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Abstract. In [7] C. Park has generalized the term quasi-normed space, i.e. has given the
term quasi 2-normed space. Further, C. Park has proven few properties of quasi 2-norm,
in [3] M. Kir and M. Acikgoz have given the procedure for completing the quasi 2-
normed space and in [1], [4] and [6] are proven few inequalities about quasi 2-normed
spaces. In this paper are proven several properties of Cauchy and convergent sequences
in a quasi 2-normed space. Some of them are analogy to the properties of such
sequences in n-normed spaces ([5], [8]).

1. INTRODUCTION

S. Géhler (1965) gave the terms of 2-normed spaces. Parallelepiped inequality,
which is one of the basic in the theory of 2-normed spaces, is one of the axioms of 2-
norm. Precisely this inequality, analogously as in the normed spaces, C. Park has
replaced by new condition. Thus, he actually derived the following definition for quasi
2-normed space.

Definition 1 ([7]). Let L be a real vector space and dimL > 2. Quasi 2-norm is a real

function ||-,-||: Lx L —[0,0) such that:

i)  Ixy|=0, forall x,yeL and ||x,y[=0 if and only if the set {x,y} is linearly
dependent;

i) Ixyl=ly x|, forall x,yelL;

i) Jlex,y|H«al-|x vy, forall x,yeL and for each « eR, and

iv) It exists a constant C=>1 such that ||x+y,z|<C(|x,z||+|Y,z]), for all
X, Yy,zel.

The ordered pair (L,||-,-|) is quasi 2-normed space if ||-,-|| is quasi 2-norm. The

smallest number K such that it satisfies d) is modulus of concavity of the quasi 2-norm
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Definition 2. Let L be a real vector space and dimL>2. Quasi 2-norms|-,-|; and
|l,Ilo defined on L are equivalent if it exists m,M >0 such that
mIX,y o<l y <My, forall x,yeL.

Further, in [3] M. Kir and M. Acikgoz gave few examples of trivial quasi 2-normed
spaces and considered the question about completing the quasi 2-normed space. C. Park
in [7] gave a characterization of quasi 2-normed space (Theorem 1), and [4] (Lemma 1)
is proven an inequality which is characteristic for quasi 2-normed spaces.

Theorem 1 ([7]). Let (L,||-,-|)) be a quasi 2-normed space. It exists p, 0< p<1 and an

equivalent quasi 2-norm ||| -,-||| on L such that

Ix+y, zIP<x,z P+, 211l (€
forallx,y,zelL.m

Lemma 1 ([4]). If L is a quasi 2-normed space with modulus of concavity C >1, then
for each n>1 and for all z,%,Xy,...,X, €L it holds true that

n n
I3 %,z )< %D S 1 7). m
i=1 i=1

Definition 3 ([7]). Quasi 2-norm |||-,-||| given in Theorem 1 is called (2, p)—norm, and
quasi 2-normed space L is called (2, p) —normed space.

2. CONVERGENT SEQUENCES IN QUASI 2-NORMED SPACE

In [7] C. Park has defined a convergent sequence in quasi 2-normed space, i.e. has
given the following definition.

Definition 4 ([7]). Let L be a quasi 2-normed space. The sequence {X,}n4 on L is
called convergent sequence if it exists x e L so that

lim || X, —X,z2||=0, foreach zeL.

n—o0

The vector x e L is called bound for the sequence {x,}—; -

By the following statements will be proven several basic properties of convergent
sequences in quasi 2-normed spaces.
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Lemma 2. Let ||-,-] and |,-|l, be equivalent quasi 2-norms on the real vector space L .

The sequence {x,}—; converges on the quasi 2-normed space (L,||-,-]}) if and only if

it converges on the quasi normed space (L,||-- ),
Proof. The proof is directly implied by definitions 2 and 4. m

Theorem 2. Let (L,]|-,-||) be a quasi 2-normed space with modulus of concavity C .
a)If lim x,=x, limy,=y, limea,=a and lim g,=/,then
n—oo n—oo n—o0 nN—o0
lim (anXn + BaYn) =ax+ By . (2
N—o0

b) If dimL>2, lim x,=x and lim X, =Yy, then x=y.
n—o0 nN—o0

Proof. a) Since Lemma 1, it implies that for each ze L
| nXn + BnYn — (@X+ BY), 2 |I=ll an (Xn = X) + (atq =) X+ Bn(Yn = V) + (B = B)Y. 2|l

<C¥(la | 1% =Xzl +|ag = |- 1% 21+ | By | Y = Yo 211+ 1 Ba = By, 21D
holds true.
By applying that n— oo for the latter, and also using the fact that each convergent
sequence of real numbers is bounded, we derive the equality (2).
b) Since definition 1, it implies that for each ze L

Ix=y,zIKC( X=X, z|[+]| X, — Y, Z|) holds true.

By applying that n — oo for the latter, we get that || x—y,z|=0, foreach ze L. So,
x—y and z are linearly dependent for each z e L and since dimL>2 we get that

X=y.m

Theorem 3. Let L be a quasi 2-normed space with modulus of concavity C>1,

{X, 1 be a sequence on L and yeL be so that mlri]rﬂooll Xn —Xm» Y EO . Then, for

each x e L the real sequence {|| X, —X, Y |[Jn1 include a convergent subsequence.
Proof. According to theorem 1, there exist p, 0< p <1 and an equivalent quasi 2-norm
l|,-|ll on L sothat forany x,y,z €L the inequality (1) holds true. Thus, there exist
m,M e R such that

mix ylix yll<sMIxyll (©)
holds true forall x,yelL.

Let {x 3y be a sequence on L and yelL be so that lim [[X,—X, Y[=0 is
m,n—o0

satisfied. The inequalities (3) imply that lim ||| X, —Xq,, Y [[F 0. Further, by applying
m,n—o0

the inequality (1) we get that
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X =%, Y 1P =l X = X+ X =%, Y P <l X0 = X, Y IIP 1l X = %, Y 1P
holds true, So,

I =% Y WP =1 X =%, Y 1P <l X =X, Y HIP-
Analogously,

X =%, Y I =1 =%, Y WP <l X0 =%, Y IIP
The last two inequalities imply that

X =% Y P = 1 =%, y 1P <l % =X, VP

and since  lim ||| X, —Xm, Y I=0, we get that the real sequence {||| X, — X, y [P}y is
m,n—o0

Cauchy, that is convergent sequence. Thus, the sequence {|lX,—X Y|} is
convergent, that is bounded sequence. Then, the inequalities (3) imply that the real

sequence {]| X, —X, Y |} is bounded, therefore it consists a convergent subsequence

U, —% YDy m

Theorem 4. . Let L be a quasi 2-normed space with modulus of concavity C>1,

{X,Jhq be a sequence on L and x,yeL be so that n"_Tn | X, —%, y|I=0. Then, the

real sequence {|| X,, ¥ [[}n include a convergent subsequence.
Proof. According to theorem 1, there exist p, 0< p <1 and an equivalent quasi 2-norm

ll|-|ll on L so that for any X,y,zeL the inequality (1) holds true. Thus, there exist
m,M e R such that for all x,y e L the inequality (3) holds true.

Let {X 3} beasequenceon L and x,yeL besothat lim [[x,—X,y|[=0. Now, the
n—o0
inequalities (3) imply that lim ||| X, =X,y [|=0. Analogously to the proof of theorem 3,
nN—oo

we conclude that
X y 1P = 10% y P 1<l % =%, y 1P, 4)
and since lim ||x,—X,y|[l=0, by the inequality (4) we get that the real sequence
n—o0
Ll %n, ¥ I3z is convergent, that is the latter is bounded. Now, the inequality (3)
implies that the real sequence {||X,,Y|}ne is bounded. Therefore, it includes a

convergent subsequence {|| X, .y ey w
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3. CAUCHY SEQUENCES IN QUASI 2-NORMED SPACE

Definition 3 ([7]). Let L be a quasi 2-normed space. The sequence {X,}nq On L is
called a Cauchy sequence if

lim || Xy, —X,,2|=0, foreach zeL.

n—o0

The quasi 2-normed space L is called a complete if each Cauchy sequence converges
on L.

Theorem 5. Let (L,||--|) be a quasi 2-normed space with modulus of concavity C>1.
If {x,}ny is a Cauchy sequence on L, then for each zeL the real sequence
{ll Xy, Z I}y includes a convergent subsequence.
Proof. According to the theorem 1, there exist p, 0< p <1 and an equivalent quasi 2-
norm |||-,- ||| on L such that for all x,y,z €L the inequality (1) holds true. Thus, there
exist m,M R such that for all x,y <L , the inequality (3) holds true.
Let {x,}nq be a Cauchy sequence on (L,||--|) and z L. Since the inequality (3) we
get that the sequence {x,}—; is Cauchy sequence on (L,||-,-|ll) . Further, the inequality
(1) implies that
%0 Z 1P =l (X = X)X Z 1P <l X0 =X, Z WP+ 1 X, 2P

that is

%, Z 1P =1 X, Z 1P < X =X, Z [P
Analogously

X, Z P =1 %0, Z 1P <l X =X, Z 1P
The last two inequalities imply

X Z P =%, Z IPISI X0 =X, Z 1P —0

for m,n — co. Thus, the sequence {[|| X,z [P}y is Cauchy sequence. The latter means

that also the sequence {||| X,z [}y is Cauchy sequence. So, it is bounded sequence.

Finally the inequalities (3) imply that the real sequence {|| X,z [} is bounded, that is
it consists a convergent subsequence. m

Theorem 6. Let L be a quasi 2-normed space with modulus of concavity C>1. If

{X e and{y,}n; are Cauchy sequences on L and {«,}r is a real Cauchy

sequence, then {x, + Y} and {a,x,}ry are Cauchy sequences on X .
Proof.
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! Xn + ¥n _(Xm + ym)v z|=| (Xn _Xm)"'(yn - Ym)r Z||
<C*n =Xm I+ Yo = Ym. 2 [D)
holds true. Thus, || X + Y —(Xm + Ym). 2|20 for mn—oo. So, {Xy+ Yt is
Cauchy sequence on L.
The real sequence {a,}n-1 is Cauchy, so it is bounded. Further, the proof of theorem 5

implies that the real sequence {|| X,z [}y is bounded. Since
| &t Xn — &mXm Z =l (@0 Xn — 2 Xm) + (@ Xm — EmXm), Z ||
<C(llanXn —onXm, Z |+ | o Xm — @mXm, 2 1)
=C(lan | 1%y = Xms Z I+ an —am || Xm, 2|l

it follows that || @, X, — X, Z >0 for m,n —oo. Thus, the sequence {a, X, ney in
Cauchy sequence onL . m
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