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NEW CHARACTERIZATION OF 2-PRE-HILBERT SPACE
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Abstract. The problem of finding necessary and sufficient conditions a 2-normed space
to be treated as 2-pre-Hilbert space is the focus of interest of many mathematicians. Few
characterizations of 2-inner product are given in [1], [3], [5], [6], [8] and [9]. In this
paper a new necessary and sufficient condition for existence of 2-inner product into 2-
normed space is given.

1. INTRODUCTION

Let L be a real vector space with dimension greater than 1 and ||-,-|| be a real
function on LxL such that:
a) |Ix,y|=0, forall x,yeL and ||X,y|=0 if and only if the set {x,y} is

linearly dependent,
b) Ixyl=ly. x|, forall x,yeL,

c) |lex,ylHeal-lIx vyl forall x,yeL and foreach R, and

d)  Ix+vy,zIKIx z||+]y,z], forall x,y,zeL.
The function ||-,-|| is said to be 2-norm of L, and (L,||-,-|) is said to be vector 2-normed
space ([7]). The inequality in the axiom d) is said to be parallelepiped inequality.

Let n>1 be a positive integer, L be a real vector space, dimL>n and (,-|-) bea
real function over LxLxL such that:

i)  (x,x|y)=0, for all x,yelL and (x,x|y)=0 if and only if X and y are

linearly dependent,

i) (xyl|z)=(y,x|z),forall x,y,zeL,

i) (x,x|y)=(y,y|x), forall x,yel,

iv) (ax,y|2)=a(x,y|z), forall x,y,zeL.and foreach « € R, and

V) (X+x,Y|2)=(XYy|2)+(x,y|2z), forall xq,x,y,zeL.

The function (-,-|-) is said to be 2-inner product, and (L,(-,-|-)) is said to be 2-pre-
Hilbert space ([3]).
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The concepts of 2-norm and 2-inner product are two dimensional analogies of the
concepts of norm and inner product. R. Ehret proved ([7]) that if (L,(--|-)) is a 2-pre-
Hilbert space, then

1%,y [I= (% x [ y)V2, 6

forall x,y e L defines 2-norm. So, we get vector 2-normed space (L,]||-,-|}) and
moreover, for all X,y,zeL the following equalities are satisfied:

2 2
(X, y | Z) — ||X+y,Z|| ;”X_va” , (2)

Ix+y,zIP +lx-y,zIP=201x 217 +11y, 2 IP), ®)
The equality (3) is actually analogous to the parallelogram equality and it is called
parallelepiped equality. Further, 2-normed space L is 2-pre-Hilbert space if and only if
forall x,y,zeL the equality (3) holds true.

2. CHARACTERIZATION OF 2-PRE-HILBERT SPACE

The problem of characterization of 2-pre-Hilbert spaces, i.e. finding the necessary
and sufficient conditions the 2-normed spaces to be treated as 2-pre-Hilbert space is of
particular interest while studying the 2-normed spaces. Thus, in [1] is given
characterization of 2-pre-Hilbert space using the equality of Euler-Lagrange type, in [8]
is given characterization using the strictly convex norm with modulus c, and in [9] are
given characterizations using the Mercer inequality for 2-normed space and its
equivalent inequality. In the following theorem are given some of the already known
characterizations of 2-pre-Hilbert spaces, which are necessary for our further
considerations.

Theorem 1 ([3]). Let (L,||-,-|[) be 2-normed space. L is 2-pre-Hilbert space if and only

if for each z € L\{0} one of the following conditions is satisfied:

Il;. Forall x,y,zeL suchthat ||x,z|=| y,z| and forall m,neR it holds true that
[[mx +ny,z|=|nx+my,z|.

. Ix+y.z|HIx=y.z]|, X,y,Z<eL implies that

N

2 2 2
Ix+y.z 7=l z[I" +]y.z|

3. It exists a real number a #0,£1 such that ||x,z |||y, z||, X,y,zeL implies that
[ x+ay,z|H|ax+y.z].

4- It exists a real number a#0,£1 such that ||x+y,z|Hx-y,z|l, xy,zelL
implies that || X+ ay, z|H|x—ay,z].

%zl Y.z, XY,z €L implies that for each real number « >0 it holds true
that

o
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-1
lax+ay. z|2x+y,z].

3
Forall x;,X5,%3,Z €L suchthat > x; =0 and || %,z |5 Xo,z]|| it holds true that
i=1

Ig.
X — X3, Z [l X2 — X3, 2| -

4

I1;. Forall X, %5,%3,%4,2€L suchthat > x =0 and || X,z =l %o, 2| and || X3,z ||=
i=1

|| X4, 2| it holds true that
X=Xz, Z =l %2 = X4,z | @nd || Xz — X3, Z [=ll X — X4, 2.
Ilg. Forall x,x%,,X3,2 €L the value of the expression

2 2

F(X, X0, X%3,2) | X +Xo + X3, Z||” +|| X +Xp — X3, Z || —
2 2

=X =X —X3, Z||” = [ X = X2 + X3, Z ||

does not depend on Xz.

n
Forall xi,..,X,,zeL, n=3 such that ) x; =0it holds true that
i=1

n
2 2
2% =X zlIF=2nY ] %, z[| . =
=

izk

In the following theorem a new characterization of 2-pre-Hilbert space will be given.
Theorem 2. Let (L,||--|)) be a real 2-normed space. Then L is 2-pre-Hilbert space if

and only if the following condition is satisfied
. If n=23, X,%,..X,,zeL and og,a,...c, are real numbers such that

a; =0, then

M=

1

0 2 2
| 2 eix.zll*== 2 aajlix—Xxj.z|°.
i=1 I<i<j<n

Proof. Let the condition Il;qbe satisfied. If x,X,,zeL, then for x3 =0 and the
X, X2,%3,Z€L and the real numbers

condition 1l applied to the vectors
oy =ap =1, az =—2 follow the following equalities

1% + X0, Z [P =l Xg + %o +(~2) -0,z |
“1-(-2) % =0,z |? ~1-(-2) [| %o =0, Z |* ~1-1]| x¢ — Xp, |I?

=2|x, 2 4201 %0, 2 1P =l = X, 2 P
The latter implies the parallelepiped equality, which actually means that L is 2-pre-

Hilbert space.
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Let L be 2-pre-Hilbert space. Applying the principle of mathematical induction we will
prove that the condition Il is satisfied. Let n=3, oy, a,,3 be real numbers such

that oq +a, +a3 =0 and X, X5,%3,Z<€ L. Then by the properties of 2-inner product
and since oy +a, =—a3 We get that
llanxg + %o +agxg, 2 P =l a1 (% —Xa) + @2 (%2 — %), 2 I
=of 1 =%, 2 P+, (%~ %3, % — %3 | 2)
+ ey (%o — X3, % —¥g | 1) + a5 || %o — x5, |7
=of || X~ %3, 2|7 +anp (% — X3, % — X3 +Xp =% | 2)
00y (X~ Xg,Xp = X3 + X~ Xp | 2) +0F || % = X5, 2 |
=af 1% =g, 2IF +oa || % =X, 21 +a102 (3 — X5, X =% | 2)
+ 10, 1% =%, 2| +enap (%o =X, % — %0 | 2) + 05 [ 3o — X, 2 |
=ay(oq +ap) |l % —x3, 2|7 +ag(ay +ap) I Xp —Xa, Z |17
—aap(X% —X3, % — X | 2) + (X3 =X, X, — X | 2)]
= —aas 1% - %5, 21 ~apas 1% ~ X5, 217~ [l %o, 2|7,
which means that the condition 11,5 holds true.
Let in the 2-pre-Hilbert space L the condition Il;q be satisfied for some positive

integer n>3. Let X, Xo,... Xy, Xn4 2 € L and g, a9, ..., ¢y, a4 be real numbers such

n+l
that > o; =0 and let
i=1
P=oqg+oy+..+o, 1 =—(an+.1) -
Then, since
B
+ —1=0and 1
~Qny _an+1 " z ﬁ

the inductive assumption implies that

| Zauxulll —an+1|| Z

i=1

Xi

e + (Do 2l

2 IB 7lai an 2
= anﬂllTM(Z Bt Xt (FD) X 2

P Q; 2
—an+1[ 22 =t ||Z ﬁ'Xl—Xn,Z” - ||Z Xl_xn+1v2” __||Xn+1 Xn’Z”
n+l  j=1

n-1 -1
Q; 2 Q; 2 2
—Beay || Z ?Xi =X, Z|I© =Bania |l Z ?Ixi —Xn4+1, Z 17 —anani | Xna — %0, 2|l

n.
=—pal- X X —xgzlf+ X G % %21
i=1

Ki<j<n-1 ﬂ
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n

oo 2 a; 2

—Pogal- X X=Xzl + X 1%~ Xn.0,21F]
1<i<j<n-1 i-1

2
— n0naq | Xnsg — Xn, 2|
_ Ontong

n

2 2

Y aiajllX—Xxj,zll" = X aian 1% =X, Z|]
1<i<j<n-1 i1

n
2 2
=2 aian i 1% = Xni1, ZII° = anania I X1 =%, 2|l
i=1

2
=- Z agaj % —xj,z|
I<i<j<n+l

The latter means that the condition 1l;g also holds true for n+1. So, the principle of
mathematical induction implies that 11,5 holds true for each positive integer. m

The theorems 1 and 2 imply that in 2-normed space the conditions Il; —1l;, are

equivalent to each other. In the further considerations we will prove that the condition
Il,o directly implies some of the conditions 1l - llg.

Lemma 1. Let L be 2-normed space. Then the condition Il;, implies the condition 1lg.

n
Proof. Let X,...,X,,Z€ L, n>3 besuchthat ) x; =0. Then the condition Il;5 implies
i=1
the following
n n
0=l X % 2Pl Xy + %+t Xq =-0,Z[P=nX 1 =02 1P = 3 I1% =%zl
i=1 i=1 1<i<k<n
which implies that

n
2 2 2 2
2lx=-x.zlt= X Ix-x.zlI"+= X lIx =%z =2nXlI%,z|",
i=k I<i<k<n 1I<k<i<n i=1

i.e. the condition 1lq is satisfied. m

Lemma 2. Let L be 2-normed space. Then the condition 115, implies the condition Il .
Proof. Let ||x,z|H|Y,z|l, X,y,zeL and a >0 be real number. Then the condition
Il;9 implies the following
lax+aty, 2P ax+(-a ™) (y) + (@ -a)o,z |
=—a(@-a)Ixzlf +a e -a) vz P +lIx+y,z|P

2 2 2
=(-1+a +j—1)||x,z|| +Ix+y,z]

=(a@+L2 %z P+l x+y 2P x+y,z|P,
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thus || ax+a‘1y, z|2l| x+y,z|, i.e. the condition Il is satisfied. m

Lemma 3. Let L be 2-normed space. Then the condition Iy, implies the condition 11, .
Proof. Let x,y,zeLbe such that ||x,z|=|y,z|| mneR. Then the condition Il
implies that
| mx+ny,z||2=||mx+ny+(—m—n)0,z||2
2 2 2
=mm+n) || x, 2| +n(m+n) |y, z[|" —-mn || x—y, z||
and
| nx+my,z||2=|| nx +my + (-m-n)0, z ||2
2 2 2
=n(m+n)[[ X, z[|* +m(m+n) |y, z || —-mn || x -y, | .
Further, since || X,z |IH| y, z||, the last two equalities imply that
I nx+my, z [P mx-+ny, z |7, i.e. || mx+ny,z 5] nx+my, z ],
The latter means that the condition 11, is satisfied. m

Lemma 4. Let L be 2-normed space. Then the condition 115, implies the condition 1l5.
Proof. Let ||x,z|=l|y,z|l, X,y,ZeL anlet « be a real number such that o #0,%1.
Then the condition 11,5 implies that

2 2
I x=y, 2|7l L (@x) + (=y) + (-1-1)0,z ||
2 2 2
=2 ax,z|P +22 |-y, 2| ~Lllax-(-y). 2|
2 2 2
=(@+D [ xzIP +<2 |y, z|? - Lllax+y,z]]
and
2 2
Ix=y.z|P=l x+1 (-ay)+(-1-1)0,z|
— o+l 2 Lol _ 2 _1x—(- 2
=2 xz|P + 23 | -ayzI? ~LlIx-(-ay).z|
2 2 2
=tz |2 sa+D)|ly. 2P -1l x+ay.z|?.
Further, since || X,z |I=| y, z || holds true, the last two equalities imply that

2 2
lax+y, z|I*s| x+ay, z||°, re. lax+y, z|H| x+ay,z]l,
The latter means that the condition 115 is satisfied. m

Lemma5. Let L be 2-normed space. Then the condition Iy, implies the condition Ilg.

3
Proof. Let X,X5,%3,Z €L be such that Y x; =0 and || xq,z|=]|xo,z||. For a =2, the
i=1
Lemma 4 implies that
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2% + %2, Z[IH[ % +2%2, 2|
3
holds true. Further, since 3" x; =0 we get that X3 =—X; — X, , thus
i=1
1% = X3, Z|Hll X = (5 =2 ( 2 [Hl 2% + %2, Z [IH % + 2%, 2
=% = (=3 =%2), 2 [l X2 =g 2 [,

The latter means that the condition Il is satisfied. m

Lemma 6. Let L be 2-normed space. Then the condition 115, implies the condition Il .
4
Proof. Let X,X»,X3,Xs,Z€L be such that > x=0 and |x,z|=X,,z| and
i=1
| X3,z ||=l| X4,z ||. Further, since X +X, +(X3+%4) =0 and || xq,z||=]| x5,z holds true,
the Lemma 5 implies that || x —X3 —X4,Z||=| Xo —X3 —X4,2]|. Further, the condition
Il;g implies that
||x—x—x22— —Xgq — 0,z |
g —X3—Xg, Z|[7=]| X — X3 =%, +0, ]|
2 2 2 2 2 2
==l% 27+ %6, 211 + 11X, 2117 + 11 =25, 2117 + 1% = X4, 217 =1 X5 = X4, 2|
and
2_ 2
[ X2 = X3 X4, [P=ll X, X3 — X4 +0, 2|
2 2 2 2 2 2
==l 2" + 1%, 211 + 11 %a, Z 11" + 11 %2 = X3, Z|I" + 1 X2 = X4, Z[I” = [ X3 = X4, 2
and since || X —X3 — X4, Z |5l Xo —X3 — X4, Z|| and || xq,z||=]| X, z || we get that
2 2 2 2
1% = X3, Z | +11 X = Xg, Z||°=| X2 = X3, Z || +[| X2 = X4, Z I - (€
Analogously can be proven the following
2 2 2 2
%3 =X, Z [ +1I X3 = X2, Z [|°= X4 = X1, Z || +[[ X4 = %o, Z I - @)
Finally, (1) and (2) imply that || x; — X3, Z ||=]| Xo — X4,z ]| and || X, —X3,Z||=]| X, — X4, 2|
The latter means that the condition 11 is satisfied. m

Lemma 7. Let L be 2-normed space. Then the condition Il;, implies the condition Ilg.
Proof. Let %, Xy, %3,z € L. Then the condition 1l;5 implies
112 + 2%, 2 [P 3 + (5 + X3) = (X3 = Xp) = (=xq), 2|2
==l =0 + %), 21 + 14 = (g = X2), I +11 % = (-3), 2 |
% +35 = (k5 —30), 217 + 1% +35 = (=30), 217 =11 X3 =X = (=), 2|
=—lx =% =) 2| +11x — x5+ %o,z |* +]1 2%, 2|
12,21+l % + %5+, 217 = [l %g =X+, 2,
thus
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2 2
F(a,X2,%3,2) =l X + X2 + X3, Z[I" + 1 % + X2 = X3, 2|
2 2
=% =X = X3, Z[I” = [ X = Xo + X3, Z |
2 2 2
2% +2x5, 2|17 =12, 2 [I” =11 23, 2 [,
The later means that the condition Ilg is satisfied. m

Lemma 8. Let L be 2-normed space. Then the condition 115, implies the condition 11,.
Proof. Let |x+Vy,z|HIx-V,z||, X,y,zeL and let « be a real number such that
a #0,%1. Then the condition 13, implies

2 2
Ix=y, 2|2l x+ 1 (-ary)+(-1-1)0,z|
—a+l 2 __a+l_ 2 _1py—(— 2
= I zll” + = —ay, z|I” =5l x - (-ay).z|l
_a+l 2 2 1 2
=etdyix 2|2 +(e+D)|ly.z|P -1 x+ay.z|?.
and
2 2
Ix+y,z[P=l-x—L (ay)+ @+1)0,z||
—atl 2, atl 2 _1x— 2
=2l x 2 [P +23 | ay.z|f L x-ay.z]
2 2 2
=2z |2 +a+D) || y.z|P -1l x-ay.z|?.
Further, since || x+V,z|H|x-Y,z]||, the last two equalities imply that

2 2
I x+ay,z[*d x-ay.z| ie [|x+ay,z|[HIx-ay,z].
The latter means that the condition 11, is satisfied. m

Lemma 9. Let L be 2-normed space. Then the condition 115, implies the condition 11, .
Proof. Let || x+Y,z|=|X—Y,z||, X,¥,z € L. Then since the proof of Theorem 2 we get

2 2 2 2

I x+yz[I"=2[[xz[I" +2|ly, || =l x=y. [,
and since || x+V,z|=|x—Y,z], the last equality is equivalent with
2 2 2

Ix+y.zIPIx 2" +1y. 2|1

The latter means that the condition 11, is satisfied. m
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