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Abstract. We are considering the linear differential equation of first order 
3 4 3 2

4 3 2 1( ) ' '( ) ( ) ( , ),  ,of x y f x y f x R x t t a x a x a x a x a        

where ( , )R x t  is a rational function. We are giving a condition for the equation to have 
exact solution and a method for finding the solution. 

 
 
 

1. INTRODUCTION 
 
It is known that the linear differential equation of first order 

3( ) ' '( ) ( ) ( , ),f x y f x y f x R x t         (1.1) 

has a general solution that can be written in the quadrature form 

( )[ ( ) ( , ( )) ]y f x f x R x t x dx C  .      (1.2) 

If ( )f x  is a rational function, then the integral on the right in (2) is elliptic. Its primitive 

function is possible to be found only if the integral is pseudo elliptic.   
 Namely, the integrals of the form 

4 2( , ) ,R x x px qx r dx  
 

that can be determined as elliptic functions are called pseudoeliptic integrals.  
 It is known that the fourth degree polynomial 

4 3 2
4 0 1 2 3 4( )p x a x a x a x a x a          (1.3) 

can be transformed into the polynomial 
4 2

4 0( ) ( )p y a y py qy r     

using the substitution 

1

04
a
a

x y  . 

The coefficients , ,p q r  depend on the coefficients 0 1 2 3, , ,a a a a  and 4a . Without loss 

of generality, we’ll consider the polynomial 
4 2( )p x x px qx r    .        (1.4) 
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According to the famous Girolamo Kardano’s (1501-1576) formulae for solving 
algebraic equation of fourth degree, the polynomial (4) can be represented in the form 

2

4 2

2 2 2 21 1
2 2

2 2 21 1
2 2 2 2

( )

[ ( )] [ ( )]

[( ) ( )] [ ( )].

q q
u u

q qu u
u u

p x x px qx r

x ux u p x ux u p

x p x ux u p

    

         

         

 

Supposing that the polynomial (4) has a double root 2
ux  , the relation 

3 2 2 0u pu q   ,         (1.5) 

is true. Now, the polynomial takes the form 
4 2 2 2

2 2
( ) ( ) [( ) ]qu u

u
p x x px qx r x x        .  (1.6) 

 
2. THE MAIN RESULT 
 

At this point we will discuss on a class of pseudo elliptic integrals. Assuming that 

the polynomial under the square root has double root 2
ux  , we will prove that the 

integral can be reduced to the integral of rational function.  Namely, if the polynomial 

(1.4) has a double root 2
ux  , then (1.6) is true and for the integral the following is 

obtained:  

4 2 2 2
2 2

2
2 2

( , ) { , ( ) [( ) ]}

{ ,( ) ( ) } .

qu u
u

qu u
u

R x x px qx r dx R x x x dx

R x x x dx

      

   

 


 

We will introduce the new variable s by Euler’s substitution in the last integral, 

2
2 2

( ) qu u
u

x x s     , 

which transforms the original integral in the integral of rational function of variable s. 
Namely, 

2 2
2 2

( ) ( )qu u
u

x x s     , 2 2 2
2 2 2

( ) ( ) 2 ( )qu u u
u

x x s x s       , 

2

2 2

q
u

su
s

x


  , 
2

22

q
u

s

s
dx ds


 , 

2 2
2

2 2 2
( )

q q
u u

s squ
u s s

x s
  

     , 

which yields to: 

2 2 2 2

2

2 2
2 2 2 2 2 2

12 2 2 2 2

{ ,( ) ( ) } { ,( ) ( ) }

{ ,( ) } ( ) .
q q q q
u u u u

q qu u u u u u
u u

s s s su
s s s s

R x x x dx R x x u x dx

R u ds R s ds
    

         

   

 

 
 

The next phase is to determine a condition for the polynomial (1.4) to have the 

double root 2
ux  .  
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Taking into account that the polynomial (1.4) has double root 2
ux  , from the 

equation  
4 2 0x px qx r    , 

a new equation in the variable u is obtained, 
4 24 8 16 0u pu qu r    .       (2.1) 

Since u satisfies the equations (1.5) and (2.1), it satisfies the following seven equations:  
6 4 3 2

6 4 3

5 3 2

5 3 2

4 2

4 2

3

4 8 16 0,

2 2 0,

4 8 16 0,

2 2 0,

4 8 16 0,

2 2 0,

2 2 0.

u pu qu ru

u pu qu

u pu qu ru

u pu qu

u pu qu r

u pu qu

u pu q

   

  

   

  

   

  

  

             (2.2) 

The last system of equations, according to the Silvester’s method of elimination, can be 

viewed as a linear homogenous system in the unknowns 6 5 4 3 2, , , , , ,1u u u u u u  which, 

since 0u  , should have infinite number of solutions. We easily obtain the condition 

for having infinite number of solutions: 

3 8 0 3 8 0 0

0 2 4 3 8 0
2 0

0 3 8 0 3 4

1 0 2 2 1 0 2

p q r q r

p q r p q r
p

p q r p q r

p q p q

  ,    (2.3) 

which is equivalent to:  
3 2 4 2 2 2 4 34 16 144 128 27 256 0p q rp rpq r p q r      . (2.4) 

Actually the relation (2.4) is the necessary condition that should be satisfied by the 
coefficients of  the polynomial (1.4) for having double root.  

Method for determining the double root of the polynomial (1.4) based on the 
Euclidian algorithm for greatest common devisor of two polynomials will be 
derived in the following lines. 

When the condition (2.4) is satisfied, the polynomial (1.4) has the double root 0
2
u  

and in the same time ou  is the double root of the polynomial 4( )P u  and the single root 

of the polynomial 3( )P u :  

4 2
4 ( ) 4 8 16P u u pu qu r    , 3

3( ) 2 2P u u pu q   , 

hence 
4 2
0 0 04 8 16 0u pu qu r    , 3

0 02 2 0u pu q   . 
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Dividing the polynomials in few steps, the following is obtained: 

4 3 2( ) ( ) 2 ( ),P u uP u P u  where 2
2( ) 3 8P u pu qu r    

2
31

3 2 1( ) ( ) ( ) ( )q
p p

P u u P u P u   , where 
2

2 2
9 248

1( ) (2 ) 2q qrr
p p p

P u p u q     . 

4 0 3 0( ) ( ) 0P u P u   implies 2 0 1 0( ) ( ) 0,P u P u   thus the double root of the 

polynomial (1.4), if it exists, can be obtained by the formula  
2

0
3 2

12
2 2 8 9

u p q qr

p pr q
x 

 
   .        (2.5) 

 

3. EXAMPLES 
 
Example 1. The polynomial 

4 2( ) 6 4p x x x x    , 

whose coefficients are 
1, 6, 4p q r    , 

satisfies the condition (2.4), which means that the polynomial has a double root, that can 
be obtained from the formula (2.5), 1x  . So, the presentation (1.6) has the form 

4 2 2 2 2 2( ) 6 4 ( 1) [( 1) 3] ( 1) ( 2 4)p x x x x x x x x x             . 

  
Example 2. The polynomial 

4 2( ) 2 4 2 8p x x x x    , 

with the coefficients  

2, 4 2, 8p q r     , 

satisfies (2.4) and the formula (2.5) gives that the double root of the given polynomial is 

2x  .  The presentation (6) will take the form:  
4 2 2 2 2 2( ) 2 4 2 8 ( 2) [( 2) 2] ( 2) ( 2 2 4)p x x x x x x x x x            . 

 
Example 3. Let us consider the differential equation 

4 3 2 3

4

( 3 2)4 3 2 3 2

3 2
( 3 2) (4 3 6 1) x x x x

x x x
x x x x y x x x y    

 
         . 

The polynomial 4 3 2x x x   is of type (1.4), with 3, 2, 0p q r     and satisfies the 

condition (2.4). Its double root is 1x  .  

The differential equation has a general solution 
4 3 2

4 2

2

2

4 3 2 3 2

3 2

( 1) ( 2)( 1)4 3 2

( 1) 2

( 3 2)[ ]

( 3 2)[ ]

x x x x

x x x

x x x

x x x

y x x x x dx c

x x x x dx c

   
 

  

 

     

     




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2

3 2

2

( 1)( 2)( 1)4 3 2

2

(2 5 7 18)4 3 2
26 2

( 3 2)[ ]

( 3 2)[ arcsin ].

x x x

x x

x x x x x

x x

x x x x dx c

x x x x c

  



  



     

      


 

Without loss of generality we assumed that 1x  . In solving the integral we used the 

technique used in calculus 

2 2

( ) 2
1( )nP x dx

n
ax bx c ax bx c

dx Q x ax bx c 
   

     , 

where ( )nP x  is an n-th order polynomial, 1( )nQ x  is an (n-1)-th order polynomial with 

undetermined coefficients, and   is undetermined parameter. 

 
Example 4. Let us find the general solution of the differential equation: 

3

4 2

3 2 3
1 6 4

ln( 1) ' ln ( 1) .y x x
x x x x

x y x  
   

     

 Dividing both sides of the equation by ln( 1)x  , we obtain the normal form of the 

linear differential equation of first order: 
3

4 2

2 2 3
( 1)ln( 1) 6 4

' ln ( 1)y x x
x x x x x

y x  
    

   .  

Its general solution is 
3

4 2
2 3

6 4
ln( 1) ln( 1) x x

x x x
y x x dx 

  
   . 

We will use integration by parts in the last integral,  
3 3

4 2 2

22 3 2 3
1 6 4 ( 1) 2 4

ln( 1),  , , ( 1) 2 4.dx x x x x
x x x x x x x

u x du dv dx dx v x x x   
      

          

At this phase, the solution is 

2 2
1

ln( 1)[ln( 1)( 1) 2 4 ( 1) 2 4 ]dx
x

y x x x x x x x x           . 

After applying the Euler’s substitution 2 2 4x x x t    , we obtain integral of 

rational function and the final solution: 
2 3

2 2
2 13 9 3 1

12 4( 1) 4 4 12 ( 2 2)
ln( 1)[(ln( 1))( 1) 2 4 3ln ],t t t t

t t t
y x x x x x c

   
              

where 2 2 4 .t x x x     

 
Example 5. Let’s find the general solution of the differential equation 

2
2 4 2

1
arctg  ' arctg 2 4 2 8y

x
x y x x x x


     . 

Although the equation is not of the type (1.1) (the function arctgx  is powered on 2 not 

on 3, on the right hand side), the described method yields to the true solution. The 4-th 

order polynomial, as it can be seen in example 2, has a double root 2x  . 

 The general solution of the equation is 
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2 2

4 2

2

2

32 2 2 2 2 2
2 24 2 2

arctg [ 2 4 2 8 ]

arctg [ ( 2) 2 2 4 ]

arctg [ ( 2) ( 2) 2 ]

2 2arctg [ ( ) arcsinh ].x x x x x x

y x x x x dx c

x x x x dx c

x x x dx c

x c   

    

    

    

   






 

We used the substitution 2 2shx t  in solving the integral. We have here also 

assumed, without loss of generality, that 2x  . 

 

4. CONCLUSION 
 

A class of linear differential equation of first order, whose general solution contains 
pseudoeliptic integral is considered in this article. The main result gives a way how to 
come to the explicit form of the general solution. 
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