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SOME INEQUALITIES FOR THE CEBYSEV FUNCTIONAL
AND GENERAL FOUR-POINT QUADRATURE FORMULAE OF
EULER TYPE

M. KLARICIC BAKULA, J. PECARIC, M. RIBICIC PENAVA, AND A. VUKELIC

Abstract. We use inequalities for the éebyéev functional in terms of the
first derivative (see [5]), for some new bounds for the remainder of four-point
quadrature formulae of Euler type and its generalizations for Euler Bullen-
Simpson’s 3/8 formula. As special cases, we consider some new bounds for
Euler Simpson’s 3/8 formula, Euler Simpson’s formula and Euler Gauss 2-
point formula.

1. INTRODUCTION

Let x € (0,1/2] and f : [0,1] — R be such that f"*+1 is continuous of bounded
variation on [0, 1] for some n > 0. In [6], the following formula is obtained:

/O f@)dt — (1/2 = A(2))[£(0) + f(1)] = A(@)[f(z) + f(1 — 2)] + Ton(2)

1

1
= mA F2n+2(x,t)df(2n+1)(t)’ (11)

where, for t € R,

Ton(e) = Y 31 i, 0) [F50(1) = 4D o),
k=2 """

Gl t) = [1— 24()|Bi (1 — ) + A() B (r — ) + B (1 =z — )], k>1
Fy(x,t) = Gi(z,t) — G(x,0), k> 2.

The functions By (t) are the Bernoulli polynomials, By, = Bj(0) are the Bernoulli
numbers, and Bj(t), k > 0, are periodic functions of period 1, related to the
Bernoulli polynomials as

Bi(t) = Bi(t), 0<t <1 and Bji(t+1)=Bji(t), t e R.
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The Bernoulli polynomials Bi(t), k > 0 are uniquely determined by the following
identities

Bj.(t) = kB_1(t), k>1; Bo(t) =1, Bp(t+1) — B(t) = kt* 7', k > 0.

For some further details on the Bernoulli polynomials and the Bernoulli numbers
see for example [1] or [3]. We have that B§(¢t) = 1 and B;j(t) is a discontinuous
function with a jump of —1 at each integer. It follows that By (1) = Bx(0) = By
for k > 2, so that Bj(t) are continuous functions for k¥ > 2. We get

By/(t) = kBi_4 (1), k> 1 (1.2)

for every t € R when k > 3, and for every t € R\ Z when k = 1, 2.

If one wants to obtain from (1.1) the quadrature formula with the maximum
degree of exactness (if values of derivatives at the end points are not to be included
in the quadrature, then it is equal to 3), a condition Ga(x,0) = 0 has to be imposed.
In this way we get:

B, 1

A@) = =3B By~ 12— ) (13)
Formula (1.1) now becomes:
/ FOa=Q(0.2.1=2 )+ TR (@) = / FQ (2, )df > (1), (1.4)
where
1
Q0,z,1-m,1) = 2201 —2) [—=6Ba(x) f(0) + f(z) + f(1 —x) — 6B2(z) f(1)],
(1.5)
T2} (z) = Z ﬁ G (,0) [fF1(1) — FE=D(0)], (1.6)
G (x,t) = m [BY (z —t) — 12Ba(2) - B (1— )+ Bi (1 — 2 — 1)),
(1.7)
FO%x,t) = G9(a,t) — G (2,0), k>2. (1.8)

Assuming f(?**=1 is continuous of bounded variation on [0, 1] for some n > 1,
then we get:

1
/Of(t)dt—Q<o,x,1—x,1)+TQ4 - am /G (@ DD, (1.9)

while assuming f(") fulfills the same condition for some n > 0, we get:

1
/ FO)dt—Q(0,z,1—z, 1)+ T (z) = / GSL (2, )df®M (1) (1.10)
0

2n—|—1

More about quadrature formulae and error estimations (from the point of view
of inequality theory) can be found in monographs [2] and [7].
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For two Lebesgue integrable functions f,g : [a,b] — R, consider the Cebyéev
functional:

T(f,

t)dt — —/ Ft)dt - (t)dt. (1.11)
In [5] the authors proved the following theorems:

Theorem 1. Let f,g: [a,b] = R be two absolutely continuous functions on [a,b]
with
(- =a)(b—=) ()% (- —a)b—-)(¢)? € La,b].

Then we have the inequality

1 b 2 :
IT(f,9)] < %[ (f. ]2 bl—a (/a (x —a)(b—x)[¢ ()] d:c) (1.12)
1 b , 2 :
< 2@_)</ (v = a)b—2) (@) dx>

b 3
< ( [ @=ap-a [g'(m)]"’dx> .

The constant % and 3 are best possible in (1.12).

Theorem 2. Assume that g : [a,b] — R is monotonic nondecreasing on [a, ]
and f : [a,b] — R is absolutely continuous with " € Lyo[a,b]. Then we have the
inequality

b
7(1.9)| < 55l | (o= a)b=2)dg(a) (113)
The constant % 5 18 best possible.

In this paper we will use the above theorems to get some new bounds for the
remainders of general four-point formulae (1.9) and (1.10). Applications for Euler
Bullen-Simpson’s 3/8 formula are also proved. As special cases, some new bounds
for Euler Simpson’s 3/8 formula, Euler Simpson’s formula and Euler Gauss 2-point
formula are considered.

2. APPLICATIONS FOR THE GENERAL FOUR-POINT FORMULAE OF EULER TYPE

Using Theorem 1 for identities (1.9) and (1.10) we get the following Griiss type
inequalities:

Theorem 3. Let f : [0,1] — R be such that f*™) is absolutely continuous for
somen >1 and (f(2"+1))2 € L1]0,1]. Then for x € (0,1/2] we have

/0 ()t — Q0,2,1 — 1) + TN (x) = TGan(f), (2.1)
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and the remainder TG, (f) satisfies the estimations

TG (f)] < (2.2)
1 1
12z(1 — z) [(4n)! (=Bin = Bin(1 = 22) + 24B5(2) Ban(2)

72B3(2) Bun)]* ( / ) [f””*”(t)rdt)é

For f : [0,1] — R such that f*"+1) is absolutely continuous for some n > 0
and (f(2"+2))2 € L1(0,1] we have

1
/ F#)dt — Q(0, 2,1 — ,1) + T52 ! (x) = TGanta (), (2.3)
0
and the remainder TGapnt1(f) satisfies the estimations
TGon+1(f)] < (2.4)
1 1
B B 1—2x)—24B B
122(1 — x) {(471 T2)1 (Banta + Binsa(1 - 20) 2(2) Ban+2()

1 T2B2 (@) Binya)]F ( /0 a1 (e )] dt) ’

Proof. If we apply Theorem 1 for f — GQ4 g — f*), we deduce

/GQ4xt /GQ4xtdt/f(k dt’

< T@[ (GQ4( ),G% (2 .))}5x(/() t(1— 1) [f(k+1)()rdt>2(2.5)

where

(62 (2.6 (x.) = /01 (62 )]t - [/01 GO (z,1) dt]

By easy calculation we get

2

1
/ GP* (x, 1) dt =0,

0
and using integration by part we have

/1 (G,?“ (:c,t))2 dt

-yt e [/ G?4<x,t>a§;‘_1<wyt>dt}
(1 >
122(1 — ) (2

[1233 (1—2 / G (z,t)dt + G (2, ) + G2Qk4(x,1 —z) — 12B2($)G2k(:p70)}

X
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(=D (&)?
14422(1 — )2 (2k)!

[2Boy + 2Bak (1 — 22) — 48Bs(x) Boy () + 14483 () Bay| -

If we put k = 2n using (1.9) and (2.5), we deduce the representation (2.1) and the
bound (2.2). For k = 2n + 1 using (1.10) and (2.5), we deduce the representation
(2.3) and the bound (2.4). O

Remark 2.1: Because of (1.8) we get

1 1 1
/ FO (o, 1) dt = / GO (2, 1) dt — / G2 (2,0) dt = —G2* (,0),
0 0 0

and also

/01 [F,f?“(x,t)rdt = /01 [G,?‘*(x,t)rdt—2034(95,0)/01G§4(x,t)dt
+ [G,?‘*(x,o)r.

So, if we put k = 2n + 2 in the proof of above theorem, using (1.4) similar as in
(2.5) (with n <> n+ 1), we deduce the representation (2.1) and the bound (2.2),
too.

Corollary 3.1. Let f : [0,1] — R be such that f®"**Y is absolutely continuous
for some n > 0, (f(2"+2))2 € L1[0,1] and f®**tD > 0 on [0,1]. Then for x €
(O,% — %} we have

0< (=" {/1 F@)dt — Q02,1 —x,1) + Té%f(:c)} < (2.6)
0
1

1
12z(1 — ) {(471 +2)

, (Ban+2 + Banyo(l — 2x) — 24Bs(x) Bypyo(x)

1
2

X (/Olt(l —1) [f@"”)(t)rdt) :

Nl

+72B3(2) Bant2)]
and for x € [%, %]

0< (—1)"tt {/1 f)dt — Q0,z,1 —z,1) + Tgff(x)} < (2.7)
0
1 1

12z(1 — z) {(4n )l (Ban+2 + Banto(1 — 2z) — 24Bo(x) Byp12(x)

+72B3(2)Bint2)]? x ( /O 1 1 — 1) [ Fen+2) (t)r dt)

Proof. We are using Lemma 1 from [6]. O

1
2

If in Theorem 3 we choose x = 1/3,1/2,1/2 — \/3/6 we get inequality related
to Euler Simpson’s 3/8, Euler Simpson’s and Euler Gauss 2-point formula:
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Corollary 3.2. Let f: [0,1] — R be such that f*™ is absolutely continuous for
somen >1 and (f(2”+1))2 € L1]0,1]. Then we have

/ F(t)t — - { (0) +3f <;> +3f @) +f(1)] T (;)‘ (2.8)
1 1 3
< 2B ([ 0ol
If @41 s absolutely continuous for some n > 0 and (f(Q”“‘Q))2 € L1[0,1] we
have
/1 1 1 2 04 (1
i g lrovar (3) 4 () o)+ (3)] e

¢ i (B me] (ool )

where Té% (3) = e (1) =0 and

n

78 (> _ éz (32-2k —1 ) Bay, {f(z’“l)(l) 7 f(qu)(o)} .

Remark 2.2: Forn = 1in (2.8) if f” is absolutely continuous and (f")* € L1[0, 1]

we get:
-3 {f(O) 3 (;) 3 (;) + f<1>} ’

ﬁ x (/olt(l —1) [f”’(t)]th>é .

If /" is absolutely continuous, (f”)* € L1[0,1] and n = 0 in (2.9) we have

/Olf(t)dt—; {f(o) +3f (;) +3f <§) +f(1)H
< % x (/Oltu—t) [f”(t)]2dt)%~

Corollary 3.3. Let f : [0,1] — R be such that @) s absolutely continuous for
somen > 1 and (f(2"+1))2 € L1[0,1]. Then we have

f dt—[ (0) + 4f (;) +f(1)} + T (;)' (2.10)

< 3 [ (4111). (; 422" 4") BMF X (/Olt(l—t) [f@”“)(t)rdt)é.
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If fCr+D) s absolutely continuous for some n > 0 and (f(2”+2))2 € L1[0,1] we
have
1 o1 (1
FO)+af (5 ) + )| + 72 (5 (211)

1
6

At (o)
(

where TOQ4 (3) = T2Q4 1) =0 and

8 (3) =3 [ -],

k=2

Remark 2.3: For n = 1 in (2.10) if f” is absolutely continuous and (f")?
L,[0,1] we get:

/olf(t)dt—é [f(0)+4f (;) +f(1)” < ﬁ x (/Olt(l ) [f///(t)]th>§~

If f/ is absolutely continuous, (f”)* € L;[0,1] and n = 0 in (2.11) we have

oat— g [ 10 +41 (5) + 0] £ s (/1t(1—t)[f”(t)]2dt)é~

Corollary 3.4. Let f: [0,1] — R be such that f*™ is absolutely continuous for
somen >1 and (f(2”+1))2 € L1[0,1]. Then we have

/f t)dt — ( ‘3[>+f<\/§> +TQ4(;—2\1/3>
< % [U‘xln)' <B4n+B4n (‘f))r X </01t(1 — 1) [f(Z”“)(t)rdt);.

If @1 s absolutely continuous for some n > 0 and (f(2”+2))2 € L1[0,1] we
have

o e =1 (=) +1 (5)] + 781 (5 - 25)|

< 4 [ray (Busa + Buosa ()] % (§ s =0 oo o) ar)
(2.13)

(2.12)

2 23

(1 1 = 2%k 3=V3)\ [k ok—1

where TOQ4 <7 L ) TQ4 (1 - i) =0 and
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Remark 2.4: For n = 1 in (2.12) if f” is absolutely continuous and (f")?

Lo () (3]

< 1_ o+ gHéx(/Oltut)[f'"(t)fdt)%-

If f/ is absolutely continuous, f" € L1[0,1] and n =0 in (2.13) we have

[rom=r(-5) ()]
< 8{3 2f](/ t(l—t)[f”(t)]th);-

The following Griiss type inequality also holds.

Theorem 4. Let f : [0,1] — R be such that F@m) s absolutely continuous and
f@+) > 0 on [0,1], n > 1. Then we have the representation (2.1) and the
remainder TGan(f) satisfies the bound

[ TG2n(f)| <
@n—1) (gy4 £(2n—1) (1 .
< 2@ty HG2n 1 xt)H {f Qs @ _ pn 2)[0,1]}.

Let fC7+1) s absolutely continuous and f*"+2) >0 on [0,1], n > 0. Then we
have the representation (2.3) and the remainder TGany1(f) satisfies the bound

(2.14)

I TGana (F)] <
(2n) (2n) B (2.15)
< sy HG% " t>Hoo {f O+7E0) _ pen-1)]g, 1]}
for any x € (0,1/2] and
FO10,1) = f9 (1) = £9(0).
Proof. If we apply Theorem 2 for f — Gzn, g — f®") we deduce
FeM(¢ / G (x,t) dt - / £ (@) dt‘
‘G% (@ t)Hoo (/O 11— ) ¢ )dt). (2.16)

Since

/1 t(1 — ) fE D (t)dt = /1 FEM @02t — 1]dt =

= [rEm @) + 7D (0)] 2 (F& 2 () - (),
using the representation (2.1) and the inequality (2.16), we deduce (2.14).
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Similarly, using the representation (2.3) we deduce (2.15). O

3. APLICATIONS FOR EULER BULLEN-SIMPSON’S 3/8 FORMULA

For function f : [0,1] — R, with continuous fourth derivative f*) on [0, 1] and
f@(t) >0, vt € 0,1], we have
1
/ f(t)dt (3.1)

! [3f (é) +2f (;) +3f (2)]
fro(3) e (3) o]

In the case when f®* exists, the condition f(*(t) > 0, V¢ € [0, 1] is equivalent
to the requirement that f is 4-convex function on [0, 1]. However, a function f
may be 4-convex although f*) does not exist.

P. S. Bullen in [4] proved that, if f is 4-convex, then (3.1) is valid. Moreover, he
proved that the Maclaurin quadrature rule is more accurate than the Simpson’s
3/8 quadrature rule, that is we have

oo 3w )
<! [f(()) ey (;) T3 @) " f(l)] - S (32)

provided f is 4-convex. We shall call this inequality Bullen-Simpson’s 3/8 inequal-
ity.

In [8] the authors established a generalizations of the inequalities (3.1) and
(3.2) for a class of (2r)-convex functions and also to obtain some estimates for the
absolute value of difference between the absolute value of error in the Maclaurin
quadrature rule and the absolute value of error in the Simpson’s 3/8 quadrature
rule. Let us define

D(0,1)

L [f(0)+3f (é) T 3f (;) .y (;) .y @) +3f (2) +f<1>].

We shall make use of the following seven-point quadrature formula

/1 f(®)dt ~ D(0,1),
0

obtained by adding the Simpson 3/8 and the Maclaurin quadrature formulae. It
is suitable for our purposes to rewrite the second inequality in (3.2) in the form

IN

IN

0

IN

1 F(t)dt < D(0,1). (3.3)

As we mentioned earlier, this inequality is valid for any 4-convex function f and
we call it the Bullen-Simpson’s 3/8 inequality.
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We consider the sequences of functions (G (t))r>1 and (Fj(t))r>1 defined by

Gu(t) = 2BI(1—t)+3B; (é —t) +3B; (; —t)
+ 2B; (1—t> +3B;, (2—t> +3B;, (5—t) ,teR
2 3 6
and
Fk(t) = Gk(t) — Bk, teR (34)
where

~ 1 1 1 2 5

By, = Bi(0) + 3By <6) + 3B (3) + 2By, (2> + 3B (3> + 3B (6) + Br(1).
For any function f : [0,1] — R such that f("~1) exists on [0, 1] for some n > 1

we define Ty (f) = T1(f) := 0 and

m

Toll) = 5 2 2 M0 - B [fH W -5 V0] @

In the next lemma the authors established the Euler Bullen-Simpson 3/8 for-
mulae.

Lemma 1. Let f : [0,1] — R be such that f=Y s a continuous function of
bounded variation on [0,1], for some n > 1. Then we have

1
Af@ﬁ:D&D+ﬂm+ﬁU% (3.6)

where r = [n/2] and

1 1 ! n—1
A = T [, G OA 0.
Also, .
Af®ﬁ=D&D+Em+ﬁU% (3.7)
where s = [(n —1)/2] and
2 1 ! n—1
20 = 5 [, B OFI0.

Using Theorem 1 for identity (3.6) we get the following Griiss type inequality:

Theorem 5. Let f : [0,1] — R be such that ™) is absolutely continuous for some
n>1 and (f("+1))2 € L1[0,1]. Then, we have

A F(0)dt — D(0,1) — To(f) = TGB.(f). (3.8)

and the remainder TGB, (f) satisfies the estimations

1 2
(—21+43-27%" +63-37°" - 63-6°") B,

ITGB.(f)] < 16[(211)!
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X (/01 tH1—1) [f("“)(t)} ’ dt)é . (3.9)

Proof. If we apply Theorem 1 for f — G, g — f™), we deduce

1 1 1
) (£t — e
/0 G (1) ™ (t)dt /O G () dt /O FO(#)dt

< TG O.Gon ([ oo @) @

TG0 ().6u0) = [ (G 0t - [ / G0 dtr

We get fo n (t) dt =0 and using integration by part we have

[P Y.
= (- )"—1(;'3)2 [ 16/ Gon(t)dt + 4Gy (0) + 6Gan (é) +6Gan <;)]

(
_ (_1\yn-t (n')2 1 1 1
Using (3.6) and (3.10), we deduce the representation (3.8) and the bound (3.9). O

where

Remark 3.1: Because of (3.4) we get

1 1 1
/ F.(t)dt = | Gy (t)dt— / Bydt = — By,
0 0 0

and also

/0 [Fy ()] dt = /O (G ()] dt — 2By /O Gy () di + B2

So, using (3.7) similar as in (3.10), we deduce the representation (3.8) and the
bound (3.9), too.

The following Griiss type inequality also holds.

Theorem 6. Let f : [0,1] — R be such that f(™ is absolutely continuous and
fOFY >0 on [0,1]. Then we have the representation (3.8) and the remainder
TGB,(f) satisfies the bound

|TGB (N <
(n—1) (n—1)
2y G (Bl { L2 — g2, 1))

Proof. If we apply Theorem 2 for f — G,,, g — f™, we deduce

t) fO (t)dt — /01 Gy (t)dt - /O1 f(”)(t)dt‘

(3.11)
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< GGl ([ ta-nrema). (312)

So, similarly as in Theorem 4, using the representation (3.8) and the inequality
(3.12), we deduce (3.11). O

Remark 3.2: From [8] we have that for n — 1 =2k, k> 2
1Gn-1 ()l = lIGar (V)] = 217251 — 3°7%F)| Bay|.
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