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VOLUME OF SOME CLOSED HYPERSOLIDS
Ice B. Risteski* and Kostadin G. Trenéevski

Abstract. In this paper it is found general formula for volume
of one class of closed solids bounded by hypersurfaces in n-dimensional
Euclidean space.

1. Main result

First we will find the volume of the solid bounded by the hypersur-
face

(1) y 2“‘=1’ (@i > 0,0; #0;1 < i < n).
i=1 17"
Using the changes of the variables z1,:--,z, by
1 =ay- (sintl)z/"l,
T9 = ag - (cos t1)2/"‘2 - (sin t2)2/°‘2,
(2) z3 = ag - (costy)?/% . (costy)?/s . (sintz)?/ o2,

Tp—1 = G - (CO8t1)H/ %=1 ... (cOSt,_g)% 1. (sint,—y)2/*-1,
Ty = ap - (CO8E1)%/% ... (costn_1)%/ %,
then the Jacobian is given by

6(.’1}2,"‘ 11'11.)
3 J=m=— —
@) B, tae)
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Ozn dzy dzy Oxn .. dxp Oxn
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n

=21 (H a_,) sint; - (cost1)2(‘"2—1"""'*""'_'1)'1 « (sin tz)z";l'lx
o 04
=2

- P -1 -
x (cos tg)z(% Setarh)-1 (sin tn_l)z"‘"—l—1 - (cos 157,_1)2"‘"1"1 -detA,

where A is orthogonal matrix, such that | detA |= 1.

Since the solid is symmetric with respect to each hyperplane z; = 0
(1 < i < n), it is is sufficient to find the volume in the first quadrant
and then to multiply by 2". Note that under the above coordinate

a2 3
+ 28 +..+

as

transformation, the set R = {(z2,23,...,2n) | |2

o
z—zl < 1} maps into the set R’ = {(t1,t9,....tn—1) | 0< t; < 7w/2} =

[0, 7/2]""1. Namely,

o2 a3 an

T2
az

3

as

= cos?ty sinty + cos?t; cos?ty sints + . ..

...+ costycosty---cos?ty_qgsint,_1 and

t

cosztl sin2t2+cos2t1 cos2t2sin2 t3+.. .+cos2 i1 cos? ty:+-COS,_o cos? tn—1<

< cos? 121 sin? ¢, +cos? tq cos? to sin? t3+.. .+cos? t cos? tg--- cos? tp_o =

= cos?t; < 1 for each ty,tp,---,t, € [0,7/2]. Moreover, for each
(z2,%3, ..., zn) € R, there is an unique (t1,t3,-+,tp—1) € [0,7/2]"71
such that the last n — 1 equations of (2) are satisfied. Namely, if we
choose ;1 > 0 such that (1) is satisfied, then z; must be of the form
1 = ay - (sin t1)2/ @1 and hence t; is uniquely determined. Further,
tg is uniquely determined, 3 is uniquely determined and so on. Also,
is it is obvious that each (t1,%3,-+,tn~1) € [0,7/2]""! determines an
(n-1)-tuple (z9,23,...,Z4).
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Hence the volume of the hypersolid is

(4)

r1dry...dT,,

ay(sint1)?/% | J | dty..dtn_1

/(81nt1)2“1 *1(cost; )2("‘2 teter )=l «

—9on .gn—1 (ﬁa,) (gaiz)

i=1

/2 1 -1 -1
x/ (sintg)?®2 ~1. (costy)®@s o )=lgs, x ... x
0

/2 . 201 -1 2011
x/ (sintn—1)“% 17" - (cOStp_1)“*" “ dtn_q
0

Using the gamma function [1, p. 1-5], we obtain

Sovmr iy 1 TE DTGt a)
— nn n—1 . il Qin
Vn=2"-2 (Ha’)(gai) 2 I‘(QL1+...+QL) x

i=1

1 TEE ) 1 TENE)

0 s e

2 T(E++2) 2 T(Z2+2)
ie.
e 11 1"(,%,)
(5) Vn - — g - . i=1 - ’
(L) (5 %) m(Z#)
=1 i=1 i=1

where n is a positive integer representing the dimension of the space.
Remark 1. As special cases of (5) we obtain:
1°. If a; = 1,(1 <4 < n), then the volume of the polyhedron [2,

exe. 42, p. 130] is
‘ 2
Vn = —’I’—LT (H ai).

i=1
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2°. If a; = 2,(1 < i < n), then the volume of the hyperellipsoid 3]

@
"= r(3+1) (IT=)

is

i=]1
3° H a; = 2,a; = r;(1 < i< n), then the volume of the hyper-

sphere [4, p. 136] is
(ﬂ_)n/2

r(ﬂ+1)r
2

4°. If o; = 2/3,a; = r;(1 < i < n), then the volume of the hyper-
astroid is

n

Vo=

n

V.= 3n(7r)n/2
207 (3 +1)

Remark 2. In [5] are obtained the following particular cases of (5):
1°. a1 = ag = ag = n, exe. 97, p. 526,

2°, ay; = ag = 2,a3 = 4, exe. 163, p. 574,

3. a1 = a3 =g = 1/2, exe. 169, P- 577,

4°. Q] = Q9 = Qg = 1/3, exe. 170, p. 578,

5°. a1 = ag = ag = 2/3, exe. 171, p. 578,

6°. a1 =m,aq =n,az = p, exe. 183, p. 585.

2. Application of the main result

- Now we can find the area A(p) of the orthogonal projection of the
hypersolid

i P .
— _— . - < <
(6) E:Ial 1, (@>0,0; #0;1<i<n)

over the hyperplane orthogonal to the unit vector p = (py,p2," -, Pn)-
Let V be the volume of the cylinder C having the projection A(p)
as a basis and the vector p as a generatrise. Then it holds A(p) = V.
Let us consider the following linear transformation x — x’ = Tx in R™,
given by the matrix T = diag(a7’, a3, -+,a;1). The hypersolid (6)
maps into | X’ |o= 1, the hypersolid C maps into C’ with volume V' and

the vector p maps into p’ = Tp.
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Thus, it holds
(1) AP)=V =V ar | P |as (1<k<n)

where V’ is the (n — 1)-dimensional volume of the projection of the
hypersolid (6) projected over each hyperplane z; = 0, (1 < k < n) given
by

n—1
O
8 V' = M 2 1 < S
( ) a"—lr(ﬂ‘_—l"‘l) ak1:1:[1a ( k n)
p =

in according with (5).
The required result follows just from (7) and (8)

2 0] (o) . pyeriva
i= [Z(a_) ] * meN).

a""lr(%l- + 1) i=1

9) A(p)=

The above equality is generalization of Helmbond’s problem [6].
3. An expanded result

It is of interest to find the volume of the hypersolid bounded by the
hypersurface

a;
n n
1

(1) Y | Doaym| =1 (ai>04;#01<i<n).
i=1]""" j=1
if
a11 a2 - Gln
a1 az2 - G2n
apnl Gp2 " Qnn
Introducing the changes
n
(12) Y ayzj=t, (1<i<n)

=1
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the equality (10) becomes

n

€)Y

i=1

(22

t
=1, (a;i>0,4;#0;1<i<n)

A

and the Jacobian of the transformation (10) becomes

0@,y om) _ Olug, ey un] =t _ 1
(14) J = O(uy, - un) [a(ml,---,mn)] A,

Analogously to the first case, the volume of the hypersolid bounded
by the hypersurface (10), is given by
/ / | Jldtl“‘dtn
RI

[ [ dns-vin
R
[ fan

This multiple integral is previously solved, and thus using (5), we obtain
the requested volume to be

(15) Vn= =9n

211.
=A—n

n'ni 7 _1-
PR LI O]

a(fo) G )

i=1 i=1

Remark 3. We obtain from (16) the following particular case in [5]:
10  a;=2 Ai=a; (i =1,2,3) exe. 181, p. 584.
4. Conclusion

Here presented results complete the well-known books of Fihtengol'c
[7, p. 391-413], Shilov [8, p. 243-250] and Mitrinovié [9, p. 118-138].
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BOJIYMEH HA HEKOUM TEJIA O'PAHUYEHU CO
XUITEPTIOBPOIMHN

Hne B. Pucreckn nu Kocragua I'. Tpenuesckn

Ancrpaxr: Ha nouerokor on TpyZoT e AOKa)kKaHO HEKa
BOJIyMEHOT Ha TEJIOTO OrPAHMYEHO CO xunepnospmmuaTta (1)
e 3aJaneHa co q)opmyna.'ra. (5). Hobuenara ommra dhopmyna
COPXKM KAKO CIENMjAJIHU CILyYay IMOBEKE (bopmme MO3HATH BO
mnreparypata. [loroa kaxo npuMera Ha TOj pe3ynTaT NaNEHA
e remepaju3anuja Ha Xemvbounoeror npobaem. Ha xpaj, 3a
BOJYMEHOT Ha TEJIOTO OCPAaHUYEHO CO xuneprnospmunaara (10)
nobuena e popmynara (16).
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