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TENSOR LINEAR GROUPS

0. Jotov

Abstract. Associative transvections among tensor spaces

are discussed, when «=2» or «=2*. The transvections can
be treated as group operations givning rise to constructions of
linear groups. In the case «=2¥ each 72(¢”) enables us to obtain
a finite sequence of tensor linear groups.

Let £” be the complex »-dimensional vector space,# the
set of natural numbers. Let UZ’,Z‘,‘A“;‘ («=2% » a«i) be the
natural coordinate system in F@%) = €"@ -0 @l 0 - O
. (€%, ¢7* taken u-times each). We consider first, the case v «..
Let ¢ ,...,¢, be the natural basis of €™ and consider arbitrary
elements @ =z e ve,oe’ve’, 6-4"]c vc, 070,

We define the transvections ggw: 7?r 77 » 7,7 as
s 2

p@d)=c, pab) =g (/=42)

where
o<l = g:f-p—ﬁg4)= @FZ L7 (1)
Uy (a,8) =alé,y (1)
g ugyplad) = afy by, (")
the notation /(@)= a3, 7 (&) =43, w3 -pl@b) - @ @,4) having

been used. The mappings @,¢, gz are associative and define a left
£ 2
and a right action of S;%(€”) on itself, £, and 4 respectively,

L,8) <4 (@) = plat), L) =f@)=p@l) (<42
If Qe look for corresponding identities, from
Ané =é; AZ‘é =4

we obtain
47
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azr =447, (2)
We shall denote the idenéity'elemen‘ts simply by 7. The cases
/Z,,é=é, fob=tb =242
lead to equal identity elements,
o, « [/
4 = &), (27)
Consider the mappings
£ E T TI@T) (=42

defined as

v e .. .. FZan 7%
@z --- arlr Liw =929
. £ A (A ¥ ¢ 4 '3
f@) = | Fr 0 Zar I Gan 1o %4s )
rs R L . ns o, ”
az - az ; - aAzy 2344
-l [ O A
Ecs
@zg e. @iz e 235 ... @7
s Fed ES4
al ... e ....... azs ... ajs
DA AU _ L B o
g@ = 37)
7
Péd
@z ... a7 Y 34 A~ 4
. ars 7 T T s P
g(a) = Qi oo Qrf i a v u s v a QG aa . ASY (37)
2 -T -z LTI oLt T T
Fod £ nse
122NN~ SN 34 A~ 554
Esd
1“5 A = 54 . (AN 344

@e T2,

We shall denote 7s@)-=-a, @/ - éz R hence
7 7
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, = ICEXTF IR BT
axy = el lr “#)
a3y = g i z
=)t o
d;’; f(d-.r/)r o‘/!' (4 )

. rE

k
element @ €777@” as ¢-regular (resp. ;-regular) if and only if

the corresponding ¢ (g resp.) is regular. In the same way we
define a2 € 7;*@”) as s-symmetric, g-unitary, g-hermitian and so

~

-unltary,; ¢-hermitian and so on) if the

The maps 7,7 (k=1,2) are one-to-one and onto. We define an

on (orit—symmetric, 2
corresponding g (orlg resp.) has the corresponding property. In

the same way we define

‘@ - (%), ' «)

fa = £7(s) (=42), Y,
Ir'd

a e T (7).

We set
BLGH ) = {acr@™); 2 € 6L, ()},
GLTI@) =12 < T2 (€% g < GL.(€)5 #-42.

For each @« GL"‘”((‘) (or 2 e 01"’“((’), k=1,2), we define
~¢ (or "d”’, k=1,2) as

@™ = £7(a™), €)
a = £7(a™)  A-g2. @)
# V3 K

We -may state now the following
Theorem A. The ordered pairs (GL27€), »), (iLf’f’(f),;’)
k=1,2, are groups isomorphic with the complex general linear
group &£, ., ).
Each of. the operations w, & (k=1,2) leads to a natural de-
£
finition of the exponential mapping in #7(27). We set
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exp a = ¢ (expo 2),

expa=g (expg) (F-42),
# £ b

and it is easily seen that each variant has all the standard
properties of the exponential mapping defined on spaces of
linear transformations.

For the corresponding canonical forms of the groups
GLP (), 5122”6?) we obtain (the proof shall be given in a
more general case)

- ¥ o VLAV >
P = ur;a/zz,hda,,", )
[ 4 A /i
= LL AT, )
= v «p )7 ”
P= ZAuTIL) (77
respectively, where j%:f = di4ﬂb;;’, and the functions d;?
are defined by -
P (@) = @),
2/ - - -
#h @) = 2 (277) #:Z 2.
If we extend the domains.of g, grand g,/ (k=1,2) to
Y, g3
a7, T L Tl gy and 77, 72 _7,! resp. by
P () = w3t ub (@) @)
775 48) = 40O E) @)
Yo (£, c) ='lz;-;(df)l/_,.,, ) . ' ¢”)
(@) =g = L),y U@, vy W), ..., UT @) € €7 @)
f@6)=4 - (LB ey by aeenannsre ™)yt ) e €7° (97
Z_t'(c/:f 2 UfC)ysy @)y e n s 2, [(€)) weey Uy (€)) € crt (97)
A e T, acT W), be T W), ce X7
we have ’ '
plta) = ¢~ (f2), : @o)
P = g d), e
gt = gL <) (£07)

where in the brackets on the right-hand sides are usual matrix
multiplications.
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Various possibilities appear if we proceed to extend these
operations to corresponding tensor spaces of higher ranks. In
the case of 7#(@”) and further we shall limit the examination
to transvections analogous with ¢.

With &, < JH@C” we extend w as we define

IR g (£ 7)) = kTSI L) e
We have

FOF(ET) ) = (S e H)
and

w0 = Ll ILILS @2)
for the identity element. We define

£ T En) - TF ")
by

i/"-‘”‘y(.f) = ”{u-f)ﬂfl( 0‘—1)7/4/4({.‘7_)) e f;f’((’ll/‘ (13)

ey (R-s) +A  (-X)3 Y
We define 7~ to have a property /Z if /= /7" has that property.
We set
GCLEH () = fue Tp @)y # < L7 (€

For each e GA;’){/(Z“) we define the inverse element Z/',’by

7 =TT “4)
We set also

exo U = ¢ (eap ), LU <& TFE@7). &s)
The following statement is obvious.

Theorem B. The set 54;",,”{[‘) with the operation ¢ is a
group isomorphic with &£, (7).

The following statement can be proved in a straight-for-

ward way.
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Theorem C. The exponential mapping has the properties
(c.) (expo &) = exou"
(c,) lezou) = exe w

(¢5) exp (FUF 1) = Flexp )5S~

S« € TF @)
We shall look for the canonical form of &£%#(r) , the 1li-
ne of considerations being valid for arbitrary 7z« () , when

=2% ve sy We set AT = FPuy, AT = (FPulyL] ), . Let
Z be an’arbitrary tangent vector of &£ , (¢) at 77 For each
Fe LY (C) we have

Aup?

(a/ly 2y Ay = ,zf/”;;/;rrr o).
Since

(Z02E  P)U = afZE () u st (w), He 6100 (¢),

ANES T
we have
duf]ll (AL, L) = « Zl770(5) a2 (Z).
For each &< GLyp(¢) we set Z7007(w)=z;0:7(% %) , hence
F= I leads to

N vl LIl “

We shall consider further only tensor spaces S« () when
#=2% for some ve€AH . We set »=3F and considered T;4(”) to
obtain a group 64;’;’)((') . For each Re s /(7)) = ¢ Pe THT ")
is defined by

VISP PLERAPY D) = gy (RLIIAT (P AT (Epjt P (L) 2+ 8 7D
”rrprrvrww/‘(‘/ FU o pyms CPes) b (L) py 4l (ir ot ) 20 p (//'

We set ror'= 272 g2or=77 and can proceed further
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!’2 . j:&'(g-ﬂ) —_ 'y:.?(z‘ﬂf)
as

.7 - 2 s - p 2 el 2} v W 2 D
M)A D) (k)32 p i g pp w2 ) 48 CE-sI WP <2 2
”rrprryzyb(d) &St Pl Apr w2 ) 31 b o By d s R D) b (! '//'

In the same way
T THE) - T 07,

g g ke IS VR PR WS SV RS P Ry (e it O r R )
’/lrprryly-..- ('/O) =, .x}/ﬂi-»/p p 2 b =3 1l g XA =T N £ ‘//-

We proceed successively and define the group GLi%*(C) «-2%
Consider Jz“(¢?, «=2* with the mapping

@ TL(C) 2 T(EY = T () )
defined as

. .. p sty iaty e syt ) P s oy
w0 g T g () = T )l A B (25)

};...).:7{.

- where 2z-«/2 . The mapping » is associative and defines a
left and a right action onZ.“ with equal identity elements

P 5 .7 .5, »
=T e A B Ly ) = OO T (S 7 )

R e - ) 07’ Q,/) Ve 7 /
We define inductively the mapping

£ TE) - TLEOR) (w= 25 vew) (20)

giving rise to the sequence of linear groups

G = GL L (),

cLEZ (2),

GLZ# (€,

GLEG(E) = fof & 724 )5 £ < GLETE 2 (€)4.
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The group Glng”(lj can be directly defined as
GLIWI(8) = | £ & T2(07): £4CH) € GL, ()¢

where s“«¢'“~s, " . Theorem C can be naturally extended to inc-
lude all the groups of the sequence, an element e T(e”)
is defined to have a property 7 if r.# possesses the one, and

the canonical form of 64;2”/(5) can be written as
e e T e o Ay vro g Hypuwe Ny 7 20t 8p dyoer
'} = 4/7,"'//77;2‘,'-../.” ‘/”r:-.. ,r‘:.i,’.. -J:p v,’---..(,,’dr, e —r:

with

g/‘;‘;f—"‘ﬂ:,« (¥) = 2z /;,’:/:A (e~~) ¥ e GL;,’“;,-“)(Z),

P e (07/”74«—.,4,«)! .

o Pret S .a(,a..._.(/‘

We conclude with the following obvious statement:

Theorem D. Each J2*(2”) »=2Y1is a Lie algebra with the
bracket operation /L2 .37 =g (£B) -~ g¢/HA A£) . The corresponding
Lie group is 62;:¢¢([y_
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TEH30PCKHU JIMHEAPHU TPVIIH
O. JoTos
Pesume

Of MHOXECTBOTO Pa3JIMYHU KOHTPAKUUK Mely TEeH30DCKH NpPOCTODPH
on THI (7,5) Cce H3OBOojyBa KJlaca acOUMWjaTHBHH KOHTPAKUUM NPH
vr=5=2% ,e¢//. Ce NMOKaxyBa OekKa Takpa OyHKIUHja Moxe ga ce Tpe:
THPa KaKoO TpPYNHAa onepauuia 3a COONBETHO NOAMHOXECTBO Ha {z“(f ).
HedunnumoHaTta o6JIaCT Ha eKCNOHeHuujasHara GyHKUHIa NPUPORHO ce
NPOWHPYBa Ha TEH30PCKHTEe NPOCTCPH M Ce IO6HBA HH3a OJl TEeH3OPCKH
Trpyny M30MOpPOHH CO COOOBETHM KOMIUIEKCHH JIHHeapH#u TCPYIIH.



