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BOUNDED SUBSETS OF DISTRIBUTIONS IN D’
GENERATED WITH BOUNDARY VALUES OF
-FUNCTIONS OF THE SPACE H?,1<p<

Vesna Manova Erakovié¢

Abstract. In this paper it is proved that if a subset L of HP(IIt),
1 < p < oo is bounded in HP(II1), then the set of regular distributions
in D’ generated with the boundary values of the functions of L is also
bounded in D’.

Also, in the paper are given some corollaries that follow from the
main result.
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0. INTRODUCTION
0.1: Denotations which will be used in the paper

Let II* denote the upper half plane i.e. II* = {z € C | Imz > 0}.

For a given function f which is analytic on some region 2 we will
write f € H().

For a function f, 12 - C", QCR" z€ D, a = (ay,...,ay),
a; e NU{0},j €{1,2,...,n}, D2f denotes the differential operator

alely

0z 0352 - - Bz’

Dz f la| =a1+az+- +ap.

LP(Q) is the Lebesque space of measurable functions f on 2 for which
1/p

1 llzocy = I llp = / f@)Pdz| <0, 0<p< oo,
Q

and
Il Loy = I flloo =supess |f(z)].
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L? .(Q) is the space of locally integrable functions on €, ie. f(z) €
L? (Q) if f(z) € LP(Y’), for every bounded subregion Q' of Q.

loc

0.2. The spaces H? defined on IIt and some of their prop-
erties

Let f(2) € H(II*) and let 0 < p < co. We say that f(z) € HP(II't)
iff

oo

sup |f(z + iy)|Pdz < co.
0<y<oo
—00

HP(II*) is normed space with the following norm
1/p

o0
Il = sup / (& + iy)Pdz
0<y<oo
o0

In the case p = oo, H™(II") is the space of all bounded analytic func-
tions on II*, for which the norm is defined by

| fll e = sup |f(2)].
z€IT+

It is known [5] that every function f(z) € HP(I*), 0 < p < oo, for
almost every z € R, has nontangential limit f*(z), f*(z) € LP(R)
satisfying '

/ |F*(@)Pdz = | £]2 = |£]E

and
lim (s +iv) ~ £ =0,

0.3. Some notions of distributions

C*(R™) denotes the space of all complex valued infinitely differen-
tiable functions on R™ and C§°(R"™) denotes the subspace of C°(R"™)
that consists of those functions of C*°(R"™) which have compact sup-
port. Support of a function f, denoted by supp(f), is the closure of

{z | f(z) # 0} in R™.
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D = D(R™) denotes the space of C§°(R"™) functions in which con-
vergence is defined in the following way: a sequence {¢,} of functions
@x € D converges to ¢ € D in D as A — Ag if and only if there is a
compact set K C R™ such that supp(p,) C K for each ), supp(p) C K
and for every n-tuple o of nonnegative integers the sequence { D¢ (t)}
converges to D{fp(t) uniformly on K as A — Ag.

D' = D'(R™) is the space of all continuous linear functionals on D,
where continuity means that ¢ — ¢ in D as A — Ao implies (T, p)) —
(T, ) as X — Ag, for T € D’.

Note: (T, ¢) denotes the value of the functional T, when it acts on
the function ¢.

D' is called the space of distributions.

Let ¢ € D and f(t) € L1 _(R™). Then the functional T from D to
C, defined by

Ty, ) / f(Oe(®)dt, peD

is distribution on D, called regular distribution generated with f.

A subset B of D is bounded in D iff:

1°. There is a compact subset K C R", such that supp(y) C K,
for every ¢ € B.

2°. For every n-tuple o of nonnegative integers, there is a constant
M, such that

sup |[D%(t)| < My, forevery ¢ €B.
t€K

A subset B’ of D’ is bounded in D’ if there is a constant Mg such
that
sup (T, ¢)| < Mp
wpEB
for all T € B’ and for all bounded subsets B C D.

For 1 < p < 0o, Dr»(R™) denotes the space of all infinitely differen-
tiable functions ¢, such that DPy(t) € LP, for every n-tuple of nonnega-
tive integers 4, and in which the convergence is defined in the following
way: a sequence {¢;}, ¢; € Drs converges to a function ¢ € Dyps, in
D LP, (] g 00) if

Jim |Dfp;(2) = DY ()]s = 0
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for every n-tuple of nonnegative integers 3.
Dy, =Dp,(R"), 1l<p<oo
1

. . . 1
is the space of all linear, continuous functionals on Dye, — + — = 1;
r 4q

D7, = D7, (R™) is the space of all linear, continuous functionals on
B, where B is the subspace of B = Dy such that

B={p € B| | ]]jm DPp(t)=0, for every n-tuple of nonnegative integer 8}
tj—oo

Convergence in B is defined in the following way: a sequence {ei}
¢; € B converges to ¢ € B, in B (j — oo) if

Jim 1Df;(t) — D2 (8)ll 1 = 0.

1. Main results

Theorem 1. Let L be a subset of HP(II*), 1 < p < oo and L’
be the set of all regular distributions in D', generated with the boundary
values of the functions of L. If L is bounded set in HP(II1), then L' is
also bounded set in D’'.

Proof. Let 1 < p < co and L be a subset of HP(II*). With L* we
denote the set of the boundary values of the functions of L. It is clear,
from the part 0.2, that L* C LP(R). We will prove that L* is bounded
in LP(R).

Indeed, since L is bounded in HP(II*), there is a constant > 0
such that ||f||ge < 0, for every f € L.

Now, let f* € L* be arbitrary chosen. It means that f* is the
boundary value of some function f from the set L. Again, from the part
0.2, we have that ||f*||, = || fl|z», and since f € L, ie. ||f|lgr < 7, we
have ||f*|l, < n. Because f* was arbitrary chosen, we get that

L* isbounded in LP(R). (1)

It remains to prove the boundness of L' i.e. to find a constant M g such
that

sup [(Ty-, )| < Mp,
p€B



B. Manosa-Epaxoeux / loduwen sboprux 39 (2001) 31-40 35

for all Ty« € L’ and for all bounded subsets B of D.
Let B be any bounded subset of D.

Then:
there is a compact subset K C R,such that @)
supp(p) C K, forevery ¢ € B,
and
for every o« € NU {0}, there is a constant M, such that
(3)

sup |[D%p(t)| < My, forevery ¢ € B.
teK

Now, let ¢ € B, Ty« € L' be arbitrary chosen. Then:

(T, 0} = /f*(z)<p(x)dz <
< [ 1@l 2

= [1r@lie@iis < o [ 17 ()ite <
K K

1/p 1/q

<o | [Ir@ra| | [Ixx@is] =

1)
= Mo||f*lp(m(K))* < Mon(m(K))"/* = Mg,

where
1, z€K

XK(””)={0, ¢ K

1 1
m(K) is the Lebesque measure of K and ¢ is such that — + — = 1.

p q
Clearly, Mg depends of B.
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So we proved that L’ is bounded in D’.

It remains to examine if the converse is true i.e. whether the bound-
ness of L’ in D’ implies the boundness of L in HP(II*), 1 < p < oc.

Theorem 1 implies some other results that are related with regu-
larizations of distributions and convergence of sequence of distributions.
For that matter, we will shortly mention the notion of convolution of
functions, regularization of distributions and some known results which
will be used. (all of them can be found in [7]).

Let f and g be two locally integrable functions on R™ such that
one of them has a compact support. Their convolution is a functions
h = f x g, defined with

>h(w) = (f*9)(z) = /f(z - y)g(y)dy = /f(y)g(w —y)dy.
R” R"

Let T, U € D’ such that one of them, let’s say U, has a compact
support. Their convolution T x U is defined with

<T * U, ‘P) = (T:t’ (va ‘P(I + y))) =
= Uy (T p(z+9))) ¢€D

and TxU € D',

If instead of U, we consider a function g of D, then T x g is infinitely
differentiable function on R™, i.e. if T € D', g € D then T * g is defined
with

(T *g)(t) = (T, 9(t — <)) and (T xg)(t) € C*(R").

This convolution, T * g, is called regularization of T'. The following
theorem characterizes the bounded subsets of the distributions in D’.

Theorem . A subset B’ of distributions T € D’ is bounded in D’
if and only if, for every @ € D, the regularization functions T * o are
bounded on compact subsets of R™, when T € B’.

In theorem 1 we considered the set L’ of regular distributions in D’,
generated with the boundary values of functions of L, L C HP (II't).
So, a distribution T of L' is of the form

@0 = [ I*@e@)ds, weD,
R
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where f*(z) is the nontangential limit of f(z) € H?, and f*(z) € L? (R).
The regularization of such distribution with o € D is

(T % a)(t) = (To, a(t — 2)) =

= /f*(.z-)a(t —z)dz = (f* % a)(t).
R

Now, from Theorem 1, the theorem that characterizes the bounded sets
in D’ and the above discussion, we have the following result:

Corollary 1. Let L be a bounded subset of H? (II), 1 < p < oo,
and L* be the set of the boundary values of the functions of L. Then,
for every infinitely differentiable function, o, with compact support, the
convolution functions (f* x a)(¢) are bounded on compact subsets of R,
when f* € L*.

Now, we will characterize the convergent sequences in the set of
regular distributions generated with the boundary values of functions of
HP, 1< p < co.

The following theorem characterizes the convergent sequences in D’.

Theorem. A sequence of distributions T; converges to 0 in D’
(j — oo) if and only if, for every a € D, the regularization functions
T; * o converge uniformly to 0, on compact subsets of R™ (j — o).

From this theorem and the previous discussion, we have that the
following result holds, i.e.

Corollary 2. A sequence of regular distributions {Tf;}, generated
with boundary values f;‘(t) of functions f;(z), of HP(II*), 1 < p <
oo, converges to 0 in D', (j — oo) if and only if, for every infinitely
differentiable function, o, on R with compact support, the convolution
functions, fJ’-" x o, converge uniformly to 0, on compact subsets of R
(4 — oo).

Now, let ¢(t) € D be arbitrary chosen function of D and let f*(¢)
be the boundary value of a function f(z) € HP(II'*), 1 < p < co. From
the part 0.2. we have that f*(t) € LP(R). Since D C L, we have
that (t) € L1(R). The theorem of Young (see [4]) claims that the
convolution f* * ¢ belongs to L? and even more

1% * ellp < 17l el -
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It is known the following characterization theorem of distributions in
DY, (see (7).

Theorem. A distribution T belongs to D},, 1 < p < oo if and
only if, for every o € D, the regularization function (T * a)(t) belongs
to LP.

From this theorem and the above discussion, we have that the regu-
lar distributions T'y+, generated with boundary functions f*, of functions
f,of HP(II'*), 1 < p < oo are distributions of D7,.

In [1] it is proved the following result.

Theorem . Let {T;} be a sequence in D},, p € [1,00]. It converges
to 0 in D,, j — oo if and only if, for every ¢ € D, T; * ¢ converges to
0in L?, (j — o0o). Now, it is easy to see that the following result holds
ie.

Corollary 3. A sequence of regular distributions, {Tf;} generated
with boundary values f;(t) of functions f;(z) € HP(II*), 1 < p < oo
converges to 0 in D7, (j — oo) if and only if for every @ € D, the
sequence of the convolution functions f * a, converges to 0 in L?, (G —
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.O'PAHMYEHU IIOJIMHOKECTBA
O INCTPUBYIINU BO p' TEHEPUPAHU
CO TPAHMYHM BPEIHOCTH HA ®YHKIIVU
O ITPOCTOPOT HP, 1<p< o0

Becua Manosa-Epakosuxk

Ancrpakr: Bo oBaa paboTa e noxaxxaHO AEKa aKO IHOIMHO-
secteoTo L on HP(IIT), 1 < p < co e orpannueno so HP(II),
TOTam MHOMECTBOTO OJ peryiapHu auctpubymuu so D’ re-
HEpUPAHM CO IPAHMYHM BPEXHOCTH Ha (GYHKUMHM OX L € MCTO
TaKa OrPaHNUEHO BO D’.

HcTo Taka, naNeHU Ce U HEKOM MOCJIeNULM KOWUIITO CIEXNY-
BAaT OX FJIABHMOT PE3yJITaT.

KayuHEn 360poBM: ucTpmbynuja, OrpaHMYEHO MHOXKECTBO,
npoctop HP, 1 < p < oo, FPaHNYHA, BPEAHOCT Ha (PYHKIM]a.
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