MUIJIAH C. [TOMNAIWR
O YPEBEHUM MHO)XWHAMA CA KOHAYHWM JIAHLIMUMA

1. V3Hehemo jemHO KapakTepUCTMYHO CBOJCTBO MHOXHHA
ca koHayHum JsaHuuma. [lpermocraBipamo Ja Cy MOiMOBU peina-
uuje pena (<), ypebene (Ti. memimuyHO ypebeHe) mMHOXuHe,
nanua (moTnyHo ypeberne muoxute) — nosnaTu. JJogahemo Tome
panu mpeuusHOCTH, joul Hexa oGjallmema.

B je @ipasa Bo0mHONMCuH@G MHOXMHA A aKO je 3aJ0OBOJbeHa
penaunja A © BC A, rne je A npasHa MHOXuHA. YV ypeheHoj
MHOXUHU A enemeHaT a € A je wmaxcumasan (MUHUMALAH) AKO
3a cBaKo x € A Baxu penaupuja ~ (2 <x) (~ (x < @)), upu yemy
cumGon ~ p 3Hayu Herauujy mponosuuuje p. AKO je A HOTHYHO
ypehena MHOXWHA MakCUMalaH M MUAMMalaH ejemeHaT HasuBajy
Ce 3aBpUHILM OTHOCHO BOYCIHILM eAe MEHTTOM (KPAjblL eAeMeHIlLL).

Hegunuyuja 1. 1. Heka je a, b € A*, npu yemy je A ype-
bena mHoxuna. Muoxuna [a, b]4, 3a Kojy u3 penauuje x € A,
a < x< b cnenyje x¢ [a, bla, HasuBa ce cermeniiomn on A.
Muoxuua (-, ala ([a, -)a), 3a kojy us penauuja x€ A, x<a
(a< x) cnenyje x € (-, ala (x€ [a,-)a), Ha3uBa ce ZouelHuM
(3aBpuwiHuM) CELMEHITOM.

Hamomenumo pa cermeHT Huje HUKal M[pasHa MHO)KMHA.

Hegunuyuja 1. 2. IlonmuoxuHa B ypebeHe MHOXuHe A,
3a Kojy u3 penauuje a, b€ B cnenyje [a, b]Ja © B, HasuBa ce
Komadom MHOXUHE A. AKO je 3a cBako @ € B Ttaxobe (-,e¢] € B
([a, - )a € B), ouna je B foueiinu (3aBpurn) xomad om A.

JacHo je ma cy cermeHTH, NMOYETHM W 3aBPUIHM CErMEHTH
HeKe MHOXWHe Takohe KOMaau UCTe MHOXMHe.

Hegpunuyuja 1. 3. Marxcumnasrum sanyen ypehene MHOXMUHE
A HasuBa ce jaHan B ako 3a cBaku JaHai, C on A, Koju 3am0-
BoJbaBa penauujy B © C, Baxu penayuja C=B.

Hanomenumo [na ersucTeHuuja MakCUMaJHUX JlaHaua Yy
ypebeHuM MHOXMHama cienyje u3 akcuome usbopa (Buayu Ha
npumep [1]).

Hedunuyuja 1. 4. /[[Bocilipyxo pa3BpCilaHOM MHOHCUHOM
HasuBa ce ypeheHa mHoXuHa A uyuju CBaku HemnpasaH Je0 Ca-
Ipxu Oap O jemaH MMHMMAaJNaH M MaKCMMalaH ejeMmeHT. AKO je

* a, b€ A 3naun ucto wrto u a € 4, b€ A.
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A notnyHo ypehbena mMHOXXHMHa OHJa je OHa u 0Bocipyxo 0o6po
ypeheHa.

2. Cana hemo usHeTu Heke CTaBOBe MOTpeGHE B8a Jalbe
usJarame.

Jlema 2. 1. CBaku 1e0 IBOCTPYKO pasBpCTaHe MHOXXHKHE je
Takohe mBOCTpyko pasBpcTaH. CBaku HeH JiaHall je JBOCTPYKO
n0o6po_ypeheH.

CTaB je oueBHaH.

Ca P (A) oGenexaBahemo nmapTUTUBHY MHO)KHHy MHO)XXHUHE
A, Tj. MHOXHUHY CBUX NOJIMHOXHHA 0j A. CBaku CHUCTEM MHO-
XKuHe cmaTpakemo Jna je ypeheH penanujom C .

Jlema 2. 2. Heka je A 1BOCTpyKO pa3BpCTaHa MHOXHHa, a S(A)
CUCTeM CBUX HeHuX cermeHaTa. Cuctem S'(A)=S (4) N P (D),
rae je D © M, campXu, YKOJHKO Huje Mpo3aH, 6Gap jemaH Mak-
CMMaJIH{ ejlemeHar.

Joxas. MHOXMHa CBUX KpajibhUX ejlemeHaTa CermeHaTa ma
Kor makcumaiador jaHua F on S’ (A) o6pasyje nanay C onx A.
[lpema nemu 2. 1, nowto je A NBOCTPYKO pa3BpCTaHA MHOXHUHA,
nocToje kpajiby enementd ¢ u b on C. [lakne umamo

2.1) [a, b]la € S (A).

Enementn ¢ u b opunamajy mo jemHOM CermeHTy u3 naHua F,
Tj. ‘mocToje ‘cermeHTH  X;, X, € F TakBu ma je a € X, n b€ X,
a, s6or ynopeausocm eilemeHaTta X; u X, MMaMo peuumo
Xi € X, opakue je a, b€ X,. Kako je name F S §'(4) S P(D),
Takobe je X, € P (D) oxnHocto X, € D Te, s6or [a, bla S X,
umamo  [a, b]A C D u Hajsan [a, bla€ P (D). Onaune u u3
penauuje (2. 1) caenyje [a, b]a € S'(A). Cana ce nako nokasyje
na je [a, b]s 3aBpwiHU cermeHT Of F, a Takohe u MakcumanaH
on S'(A).

Jlema 2. 3. Ako koman B ypebeHe MHOXUHe A Hema Hu-
jeIHOr ‘MaKCKMMaJHOT (MUHYMAJIHOr) eJiemeHTa, OHla HU MHOXKUKHA
S (B) cBux cermenaTa OJ B Hema MaKCMMaJHOI eJleMeHTa.

CraB je oueBUJaH.

3. Cana hemo nokasaTu, LITO je U UMb OBe pajiibe, Ja je
8a JBOCTPYKO pa3BpCTaHe MHOXXUHe KapaKTepuCTHYaH jelnaH
06/MK MHIYKTUBHOI 3akbyuyuBarba. Panu ce o caenehum ucka-
3uma:

[Tpoitosuyuja 3. 1. MHOXuHa M je NBOCTPYKO pasBpCTaHa.

[poiiosuyuja 3. 2. 3a ypebeny mMHOXUHY M U MHOXUHY N
M3 ycjoBa:

1. nocrtoju cermeHT A mHOXuMHe M KOju 3am0BOJbaBa pe-
nauvjy A S N;

2. 3a cBaku cermeHT B om M Koju 3amo0BOJbaBa pelnaluje
B C M, BC N, noctoju cerment C on M 3a xoju je BCCCT N
— caenyje C S N.
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Teopema 3. 1. Ilpoiiosuyuje 3.1 u 3. 2 cy exsusaneHiie.

Moxas. Tlpso hemo nokasaTu na u3 nponosuuuje 3. 1.
cnenyje nmponosuuuja 3. 2. Heka je M ' IBOCTpPYKO pa3BpCTaHa
MHO)KMHAa U HeKa Cy YCJOBu Mpomnosuuuje 3. 2 3a0BOJbeHH, allu
ApeTnoCcTaBUMO Ja je uiaK:

@3.1) ~ (MCS N).
Onasne cnenyje na mioxuna D=M N N 3anoBojbaBa penauuje
-(3.2) DCM

u D C N. [Ipema ycnoBy 1 nponosuiuje’3. 2 NOCTOjU CErmeHT
A on M 38a koju je A S N, na npema Tome u A C D, mTO
3Hayu ga u cuctem P (D) canpxu 6ap. jeraH cermeHT. AKo je
S (M) cucrem cBux cermenata oa M muoxuna S' M= S (M)n P(D)
caugpxu 6ap jeman cermeHT ox M. Ha ocHoBy neme 2.2 mno-
cToju Gap jemaH makcumanaH ejemeHaT By S'(M). Us B€S' (M)
ciaenyje BEP(D) u BE D, a 36or (3.2) u BC M. MebyTum
npema ycioBy 2 nponosuuuje 3. 2 nocroju cermeHT C om M
KOju 3aJ0BOJbaBa pellaLujy

3. 3) BT CCN.

Otyna cnenyje CE D, oanocHo C€ P (D) u, 36or CE€ S(M)
umamo- C ¢ §'(M). OpaBje, nowTo je B mMakCMMalaH ejemMeHaT
on S'(M), cnenyje ~ (B © C) wito npoTuspeyn penauuju (3. 3).
Jlakje npernocrtaBka (3. 1) je HeoapxuBa, a npomosuuuja 3. 2
JlOMCTa NoBJayd nponosuuujy 3. 1.

Heka je caga mponosuuuja 3. 2 UCTHHMTA, ald MpeTHOCTa-
BUMO ma M unak Huje pasBpCTaHa MHOXHHa. Jlakjie mnocCToju
HeKa HempasHa TNOAMHOXHMHA D on M Koja Hema Ha 0pH-
Mep HHjeJHOr MaKCHMalHOr ejlemeHTa. JacHO je ma M KoMmap
D’=LEJD(~, X]n Takobe Hema HujeIHOr MaKCHMAJHOr ejemMeHTa.

X

Heka je najsap N npaBu 3aBpiiHd Komap of D, 1. AC NC D',
0JIHOCHO

3. 4) ACNCM,

Koju Takohe Hema makcumanHux eremeHaTa. C 063MpoOM Ha OBO
jacHo je ja je ycios 1 npomosuuuje 3.2 3an0BOJbeH 3a  MHO-
xuwe M u N. Heka je mame B cermeHT onx ‘M Koju ‘8ano0BO-
JpaBa penauuje B S M, BC N. [lowrto je N xoman (koman N
komana D' on M je Takohbe koman on M), Ha OCHOBY Jieme
2. 3 nocroju cermenT C on M 3a kojuje BC C C N, TO 3Hauu
Ia je u ycaoB 2 nponosuuuje 3.2 3agoBosbeH. OTyna 6u cre-
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noBaino pa je M © N, wro npotuBpeuu penauuju (3. 4). daxie
npeTnoctaBka Ja M HUje IOROCTPYKO pa3BpCTaHa MHOXHHA
HeOJpXuBa je, npomosuuuja 3. 2 nosyayd npomosuuujy 3. 1.
Tume ja Teopema y HOTOYHOCTH AOKa3aHa.

Hanomenumo na ctas 1, nokasan y pany [2], npeTcTaBiba
cneuMjanaH ciiyyaj OBJle M3JIOXeHe Teopeme, Tj. Clyyaj Kaja je
M nornoyHo ypebeHa MHO)XKHHa.
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Milan S. Popadié

ON ORDERED SETS WITH FINITE CHAINS

(Summary)

1. At first we are going to expose some explanations and defini-

tions. The main result is exposed in the paragraph 3 (the theoreme 3. 1).
i If p is @ proposition ~ p is the negation of p. B is proper subset

of the set A, if is satisfied the relation AC BC A (A—the empty set). In
an ordered (i. e. partially ordered) set A, a € A is a maximal (minimal)
element, if for each x € A holds ~ (@ <x) (~ (x<<a)). In a simply
ordered set the maximal (minimal) element is initial (final) element.

Ifisa, bEA (i. e. a€ A, b€ A), wher A is an ordered set, the seg-
ment [a,b]a is a agregate of x €A, satisfying a < x < b. The initial
(final) segment (—, a]a ([a,—)4) is a set of x € 4, satisfying x < a (a < %).
The section B of A is a subset of A, for which from the relation a, 6 € A
follows [a, b]a € B. In the same way are defined the initial (final) section
It is clear that the each segment of an ordered set A is a section of A.
The segment is never the empty set.

A maximal chain of an orered set A is every maximal element of
system of all chains of A (this system being ordered by the relation C).

Definition 1. 1. By a partially double well-ordered set is meant an
ordered aggregate each subset of which has minimal and maximal ele-
ments. A double well-ordered set is a simply ordered set with the initial
and final element. :
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It is clear that each subset of a double well-ordered set has extreme
elements (a initial and a final element).

2. The following lemmae it is easy to prove.

* Lemma 2. 1. Each nonvoid subset of a parially double well-ordered
set is a partially double well-ordered set. Each chain of this set is a
double well-ordered set.

By P (A), where A is a set, is meant the aggregate of al the subsets
of A. We suppose that every system of sets is ordered by the relation C.

Lemma 2. 2. Let A is a partially double well-ordered set, and S (4)
the system of all segments of A. The nonvoid aggregate S’(4)=S(4)("\P(D),
where is DC A, contains at least one maximal element.

Lemma 2. 8. If a section B of an ordered set A has no maximal
(or minimal) element, then the system S(B) of all segments of B has too
no maximal element.

8. Now we are going to show that for partially double well-ordered
sets is characteristic a form of the induction principle. In the fact we
deal with the following two propositions:

Proposition 3. 1. M is a partially double well-ordered set;

Proposition 3. 2. For an ordered set M and any set N, from the
conditions: :

1. there is a segment A of M, satisfing the relation 4 € N;

2. For every segment B of M, satisfying the relations BC M, BEN,
there is a segment C of M, satisfying BC CE N
— it follows MCN.

Theorem 3. 1. The propositions 8. 1 and 3. 2 are equivalent.

Proof. First let the proposition 1. 3 be true, and let the conditions
1 and 2 of the proposition 2. 3 are satisfied, but let us assume that

@G 1) ~ (M € N).
Hence it follows that the set D=M [ N satisfies
3. 2) DcM

and D ©€ N. According to the condition 1 of the proposition 8. 2, there
is a segment A of M, sitisfying A €N and thus A € D. It signifies that
the system P (D) contains at least one segment. If S (M) is the system of
all segments of M, the set S’(M)=S(M)p P (D) contains too a segment
of M. According to the lemma 2. 2 it follows that in the set S’ (M) there
is at least one maximal element B. From B¢ S (M) we have B¢ P (D)
and B € D, and, because of (3. 2), B < M too. However, according to the
condition 2 of the proposition 8.2, there is a segment C of M, satisfying

(3. 3) BCc CCcN.

Hence it follows CE D, i. e. C€ P(D), and, for C¢€ S (M), we obtain
C € S(M). Because B is a maximal element of S'(M) then is ~ (B € C),
which contradicts the relation (3. 8). Thus the hypothesis (3. 1) is false,
hwence one obtain that the proposition (3. 2) foliows from the propo-
sition (8. 1).

Now let the proposition (8. 2) be true for a ordered set M, but let
us assume that M is not a partially double well-ordered set. Thus there
is a nonemply subset D of M, which has no maximal (or minimal) ele-
ments. It is clear that the section D’;UD(—,. x]y has too no maximal

€

elements. Finally let N be a proper final section of I, i. e. N satisfies
ACNCD and

(3. 4 ACNCM
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N has, of course, no maximal elements. At first it is clear that the con-
dition 1 of the proposition 3. 2 is satisfied. Let B be a segment of M.
satisfying B € M and B € N. Because N is a section of M (a section of
a section of M is a section of M), according to the lemma 2. 3, there is
a segment C of M, satisfying B € C €.N. The condition 2 of the propo-
sition 3. 2 is setisfied too. Hence it follows M € N which contradicts
thte relgtion (8. 4). Thus from the proposition 3. 2 it follows the propo-
sition 3. 1.

Let us remark that the theorem, proved in the paper [2]¥, is a spe-
cial case of the theorem 3. 1, i. e. when M is a simply ordered set.

* See References ad the end of the original paper.



