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SHAPE OF CARTESIAN PRODUCTS
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Abstract. The paper is devoted to the question when is the Cartesian prod-
uct X X P of a compact metric space X and a polyhedron P a product in the
shape category of topological spaces. The question consists of two parts. The
existence part, which asks whether, for every topological space Z, every shape
morphism F: Z — X and every homotopy class of mappings [¢g]: Z — P,
there exists a shape morphism H: Z — X X P, whose compositions with the
canonical projections of X X P equal F' and [g], respectively. The uniqueness
part asks whether H is unique. It is known that, in general, the uniqueness
part does not hold even when Z is a polyhedron. The main result of the
paper asserts that the existence part always holds. The proof is based on an
analogous result for strong shape.

1. INTRODUCTION

In an arbitrary category the (direct) product of two objects is well defined. Tt
may not exist, but if it does, it is unique up to natural isomorphism. It is well
known that in the category of topological spaces Top the product of two spaces
X and Y exists and consists of the Cartesian product X x Y and of the canonical
projections mx: X XY — X and wy: X x Y — Y. Similarly, in the homotopy
category of topological spaces H the Cartesian product X x Y and the homotopy
classes [rx], [ry] of the canonical projections 7x, my form the product of X and
Y. Since shape is a modification of homotopy, it is natural to ask the following
questions.

Question 1. Does every pair of topological spaces X,Y admit a product in the
shape category Sh?

Question 2. Is the Cartesian product X XY of a pair of spaces X,Y a product
in the shape category Sh?

When we say that X xY is a product in Sh we mean that, for every topological
space Z and shape morphisms F': Z — X and G: Z — Y, there exists a unique
shape morphism H: Z — X x Y such that S[rx]H = F and S[ry|H = G. Here
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S: H — Sh denotes the shape functor, which keeps objects (spaces) fixed and
assigns to every homotopy class of mappings the corresponding shape morphism
(see[7], 8.2).

In the case when both spaces X and Y are compact Hausdorff spaces, it is well
known that the answer to Question 2 is positive [3]. J. Dydak and S. Mardesié¢ [1]
showed that the Cartesian product of a dyadic solenoid and the wedge (pointed
sum) of a sequence of copies of the 1-sphere S! is not a product in Sh.

In 1972 Y. Kodama proved that the Cartesian product of an FANR and a
paracompact space is a product in Sh ([4], Theorem 3’). An open problem of
Kodama, raised in 1977 [4], asks whether the Cartesian product of a movable
metric compactum X and a metric space Y is a product in Sh. Even in the simple
case, when X is the Hawaiian earring and Y is the wedge of a sequence of copies
of the 1-sphere S', this author does not know if X x Y is a product in Sh.

Question 1 is wide open. In the present paper we consider Question 2 in the
important case when X is a compact metric space and Y = P is a (non-compact)
polyhedron (CW-topology). The universal property characterizing products in a
category consists of an existence part and a uniqueness part. A positive answer
to Question 2 for a compact metric space X and a polyhedron P (CW-topology)
is just the assertion that the following statements (ES)z and (US)z are true, for
every topological space Z.

(ES)z For every shape morphism F: Z — X and every homotopy class of
mappings [g]: Z — P, there exists a shape morphism H: Z — X x P such that
Slrx]H = F and S[rp|H = S[g|.

(US)z If H;: Z — X x P, i = 1,2, are two shape morphisms such that
S[Wx]Hl = S[Trx]HQ and S[’/TP]Hl = S['/TP}HQ, then Hl = HQ.

The results of this paper refer to the existence property (ES)z (see Theorem 1).
Unfortunately, up to now, the author was unable to obtain significant affirmative
results concerning the uniqueness property (US)z. According to [1], if X is the
dyadic solenoid and P is the pointed union of a sequence of 1-spheres, (US)p is
false.

The main result of the paper is the following theorem.

Theorem 1. Let X be a compact metric space and let P be a polyhedron. Then
the existence condition (ES)z holds, for every topological space Z.

Denote by S: H — SSh the strong shape functor from the homotopy category
H to the category of strong shape of topological spaces SSh. This functor keeps
objects (spaces) fixed and associates with every homotopy class of mappings the
corresponding strong shape morphism (see[7], 8.2). We will derive Theorem 1 from
the following recently proved theorem on strong shape (see [8], Theorem 2).

Theorem 2. Let X be a compact metric space and let P be a polyhedron. Then,
for every topological space Z, the following condition holds.
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(ESS)z For every strong shape morphism F: Z — X and every homotopy class
of mappings 9]: Z = P, there exists a strong shape morphism H: Z — X x P
such that S[rx|H = F and S[rp|H = S[g].

Denote by E: SSh — Sh the forgetful functor, which keeps spaces fixed and
maps strong shape morphisms H: Z — X to the corresponding shape morphism
H: Z — X by “forgetting” the richer structure of strong shape (see 8.2 in [7]). To
prove Theorem 1, we also need the following result.

Theorem 3. Every shape morphism F: Z — X of a topological space Z to a
compact metric space X admits a strong shape morphism F: Z — X such that
E(F)=F.

Remark 1. If Z is a compact metric space, the assertion of Theorem 3 is contained
in [2], Theorem 4.3.

Question 3. Is Theorem 3 valid for compact Hausdorff spaces X ?

Proof of Theorem 1. Let X be a compact metric space and P a polyhedron.
Let F: Z — X be a shape morphism and let [g]: Z — P be a homotopy class
of mappings. We must exhibit a shape morphism H: Z — X x P such that
Srx|H = F and S[wp]H = S[g]. By Theorem 3, there exists a strong shape
morphism F: Z — X such that E(F) = F. By Theorem 2, there exists a strong
shape morphism H: Z — X x P such that

Slmx]H = F, S[mp|H = S|g]. (1)

Put H = E(H): Z — X x P. Application of the forgetful functor E to (1) yields
the desired relations S[wrx|H = F and S[mp]H = S[g], because ES = S (see
Theorem 8.9 in [7]). O

In Section 2 we recall the definitions of homotopy mappings and coherent ho-
motopy mappings (shorter, coherent mappigs) and their relations to shape mor-
phisms and strong shape morphisms, respectively. This will enable us to reduce
the proof of Theorem 3 to a result on homotopy mappings and coherent mappings
(see Lemma 1). In Section 3 we prove Lemma 1 and thus, complete the proof of
Theorem 1.

2. HOMOTOPY MAPPINGS AND COHERENT MAPPINGS

2.1 Let X = (X, piir, N) be an inverse sequence of compact polyhedra. Recall
that a mapping f: Z — X from a topological space Z to X is a sequence of
mappings f;: Z — X;, ¢ € N, such that

fi = pii fir, i <4 (2)
If in (2) equality = is replace by homotopy ~~, one obtains the notion of a homotopy
mapping, i.e., a homotopy mapping f: Z — X is a sequence of mappings f;: Z —
X, i € N, such that

fi =~ pirfir, 1 <7 (3)
Clearly, every mapping f: Z — X is a homotopy mapping.
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A coherent mapping f: Z — X consists of a collection of mappings f; =

fiooint Zx A" — X, where A" = [eg, ..., e,] € R"*! is the standard n-simplex
and @ = (i, . ..,%,) is a multiindex in N of length |i| = n > 0, i.e., ¢ is an increasing
sequence ig < ... < i, of n 4+ 1 elements from N. One requires that the following
two coherence conditions be fulfilled. The boundary condition:
. ) — ploilfdoi(z7t)a J =0
fl(z,djt) a { fdji(zvt)a 1 SJ <n. ’ (4>

where d;: A"~! — A" are the standard boundary operators and d’ is the operator
which omits i; from ¢ = (ig,...,in), i.e.,, @i = (io,...,4j,...,4n). Condition (4)
makes sense only when n > 0.

The degeneracy condition:

f'L(ZaS]t) :fsJ’l,(Z7t)a Ogjgna (5)
where s;: A"l 5 A" are the standard degeneracy operators and s’ is the oper-
ator which repeats i, i.e., $7¢ = (ig,...,%j,%j,...,0n)

Coherent mappings can be viewed as generalizations of mappings, because with
every mapping f: Z — X one can associate a coherent mapping C(f): Z — X
which consists of the mappings f;: Z x A" — X, where f;(z,t) = fi,(2).

2.2. Two homotopy mappings f, f': Z — X, given by mappings f;, f/, i € N,
are homotopic, f ~ f’, provided for every i € N,

fi~ fi (6)

Two coherent mappings f, f': Z — X, given by mappings f;, f; are homo-
topic, f ~ f', provided there exists a coherent mapping F': Z x I — X, given
by mappings F;: Z x I x A™ — X; , which satisfy the corresponding coherence
conditions and

07

Fi(z707t):fi(z7t)7 Fi(Z,l,t):fé(Z,t). (7)

The homotopy relation ~ for homotopy mappings and coherent mappings f: Z —
X are equivalence relations and the corresponding homotopy classes [f] of f are
well defined.

Recall that questions concerning shape and strong shape reduce to questions
concerning homotopy classes of homotopy mappings and homotopy classes of co-
herent mappings using the following facts, which are immediate consequences
of the definition of shape morphisms and strong shape morphisms. If X =
(X, pir,N) is an inverse sequence of compact polyhedra with limit X, then there
exists a bijection between the set Sh(Z, X) of all shape morphisms F': Z — X
and the set of all homotopy classes [f] of homotopy mappings f: Z — X (see
[9], 1,§2, Theorem 5). We say that F and [f] are associated with each other.
Analogously, there is a bijection between the set SSh(Z, X) of all strong shape
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morphisms F: Z — X and the set of all homotopy classes [f] of coherent map-
pings f: Z — X (see [7], 8.2). We say that F and [f] are associated with each
other.

2.3. Denote by FE the forgetful functor, which keeps inverse sequences fixed and
maps coherent mappings to homotopy mappings by “forgetting” higher homotopies
(see [7], 1.4). The following lemma is used in the proof of Theorem 3.

Lemma 1. Let X = (X;,p;ir,N) be an inverse sequence of compact polyhedra,
let Z be a topological space and let [f]: Z — X be a homotopy class of homotopy
mappings. Then there exists a homotopy class of coherent mappings [f]: Z — X

such that E[f] = [f].

Proof of Theorem 3. Let F: Z — X be a shape morphism. Choose an inverse
sequence X = (X;,piir, N) of compact polyhedra such that X = lim X. With F'
is associated a homotopy class of homotopy mappings [f]: Z — X. By Lemma
1, there exists a homotopy class of coherent mappings [f]: Z — X such that
E[f] = [f]. With [f] is associated a strong shape morphism F: Z — X. By
the definition of E (see [7],page 161), E(F) is the shape morphism associated with
E[f]. Since E[f] = [f] and F is also associated with [f], it follows that E(F) = F.
Consequently, the strong shape morphism F has the property required by Theorem
3. O

3. PROOF OF LEMMA 1

3.1. Recall that the concatenation F'« G: Z x I — X of homotopies F,G: Z x
I — X is defined by the following formula.

[ F(z,2t), 0<t<1/2
F*G(’Z’t)_{ G(z2t—1), 1/2<t<1. )

Recall that F'« G is well defined, provided F(z,1) = G(z,0). Also recall that, for
homotopies F, F': Z x I — X such that F(z,0) = F'(z,0) and F(z,1) = F'(z,1),
for z € Z, the expression F' ~ F’ (rel0I) means that there is a 2-homotopy
H:Z xIxI— X, which connects F to F', i.e.,, H(z,t,0) = F(z,t), H(z,t,1) =
F'(z,t) and H(z,0,s) and H(z,1,s) do not depend on s € I.

To prove Lemma 1, we need three elementary facts on concatenations of ho-
motopies, analogous to facts used in defining the fundamental group. They are
stated in the following lemma.

Lemma 2. (i) (The unit law). If F: ZxI — X connects mappings f, f': Z — X,
then

Fe~ fxF (reldl); F~Fxf (reldI). (9)
(#3) (The associativity law). If F,F',F": Z x I — X are homotopies, such that
F(z,1) = F'(2,0) and F'(z,1) = F""'(2,0), for z € Z, then

(FxF')x F" ~ Fx(F' «F") (rel 0I). (10)
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(i41) (The homotopy invariance). If F\F',G,G': Z x I — X are homotopies
such that
F ~F'(reld]), G~G (reldI), (11)
then also
FxG~F +G (rel 0I). (12)

In (¢) f* F denotes the concatenation of the constant homotopy (z,t) — f(z)
with F'; an analogous interpretation applies to F * f’.

Proof. (i) the 2-order homotopy H: Z x I x I — X, given by

_ [ f(2), 0<t<3,
has the property that H(z,¢,0) = F(z,t), H(z,t,1) = (f * F)(2,t), H(#,0,s) =
f(z) and H(z,1,s) = f'(z), which shows that the first part of (9) holds. Similarly,
the 2-order homotopy H': Z x I x I — X, given by

F(z, 5%5),

2—s
/ _ — S 5,

H (tha 5) - { f/(Z), 255 <t< 17 (14)
has the property that H'(z,¢,0) = F(z,t), H'(z,t,1) = (F = f')(z,t). Moreover,
H'(2,0,s) = f(z) and H'(2,1,s) = f/(z), which shows that also the second part
of (9) holds.

(#i) The 2-order homotopy H: Z x I x I — X given by

F(Zwil:l)v 0<t< st
H(zt,8) =4 Fl(z4t—s—1), = <p< o2 (15)
Fl(z, =222 =2 <y <
has the property that H(z,t,0) = ((F % F') x F")(z,t), H(z,t,1) = (F % (F «

F'")(z,t), H(2,0,s) = F(z,0) and H(z,1,s) = F"(z,1), which shows that (10)
holds.

(#3i). Let H,H': Z x I x I — X be homotopies rel (OI), which realize (11), i.e
H(z,t,0) = F(z,1), H(zt,1)=F'(z1),

H(20.5) = f(z), H(z1,5) = f'(2). (16)
H'(z,t,0) = G(z,t), H'(z,t,1) = G'(z,1), 17
H'(50,5) = (), H'(21,5) = [(2). (a7)
Then K: Z x I x I — X, given by
| H(z2t,s), 0<t<1/2,
K(z1,5) = { H'(z,2t—1,5), 1/2<t<]1, (18)

is well defined, because H(z,1,s) = f'(z) = H'(z,0, s). Moreover, K realizes (12),
because K(z,t,0) = (FxG)(z,t), K(z,t,1) = (F*xG)(z,t), K(z,0,s) = HK(z,0,s)
and K(z,1,s) = H'(z,1,s). O

3.2. Proof of Lemma 1. The coherent category of height 1, here denoted
by CH®, was first defined by Yu. T. Lisitsa in [5] (see [7], 3.1). It occupies
an intermediate position between the categories CH and pro-H. Then in [6] two



AN EXISTENCE THEOREM CONCERNING ORDINARY SHAPE... 11

forgetful functors £ : CH—CH® and E19: CH® —pro-H were defined and it
was proved that the restriction of E(!) to inverse sequences is an isomorphism
of categories ([6], Theorem 1, also see [7], Theorem 3.7). In particular, if X =
(X, pir,N) is an inverse sequence of spaces and [f(l)]: Z — X is a morphism of
CH®, then there exists a morphism [f]: Z — X of CH such that EMV[F] = [fV].
Since EAYEM = E it suffices to find such an £ that EAO (1)) = f, because
then [f] will have the desired property that E[f] = EAO(EM[f]) = B[] =
[ECO(FD)] = [£]-

Recall that a homotopy mapping f: Z — X consists of a sequence of mappings
fi: Z — X;, i € N, such that f; ~ p;;s fir, for ¢ <4i'. By definition and [7], Lemma
3.3, a 1-coherent mapping f(l): Z — X consists of mappings f;: Z — X;, i € N,
and homotopies f;: Z x I — X;, i < ', which connect f; to p;; fir. Moreover,
one requires that fi;(z,t) = fi(z) and

fiir * piir firin == fir (rel OI), (19)
for i <14’ <4"”. Note that the left side of (19) is well defined, because f;;/(z,1) =
piir fir (2) = piw firin (2,0).

By definition, E? (1)) is the homotopy mapping obtained by “forgetting”
the homotopies f;;;. Consequently, to complete the proof of Lemma 1, it suffices
to exhibit homotopies fi: Z x I — X;, i < ¢, such that f;;(2,0) = fi(2),
fiir(2,1) = pisr fi(2), fii(z,t) = fi(2) and that (19) holds.

We define the homotopies f;;s: ZxI — X;,1 < 4'. by induction on j = ¢'—i > 0.
Ifj=0,ie.,i=14, weput fi; = fi, ie, fii(z,t) = fi(z). fj=1,1e,d =i+1, we
choose homotopies f;;» = fi;41: ZxI — X; in such a way that f; ;4+1(2,0) = fi(2)
and f; i+1(2,1) = p; it1fit1(2). If we have already defined f;;/, where i’ —i = j > 1,
we define f; ;711 as the concatenation f; ;41 = fisr * Pisr fir ir41, i-e., the mapping
Ji,ir4+1 1s given by

fii’ Z72t7 0§t§127
fi,i’+1(za t) = { pii’.(fi’,i/jl(za 2 — ]_)7 1/2 S t S/]. (20)
Note that f; ;.41(2,t) is well defined by (9), because fii(2,1) = pii firy1(2) =
piir fir iv+1(2,0). By (20) and the induction hypothesis, f;111(2,0) = fir(2,0)
= fi(z). Also fii41(2,1) = pisr firv41(2,1) and fir41(2,1) = pirirga firpa(2).
Consequently, fii+1(2,1) = pupirv41fi+1(2) = Div+1fir+1(2). It remains to
verify (19).

If i = ¢/ =", both sides of (9) equal f; and the assertion holds. If i = ¢’ < ¢,
then fiir * py forir = fi * fur and the assertion follows from the first part of (9).
If i <4’ =14", then fii * pyr firsr = fir * piar fir and the assertion follows from the
second part of (9).

It remains to prove the assertion in the case when ¢ < i’ < 4”. This is done by
induction on [ = ¢/ — ¢ > 1. If I = 1, i.e., i/ = i’ + 1, then, by definition, f;;» =
fiirw1 = fir * Diwr firir and (9) holds. Now assume that we have proved (9), for a
given [ > 1. Let us prove it for [ + 1. By the inductive assumption, F' = f; ;s4; =
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F' = fur * pir fir i1 (velOI). Putting G = p;iq1firt1,0+1+1 and using (12), we
see that fi i1 * piirvifirgravier = (fier * o firo11) * Digoryi firsri 4141 (rel OT).
However, by definition, fiv = fiiryi41 = fii+1%piir+1fir+1, 4141 and thus, fir ~
(fiir*pir fir ir41)*Diir+1 fir+1,ir 4141 (rel OI). Concatenation with G was possible, be-
cause fiir41(2,1) = piiryifirp1(2) and also p; iy firvrivi41(2,0) = pi i firgi(2)-
Application of the associativity law (10) shows that fi;» =~ fir * (D fir i1 *
Diir+ifir1i041+1) (reldI). Since p; 111 = piirpirir41, one readily concludes that
Diit fir ir1 % it firrt,ir 41401 = Piar (fir it * Dir 41 fir41,00+141) and thus, one ob-
tains the relation fiv =~ fiir *pi (fir i1 *pir w1 fir+1,00+141) (el OI). However, the
expression in the parenthesis equals, by definition, f;/ ;4141 = firsv and we have
obtained the desired relation fi;» ~ fi * py fori (velOT). O
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EIHA TEOPEMA 3A EI'SUCTEHIIMJA BO BPCRA CO
CTAHIOAPIEH OBJIMK HA ITPOM3BO 1

Cube Mapnemugk

Peszuwme

Bo oBoj Tpym ce pasrienyBa mpamameTo Kora QIUPEeKTHUOT npou3som X X P
Ha KOMIIAKTEH MeTpudku npoctop X m nonuenap P e mpom3Boa BO KATErOPU-
jaTta Ha ODJIMK HA TOIMOJIOMIKU IPOCTOPU.

[IpamameTo ce cocTom on nBa Aeia:

Ilenor 3a ersucTeHNUja, T.€. NAJU 38 CEKOj TOIOJOIIKU IPOCTOP Z U CEKOJ
Mmop¢dusam Ha obauk F : Z — X um cekoja kiaca Ha XOMOTONMja HA IPEC-
muryBama [g] 1 Z — P mocrom mopduszam ma obmuk H : Z — X x P uunm
MITO KOMIIO3UNNY CO KAHOHWYHUTE Ipoeknnu Ha X X P ce ennaksu Ha F u [g],
COOIBETHO.

IlenoT 3a €IMHCTBEHOCT Ce OJHECYyBa Ha IpallameTo naau H e e nHCTBEHO.

ITosmaTo e meka, BO ommrrT ciaydaj, OEJOT 33 €AMHCTBEHOCT HE BAKU IypPU
1 KOoTa Z e moJjuenap.

I"'maBHMOT pe3ynrar BO OBOj TPYX € HOKA30T JeKa NEJIOT 3a er3UCTEHINja
CEKOTAIl BarKU.

Ilora3oT ce Ga3mpa Ha aHAJIOTEH PE3YJTAT 3a jak OOJIUK.
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