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A GENERALIZATION OF q-MITTAG-LEFFLER FUNCTION

S. D. PUROHIT AND S. L. KALLA

Abstract. The aim of this paper is to introduce and study some elementary
properties of new q-exponential functions with three parameters, which leads
to q-analogue of the generalized Mittag-Leffler function. Some q-integral rep-
resentations for these q-Mittag-Leffler functions are derived. Special cases of

main results are pointed out briefly.

1. Introduction

0

In 1903, Mittag-Leffler [12] introduced the following function, in terms of the
power series

Eα(z) =

∞∑
k=0

zk

Γ(kα+ 1)
(ℜ(α) > 0, z ∈ C). (1.1)

A two-index generalization of this function was given by Wiman [22] as

Eα,β(z) =

∞∑
k=0

zk

Γ(kα+ β)
(ℜ(α) > 0, z, β ∈ C). (1.2)

Both are entire functions of order ρ = 1/α and type σ = 1. A detailed account of
these functions is available in the monographs of Erdélyi et al. [6], Dzrbashjan [5]
and Podlubny [13].

By means of the series representation a generalization of Mittag-Leffler function
(1.2) is introduced by Prabhakar [14] as:

Eδ
α,β(z) =

∞∑
k=0

(δ)n zk

Γ(kα+ β) n!
, (1.3)

where z, α, β, δ ∈ C,ℜ(α) > 0. It is an entire function of order [ℜ(α)]−1
(see [14,

p.7]) and for δ = 1, reduces to Mittag-Leffler function Eα,β(z).
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The Mittag-Leffler function provides solutions to certain problems formulated
in terms of fractional order differential, integral and difference equations, there-
fore, it has recently become a subject of interest for many authors in the field
of fractional calculus and its applications. Motivated by these avenues of appli-
cations, a large amount of research in the theory of Mittag-Leffler functions has
been published in the literature (for details, see [10], [13], [14], and [18]-[21]).

The q-calculus is the q-extension of the ordinary calculus. The theory of q-
calculus operators in recent past have been applied in the areas of ordinary frac-
tional calculus, optimal control problems, in finding solutions of the q-difference
(differential) and q-integral equations, and in q-transform analysis. One may refer
to [8] and recent papers [2], [4], [7], [11] and [15]-[17] on the subject.

Recently, Rajković et al. [16]-[17], have generalized the concept of fractional
q-integrals with the parametric lower limit of integration and hence introduced
the fractional q-derivative of Caputo type, generalized q-Leibniz formula and the
following q-analogues of the Mittag-Leffler function (1.2):

eq;α,β(z; c) =
∞∑
k=0

zαk+β−1(c/z; q)αk+β−1

(q; q)αk+β−1
(|c| < |z|), (1.4)

Eq;α,β(z; c) =

∞∑
k=0

q(αk+β−1)(αk+β−2)/2

(−c; q)αk+β−1

zαk+β−1(c/z; q)αk+β−1

(q; q)αk+β−1
, (1.5)

where

(q, z, c, α, β ∈ C; ℜ(α) > 0,ℜ(β) > 0, |q| < 1). (1.6)

The q-special functions eq;α,β(z; c) and Eq;α,β(z; c) are called as the small q-Mittag-
Leffler and big q-Mittag-Leffler functions respectively.

On the other hand, Mansour [11] has introduced an another q-analogue of the
Mittag-Leffler function, and derived a fundamental set of solutions for the homo-
geneous linear sequential q-difference equations with constant coefficients and a
general solution for the corresponding non homogeneous equations. The q-Mittag-
Leffler function due to Mansour [11], is given by

eα,β(z; q) =
∞∑
k=0

zk

Γq(αk + β)
, |z| < (1− q)−α, (1.7)

where α > 0, β ∈ C. For further studies on the q-Mittag-Leffler functions and
their applications, see [3], [11], [16] and [17].

In this paper, our purpose is to introduce new q-exponential functions with three
parameters, whcih lead to q-analogues of the generalized Mittag-Leffler function
(1.3) and to derive some elementary properties. Some q-integral representations
for these functions are established. Special cases of the main results are given in
the concluding section.
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2. Preliminaries

In the theory of q-calculus (see [8]), the q-shifted factorial is defined for a, q ∈ C
as a product of n factors by

(a ; q)n =

{
1 ; n = 0

(1− a) (1− a q) · · · (1− a qn−1) ; n ∈ N ,
(2.1)

and its natural extension is

(a ; q)α =
(a ; q)∞

(aqα ; q)∞
, α ∈ C. (2.2)

If |q| < 1, the definition (2.1) remains meaningful for n = ∞ as a convergent
infinite product:

(a ; q)∞ =

∞∏
j=0

(1− a qj) . (2.3)

The q-analogue of the power (binomial) function (x± y)n cf. Ernst [7], is given by
(see also [15])

(x± y)(n) ≡ (x± y)n ≡ xn(∓y/x; q)n = xn
n∑

k=0

[
n
k

]
q

qk(k−1)/2 (±y/x)
k
, (2.4)

such that

Lt
q→1−

(x± y)(n) = (x± y)n,

where the q-binomial coefficient is defined as:[
α
k

]
q

=
(q−α; q)k
(q; q)k

(−qα)kq−k(k−1)/2 (k ∈ N, α ∈ C). (2.5)

For a bounded sequence of real or complex numbers, let f(x) =
+∞∑

n=−∞
Anx

n be a

power series in x, (see for instance, [7, p. 502, eqn. (3.18)], then we have

f [x± y]q =
+∞∑

n=−∞
An xn(∓y/x; q)n. (2.6)

The q-gamma and the q-beta functions (cf. [8] and [11]) are defined by

Γq(z) =
(q; q)∞
(qz; q)∞

(1− q)1−z (z ∈ C, z /∈ {0,−1,−2, · · · } , 0 < q < 1), (2.7)

and

Bq(α, β) =

∫ 1

0

zα−1 (zq; q)β−1 dqz =
Γq(α)Γq(β)

Γq(α+ β)
(ℜ(α),ℜ(β) > 0). (2.8)
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Also, the q-difference operator and q-integration of a function f(z) defined on a
subset of C are, respectively, given by (see Gasper and Rahman [8, pp. 19-22])

Dqf(z) =
f(z)− f(zq)

z(1− q)
(z ̸= 0, q ̸= 1), (2.9)

and ∫ z

0

f(t) d(t; q) = z (1− q)
∞∑
k=0

qkf(zqk) . (2.10)

3. Generalized q-Mittag-Leffler functions and
their elementary properties

In the theory of q-series, two q-analogues of the classical exponential function
are defined by (see [8])

eq(z) =

∞∑
k=0

zk

(q; q)k
(|z| < 1), (3.1)

and

Eq(z) =
∞∑
k=0

qk(k−1)/2 zk

(q; q)k
(z ∈ C). (3.2)

In this section, we introduce two new q-exponential functions with three param-
eters, that is, q-analogues of the Mittag-Leffler function due to Prabhakar [14],
which may be regarded as generalizations of the q-Mittag-Leffler function (1.7).

Definition. Let q, z, α, β, δ ∈ C; ℜ(α) > 0,ℜ(δ) > 0 and |q| < 1, then the function

eδα,β(z; q) =

∞∑
k=0

(qδ; q)k zk

Γq(αk + β) (q; q)k
, |z| < (1− q)−α, (3.3)

is called as the generalized small q-Mittag-Leffler function. Similarly, the general-
ized big q-Mittag-Leffler function is introduced as

Eδ
α,β(z; q) =

∞∑
k=0

(qδ; q)k qk(k−1)/2 zk

Γq(αk + β) (q; q)k
, |z| < (1− q)−α. (3.4)

Some important special cases of of these functions are enumerated below:

(i) eα,β(z; q) = e1α,β(z; q), where the left-hand side q-Mittag-Leffler function is

given by (1.7).

(ii) eα(z; q) = e1α,1(z; q), where the function eα(z; q) is q-analogue of the func-
tion (1.1).

(iii) Eα(z; q) = E1
α,1(z; q), where the function Eα(z; q) is another q-analogue of

Eα(z).
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(iv) eq((1− q)z) = e11,1(z; q).

(v) Eq((1− q)z) = E1
1,1(z; q).

(vi) Zα
n (z;m, q) =

Γq(mn+α+1)
(q;q)n

E−n
m,α+1(q

nzm; q) (∀ n ∈ Z+),

where the function Zα
n (z;m, q) denotes the q-Konhouser polynomials due to Yadav

and Singh [23], namely

Zα
n (z;m, q) =

Γq(mn+ α+ 1)

(q; q)n

n∑
k=0

(−1)k
[

n
k

]
q

zmkqk(k−1)

Γq(mk + α+ 1)
(3.5)

(m,n ∈ Z+;ℜ(α) > −1).

(vii) Finally, in view of the relations

Lt
q→1−

(qα; q)n
(1− q)n

= (α)n , (3.6)

and

Lt
q→1−

Γq(z) = Γ(z) , (3.7)

we observe that

Lt
q→1−

eδα,β(z; q) = Lt
q→1−

Eδ
α,β(z; q) = Eδ

α,β(z). (3.8)

Now we prove the following theorems, that provides elemantary properties of
the q-Mittag-Leffler functions (3.3) and (3.4).

Theorem 1. Let a ∈ R and ℜ(β) > ℜ(α) > 0, then there holds the formulas

a zα qδ−1 eδα,β(a zα; q) = eδα,β−α(a zα; q)− eδ−1
α,β−α(a zα; q), (3.9)

and

a zα qδ−2 Eδ
α,β(a zα; q) = Eδ

α,β−α(a zα/q ; q)− Eδ−1
α,β−α(a zα/q ; q). (3.10)

Proof . To prove the result (3.9), we consider the left-hand side (say L) of (3.9)
and make use of the definition (3.3), to obtain

L = qδ−1
∞∑
k=0

(qδ; q)k (azα)k+1

Γq(αk + β) (q; q)k
.

On using the q-identity (which can easily be obtain from definition (2.1)), namely

qδ−1 (1− qk+1) (qδ; q)k = (qδ; q)k+1 − (qδ−1; q)k+1, (3.11)

and the q-identity given in [8, p. 6, No. (1.2.33)], we obtain

L =
∞∑
k=0

[
(qδ; q)k+1 − (qδ−1; q)k+1

]
(azα)k+1

Γq(αk + β) (q; q)k+1
.
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Now, for ℜ(β) > ℜ(α) > 0 the above series also exists for k = −1 and correspond-
ing value is zero, therefore, we can write

L =
∞∑

k=−1

[
(qδ; q)k+1 − (qδ−1; q)k+1

]
(azα)k+1

Γq(αk + β) (q; q)k+1
. (3.12)

After replacing k by k − 1 and making use of (3.3), we arrive at the right-hand
side of (3.9). Similarly, in view of the definition (3.4), one can easily prove the
result (3.10).

Theorem 2. Consider ℜ(α) > 0 and x, y, β ∈ C. Then, for generalized q-Mittag-
Leffler functions we have

∞∑
r=0

(x+ y)(r) er+1
2α,rα+β(−xy; q) =

∞∑
k=0

(−xy)k ek+1
α,2kα+β(x+ y; q), (3.13)

and
∞∑
r=0

qr(r−1)/2(x+y)(r) Er+1
2α,rα+β(−xy; q) =

∞∑
k=0

qk(k−1)/2(−xy)k Ek+1
α,2kα+β(x+y; q).

(3.14)
Proof . Substituting definition (3.3) in the left-hand side (say L) of (3.13) and
changing the order of summations, which is valid under the given conditions, we
have

L =
∞∑
k=0

(−xy)k

(q; q)k

∞∑
r=0

(qr+1; q)k
Γq(2αk + rα+ β)

(x+ y)(r). (3.15)

Using the well-known q-identity [8, p. 234, I.18], we have

(qr+1; q)k
(q; q)k

=
(qk+1; q)r
(q; q)r

. (3.16)

Hence, we can write

L =
∞∑
k=0

(−xy)k
∞∑
r=0

(qk+1; q)r
Γq(rα+ 2αk + β) (q; q)r

(x+ y)(r). (3.17)

Interpreting the inner series in view of the definition (3.3) the above equation leads
to the right-hand side of (3.13).
Similarly, one can easily prove the result (3.14) by taking definition (3.4) into ac-
count.

An immediate consequence of the Theorem 2 is contained in:

Corollary 1. For ℜ(α) > 0, ℜ(γ) > 0 and x, y, β ∈ C, we have

∞∑
r=0

xr er+1
α,rγ+β(y; q) =

∞∑
k=0

yk ek+1
γ,kα+β(x; q), (3.18)
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and
∞∑
r=0

qr(r−1)/2xr Er+1
α,rγ+β(y; q) =

∞∑
k=0

qk(k−1)/2yk Ek+1
γ,kα+β(x; q). (3.19)

4. Some q-integral representations of eδα,β(z; q) and Eδ
α,β(z; q)

In this section, we establish the following theorems in terms of the q-integral
representations of the generalized q-Mittag-Leffler functions.

Theorem 3. If z, α, β, δ ∈ C; ℜ(α) > 0,ℜ(δ) > 0 and ℜ(β) > ℜ(α) > 0, then

eδα,β(z; q) =
zα−β

(1− q1/m)

∫ ∞

0

eq(−tm/zm) tβ−α−1
∞∑

k=0

(qδ; q)k tk qσ(σ−1)/2

Γq(αk + β) (q; q)k(q; q)σ−1
dqt,

(4.1)
and

Eδ
α,β(z; q) =

zα−β

(1− q1/m)

∫ ∞

0

eq(−tm/zm) tβ−α−1
∞∑

k=0

(qδ; q)k tk qk(k−1)/2+σ(σ−1)/2

Γq(αk + β) (q; q)k(q; q)σ−1
dqt,

(4.2)

where

σ =
β − α+ k

m
(4.3)

and m is any non zero positive number.

Proof . To prove the result (4.1), we consider the right-hand side (say R) of (4.1)

R =
zα−β

(1− q1/m)

∫ ∞

0

eq(−tm/zm) tβ−α−1
∞∑
k=0

(qδ; q)k tk qσ(σ−1)/2

Γq(αk + β) (q; q)k(q; q)σ−1
dqt.

(4.4)
Substituting tm/zm = u, then in view of the q-difference operator (2.9), we get

dqt =
(1− q1/m)

(1− q)
z u1/m−1 dqu.

Hence, we can write

R =
1

(1− q)

∫ ∞

0

eq(−u) u(β−α)/m−1
∞∑
k=0

(qδ; q)k (zu1/m)k qσ(σ−1)/2

Γq(αk + β) (q; q)k(q; q)σ−1
dqu. (4.5)

On interchanging the order of integration and summation, under the valid condi-
tions given with (4.1), we obtain

R =
1

(1− q)

∞∑
k=0

(qδ; q)k zk qσ(σ−1)/2

Γq(αk + β) (q; q)k(q; q)σ−1

∫ ∞

0

eq(−u) uσ−1 dqu.
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R =
∞∑
k=0

(qδ; q)k zk qσ(σ−1)/2

Γq(αk + β) (q; q)k(q; q)σ−1
Lq

{
uσ−1; 1

}
, (4.6)

where Lq {f(u); s} denotes the q-Laplace transform of f(u), introduced by Hahn
[9] and defined by

Lq {f(u); s} =
1

(1− q)

∫ ∞

0

eq(−su) f(u) dqu. (4.7)

On using the known result due to Abdi [1], namely

Lq

{
uσ−1; s

}
=

(q; q)σ−1 q−σ(σ−1)/2

sσ
(ℜ(σ) > 0), (4.8)

we have

Lq

{
uσ−1; 1

}
= (q; q)σ−1 q−σ(σ−1)/2,

and hence, the result (4.6) leads to the left-hand side of (4.1). This completes the
proof of (4.1). On using (3.4) one can easily prove the result (4.2) of Theorem 3.

Theorem 4. If z, α, β, δ ∈ C; ℜ(α) > 0,ℜ(δ) > 0 and ℜ(β) > ℜ(α) > 0, then

eδα,β(z; q) =
(1− q)

(1− qα)Γq(β − α)

∫ 1

0

(qt1/α; q)β−α−1 eδα,α(zt; q) dqt, (4.9)

and

Eδ
α,β(z; q) =

(1− q)

(1− qα)Γq(β − α)

∫ 1

0

(qt1/α; q)β−α−1 Eδ
α,α(zt; q) dqt. (4.10)

Proof . Applying the definitions (3.3) and (3.4) in the right-hand sides of (4.9) and
(4.10) respectively, it is easy to prove Theorem 4. For sake of brevity we omit the
proof.

Theorem 5. If z, α, β, δ ∈ C; ℜ(α) > 0,ℜ(δ) > 0 and ℜ(β) > ℜ(α) > 0, then

eδα,β(z; q) =
1

Γq(α)

∫ 1

0

tα−1 (qt; q)β−α−1 eδα,β−α(z(1− tqβ−α)(α); q) dqt, (4.11)

and

Eδ
α,β(z; q) =

1

Γq(α)

∫ 1

0

tα−1 (qt; q)β−α−1 Eδ
α,β−α(z(1− tqβ−α)(α); q) dqt. (4.12)

Proof . In view of (3.3) and (2.6), the right-hand side (say R) of (4.11) reduces to

R =
1

Γq(α)

∫ 1

0

tα−1 (qt; q)β−α−1

∞∑
k=0

(qδ; q)k zk

Γq(αk + β − α) (q; q)k
(tqβ−α; q)kα dqt.
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On interchanging the order of integration and summation, and making use of the
q-identity [8, p. 234, I.17], the above equation leads to

R =
1

Γq(α)

∞∑
k=0

(qδ; q)k zk

Γq(αk + β − α) (q; q)k

∫ 1

0

tα−1 (tq; q)kα+β−α−1 dqt. (4.13)

Using (2.8) and (3.3), equation (4.13) reduces to the left-hand side of (4.11). The
proof of the result (4.12) of Theorem 5 follows similarly.

5. Concluding observations

We briefly consider some consequences of the results derived in the preceeding
sections. For example, if we set m = 1, the results of Theorem 3 yields to the
following:

Corollary 2. If z, α, β, δ ∈ C; ℜ(α) > 0,ℜ(δ) > 0 and ℜ(β) > ℜ(α) > 0, then

eδα,β(z; q) =
zα−β

1− q

∫ ∞

0

eq(−t/z) tβ−α−1
∞∑
k=0

(qδ; q)k tk qσ(σ−1)/2

Γq(αk + β) (q; q)k(q; q)β−α+k−1
dqt,

(5.1)
and

Eδ
α,β(z; q) =

zα−β

1− q

∫ ∞

0

eq(−t/z) tβ−α−1
∞∑
k=0

(qδ; q)k tk qk(k−1)/2+σ(σ−1)/2

Γq(αk + β) (q; q)k(q; q)β−α+k−1
dqt.

(5.2)
Now, if we let q → 1−, and make use of the limit formulae (3.6)-(3.8), we

observe that the results of Theorem 1 and Theorem 2 provide, respectively, the
q-extensions of the known results due to Saxean and Saigo [19, p. 146, Lemma 1]
and Soubhia et al. [21, p. 11, Theorem 3.1].

Similarly, for q → 1− Corollary 2 and Theorems 4-5 gives the following results
involving integral representations for the Mittag-Leffler function (1.3):

Corollary 3. If z, α, β, δ ∈ C; ℜ(α) > 0,ℜ(δ) > 0 and ℜ(β) > ℜ(α) > 0, then

Eδ
α,β(z) = zα−β

∫ ∞

0

exp(−t/z) tβ−α−1
∞∑
k=0

(δ)k tk

Γ(αk + β) k! Γ(β − α+ k)
dt. (5.3)

Corollary 4. If z, α, β, δ ∈ C; ℜ(α) > 0,ℜ(δ) > 0 and ℜ(β) > ℜ(α) > 0, then

Eδ
α,β(z) =

1

α Γ(β − α)

∫ 1

0

(1− t1/α)β−α−1 Eδ
α,α(zt) dt. (5.4)

Corollary 5. If z, α, β, δ ∈ C; ℜ(α) > 0,ℜ(δ) > 0 and ℜ(β) > ℜ(α) > 0, then
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Eδ
α,β(z) =

1

Γ(α)

∫ 1

0

tα−1 (1− t)β−α−1 Eδ
α,β−α(z(1− t)α) dt. (5.5)

We observe that the Corollaries 3-5 are also special cases of the known results
due to Shukla and Prajapati [20, pp. 32-33, Theorems 3-5].

We conclude with the remark that the q-Mittag-Leffler functions and their prop-
erties derived in this paper, can be used to obtained results involving q-exponential
functions, q-Mittag-Leffler functions and q-Konhouser polynomials and likely to
find certain applications in investigating solutions for several fractional q-integral
and q-difference equations.
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GENERALIZACIJA NA q-MITTAG-LEFFLER FUNKCIJA

S. D. Purohit i S. L. Kalla

R e z i m e

Celta na ovoj trud e da vovedeme i prouqime nekoi osnovni svojstva
na nova q-eksponencijalna funkcija so tri parametri, koja doveduva do
q-analogija na obopxtenata Mittag-Leffler funkcija. Izvedeni se nekoi
q-integralni reprezentacii na ovie q-Mittag-Leffler funkcii. Na kratko
se posoqeni i specijalni sluqai na glavnite rezultati.
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