X. For each A-cover (U, : n € N) for X which
player ONE chooses, the counter strategy of player TW O is to choose only sets of
the form {U1},{U1,U2}, ...... ,{U1,U2,--- JUnk}yoo-.

Then the moves of player ONE according to the startegy F in the game Hurewicz

(X,Y) are as follows:

For cach n,
un1 = F({Uly U21 Sy U‘n.] })
enumerate this A-cover as Uy, = (Un,» : n € N);
For each nq,no
u(nl,ng) = F({U], Us,--- 1Un| }1 {Uﬂ1,17 Un1,27 ) Unl,nz})

enumerate this A-cover as U(n, n,) = (Unynan i1 € N);

For each ny,no, -+ ,ng,
unx,nz,-.- nE = F({Ul: ~o s il }v {Unx e PRy Uﬂhnz}’ {U'"-k-l.l s Uny g, v"k})

enumerate this A-cover as Uin,ny--np) = (Unynayo nin 11 € N)j

Ifor all but finitelly many
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In this way we get a countable family of A-covers for X:
(Uiny ng-- i) 11,02, ,ng € Nk € N).
Since Y has Hurewicz property in X for each (nq,n2, -+ ,nk) we choose a finite
set
Vi ma,o mi) © Uy na, mi)> such that

(Vy € Y)(Vi()zhn?,---,nk))(y € UV(n;,7L2,~~-,nk))'
For each V(pn, ns ..o ne) € Uny s, ny) We choose ny 1, such that

V(nl.nz,-'- ni) C {Um,-~~ ks Ung e ~"k7nk+]} = Tk1
The sequence of moves F(X ), Ty, F(T1), T2, F(T1,T3), T3, - of players ONE and
TWO in the game Hurewicz(X,Y) is according to the strategy F of player ONE
such that for each k, we have

Wini,na, i) © UTk1-

Now Vin,)s Vini,na)r =+ s Y(ni,na, oy - - 18 an infinite subset of the set of all V,
(where o is any finite sequence of natural numbers). We have that

(Vy € Y)(V°)(y € Wn, o, i) © UTk1)-
Consequently F is not a winning strategy for player ONE. {
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