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Abstract: Freeand strongly free objects in the class of hypersemi-
groups are considered, and a complete description  of free objects is
given. There exist a lot of free objects in the class of all hypersemigroups,
but this class does not contain a strongly free object. Although three exist
classes ol hypersemigroups with strongly free objects, we usually have a
situation where free objects do exist in a class of hypersemigroups, but a
strongly [ree object does not exist.

0. Preliminaries. Here we stale necessary preliminary definitions and
results.

0.1. Hypersemigroups. A hyperoperation * on a nonempty sct S is a map-

ping #: (x,y) |- x =y from $? into the collection of nonempty subsets of S.
(Thus: (Vx, yESY (D =x*yC 8. IlA BCS, a,bES, then A=B, a B,
A = b have usual meanings, i.e.
A *B=U~{x*_v |.1:EA,yEB]>. Axb =As={b}, a=B ={a}*B
A hyperoperation = is called associative il
(Vx,pyzE€S8)(x=y)sz=x=*(y=*2), (0.1.1)
and then we say that (S, #) is a hypersemigroup with a carrier S.

‘We will not make any distinctions between a semigroup (S, -) and the
corresponding induced hypersemigroup (S; #) defined by:x sy = {x -y }.

The "general associative law" holds in any hypersemigroup S. In other
words, ifn=2, x;,x,,...,x, €S, thenx *...+x isawell defined subset of 5.

For every nonempty set S, we denote by H(S) the set of all hyper-
semigroups with the same carrier S. The set H(S) is ordered in usual way, i.e.
if (S ;0), (5; » € H(S) then:

(S;0) =(S:a<=(Vy yE S)xoy STx *y, (0.1.2)
(Then, we say that (S; %) is an expansion of (S; o)}

The largest member (S; o) in H(S) is defined by: (Vx, y € S ) xoy = S.
And (S, #) is a minimal member iff it is a semigroup.

0.2. Subsemigroups. Assume that {S; # is a hypersemigroup. A non-
empty subset R ol §is called a subsemigroup of (S, % iff R «=R C R. A nonempty
interscction of a collection of subsemigroups is a subsemigroup, as well.
Hence, each nonempty subset B of the carrier generates a unique sub-
semigroup <B> of the given hypersemigroup. Namely, <B> is the interscc-
tion of the collection of all subsemigroups R such that 8 € R. Morcover:

<B>=U{by*...%b, | by,...,h,€EB, n=1} (0.2.1)
If § = <B>, then B generates (S; #).

We note that if (S, 0) = (&, ¥ and B generates (S, o) then B generates
(S, % , as well.

. 0.3, Homomorphisms. Two kinds of homomorphisms will be defined
ere Let (854 and (S '; #) be hypersemigroups and ¢ a mapping from §
into 8. We say that ¢: (S: %) = (8’; ) is a homomorphisms (a strong homo-
morphism) iff for any x, y € S the following relation holds:

px=y) Sp@) = () - (PO *y) = pXx) ¥ P())-
(It A S5, ¢(4) has the usual meaning, i.e. p{d) = {pXx) | x € A4 }.)



A bijective homomorphism ¢ such that ¢—1 is also a homomorphism,
is said 10 be an isomorphism. Then ¢ and ¢—1 are strong homomorphisms as
well. Moreover, every bijective strong homomorphism is an isomorphism.

A homomorphic image of a subsemigroup is not necessarily a subsemi-
group, but a nonemply complete inverse homomorphic image of a subsemi-
group is a subsemigroup. A strong homomorphic image of a subsemigroup is
also a subsemigroup.

If i (S; %) = (S'; #) isa homomorphism, andx, ,...,x, €5, then

Pl *. . rx ) S ¥ x ol ),
and if, moreover, ¢ is a strong homomeorphism, then:
P . e2x) =o)L ¥ p(x)).

If (S5; % is an expansion of (S; o) and @: (S; 9 = (8'; #) is a homo-
morphism, then ¢: (S;0) - (5'; #) is alse a homomorphism. In the case
(5, 0) < (S, % the identity mapping 1: S = 5 is a bijective homomorphism
from (S, o) into (S, # which is not an isomorphism.

#.4. Some Remarks. We note that there is not any essential dilference
between a hyperoperation » on aset S and a ternary relation « in 8. Name-
ly, a biunivoque correspondence between (binaryy hyperoperations and ter-
nary relations could be established in the following way:

zEx*sw e (,y,2)Ea (0.4.1)

And, if (5, %, (57, #) are hypersemigroups with coiresponding ternary

relations: e, &, then ¢ (S, #) — (87, #') is a homomorphism iff

. 2) €a = (p), 90), P() € (©4.1)
In other words, the notion of a homomorphism in the class of hypersemi-
groups is compatible with the correspondent notion of a homomorphism in
the class of relation structures (See, for example, [2], p. 203, or [5], p. 11). We
also note that, in most of the papers on hypersemigroups, "a homomorphism”
means "a strong homomorphism® (See [1], p. 41).

1. Free Hypersemigroups. Let (F; # be a hypersemigroup and B a non-
empty subset of F satisfying the following conditions:

(i) B generates (F; #);

(i) If (S, ) is a hypersemigroup and A: B - § an arbitrary mapping,
then there is a homomorphism g: F — S which extends A.

Then we say that (F; %) is a free hypersentigroup with basis B.

Below we give a convenient description of free hypersemigroups.

Theorem 1.1. LLet (F; % be a hypersemigroup and B C F. Then (F; # is a
free hypersemigroup with a basis B iff the following condition is satisfied:

(=) For every x € F there is a unique sequence b, by, ..., b, of cle-

ments of B such that: XEb +...xb, 0 (1.1.1)

Moreover, B is the unique basis of (£} =).

The proof will be given in several steps.

Lemma 1.2, Let B be a nonempty set, and

B =u{B"|n=1},
where B' = B. If "- " is the usual concatenation of strings, i.c.:
(bl Bees ’bn) ’ (bn+1 LI ’bm) = (bl"' . 'bn' b,H_] L ’bm)‘

(1= n < m), then (BT, -)is a free hypersemigroup with a basis B.

Proof. (It is well known that (B+, -} is a free semigroup, in the class of
semigroups, with a basis B.)

Y In the case x € B, (LL1) has the form x = {h }, i.c. x=5



Let (S8; € be a hypersemigroup and A: B S be an arbitrary mapping. If

¢: BY > Sis such a mapping that
e(b, .-, b)) EAD)) = ..« AL ),

then p: (B™; ) = (S; 0) is a homomorphism which is an extension of 1. 1

Lemma 1.3. If Band (F, # satisfy () then every mappingl: B = B™ is
the restriction of a unique strong homomorphism ¢: (F, o) - (B*; -).

Proof. If x€F, and x & bl *, ., % b”, where l‘J1 R b” = B*, then
P) =pb)) - .. - p(b,). H

(Further on we shall usually write b, ... b,
and say that n =/ (v) is the lenght of v.}

From L.1.2 and L.1.3 it follows that if () holds, then (F,# is a [ree
hypersemigroup with a basis B.

The uniqueness of the basis B follows from the following:

Lemma 1.4, If B and (F, # satisly (#), then forevery b € B, F \{b} is
a subsemigroup of (F; #).

Proof. Letx,y € F\{b}, where b € B.Then by () there exists a uni-
que ¢, ...c,d, ...d, € BY suchthat m 2 1, n = land

insteadof (b, ,..., b)) =,

Hence: xXEc *..*c,, yEd *..xd_.

bgc »...x¢c *d *...%d_Dxoy,
xxyC \{b}. m
Assume now that (F, 9 is a free hypersemigroup with the basis B, and
that x € F. The fact that B genarates (F, #) implies that (1.1.1) holds, for some
b,...b, € B". There is a homomorphism ¢: (F,® - (B"; -) such that
@(b) = b, forevery b € B . Then we have:
)€ (b = ..xb) = {lf:l1 bn]—

ie. o @) =b, - ... b, and this implies that there is a unique by ... b, € B
such thatx € b =... = b, . This completes the proof of Theorem 1.1.

Example L.5. Let B be a nonemply set, and m1 a positive integer. Define
a hyperoperation « on the set B x N;

@, iy * (v, j) = {(uv, im"™) 4 am 1 +5) | Osa<m}>
It can be easily seen that » is associative and, forany by, ..., b, € B, n = 2,
the following equality holds:
b,0) .., 0)={®,...b,,8 | 0Osp<m”'}
This implies that I = {(u,ﬁ) | 0 =8 < mi )]» is a subsemigroup of B x N
and that B x {0} is a basis of (F; «). Thus we can assume that B is a basis of
(F; «). It should be also noticed that:
lxeyl=m, |bye...*b,| =m""

foranyx,y€F, b,,...,b,€B, n=2

ie.

L

2. Special Free Hypersemigroups. Here we consider a subclass of the
class of free hypersemigroups.

Proposition 2,1. Let B be a nonempty setand F = B U C, where B and
C are disjoint. Let ¢: F = B* be a surjective mapping such that ¢—1(b) = {b}
for each b € B. If a hyperoperation * is defined on F by:

x=y =9~ (pK) p() (2.1)

for any x,y € F, then (F, % is a free hypersemigroup with a basis B. Morecover
@ : F - Bt is a strong homomorphism.

Proof. Let x,y,z € F. The surjectivity ol ¢ implies that x #y is non-
emty, i.e. = is a hyperoperation on F. If x,y,z € F, then



x*(y*z) = ¢~ (px) e~ He(e(2)) = ¢~ Hp) »O) ¢(2)) =
- = Ml U @) () p(2)) = (x=y) =z,
I. €. * s associative.
Moreover, ifx; ,xy,...,x, € F then:
X Fxy* L wx =T ) olx,) .. p(x)), (2.1")
and this implies that: P N y
b b, *...%b =@~ b,...b ), (2.1
toranyby,...,b, € 8. From (2.1") it follows that B gencrates (F, #), and that
the condition () of Theorem 1.1 holds. &
The hypersemigroup (F, % defined above will be called special and will
be denoted by (B; ).
Proposition 2.2. Two special hypersemigroups (8; ¢) and (B'; ") are
isomorphic iff there is a bijection £: B - B’ such that
lp~lbyby. . b,) | = |9 1B &by ... £, (2.2)
foranyby.,b,,...b, €B, n=1.
Proof. Let  be an isomorphism from (B; ) anto (B'; ¢'). Then 5(B) is
a basis for (B’;¢") and thus 5n(8) = B’, which implies that the restriction
&1b - n(b) is a bijection from B onto B'. Forany b, ,b,,...,b, €EB, n =2,

we hz
CRAVE by x by = b)) x By * - w(b) = &by *... . % Eb,),
and thus the restriction of y on by *. .. = b, induces a bijection:
EipTlby . by =byr . xb, = Eb) 2 E D) = TUED) . EWB,))
Therefore (2.2) holds forany b, , .., b, € B.
Conversely, assume that £: B - B' is a bijection such that (2.2) holds
for any bl yo..sb, €B, n = 1 This implies that there is a bijection

Moy .5, P by b)) =" THEDY - .. &b,

n=U{mp s |bys- b, EB n= 1}
is an isomorphism from (B, ¢) onto (B', ¢), such that # (b) = & (b), for any
beb. n

We will show now that every free hypersemigroup admits an expansion
which is a special hypersemigroup.

Proposition 2.3. Let (F; o) be a free hypersemigroup with a basis B, and
let a hyperoperation # be defined on F as follows:
belo"'Obn‘ y&€cyo...0c_, (bi,chB,u,m =1)=

Then:

x*y=hb o...0b oco...0c_ (2.3)
Then, (F, *) is a special hypersemigroup such that (F; o) = (F, *), and
moreover the equalily by#...%b,=bo...0b,, (23"

holds, foranyb,,....,b, €EB, n= L

Proof. By Th. 1.1, if x € F, then there is a unique bl - h“ e B" such
that x &b, o...0b, . (Inthe case n = 1, we hawe x = b, € B.) We can define
a surjective mapping ¢ : F - B in the following way:

px)=b, ... b, ®xEbjo...0b,, 2.3

and moreover we have ¢—1(b) = {b} , for any b € B. Thus we have a special
hypersemigroup (F; % = (B; ¢). By (2.1) and (2.3") it can bc casily seen that
(2.3) holds, and (2.3") is a "translation" of (2.1").

If x,yareasin (2.3) then:

xoyEShjo...ob,oc|0... oc,,=x*y,

and therefore (F,0) = (F,#. H

4



Now we can give an intrinsic description of special hypersemigroups.

Proposition 2.4. A [ree hypersemigroup (F , o) with a basis B is a special
hypersemigroup iff the following condition is satisfied.

(==) If bl ,...,.’)”, CIPEETRC € B, n,m =1 then:

XEbo...ob,, yEco...0¢,,@x*y=b0...0b,0ocj0...0c,,

Proof. From Pr. 2.1 it folows that (=) is satisfied in any special hyper-
semigroup.

And conversely, if (F; o)satisfy (# s )then (F, o) = (F, =), where (F, % is
the special hypersemigroup defined in Pr. 2.3. |

As a corollary we obtain the following two stalements:

Proposition 2.5. The class of special hypersemigroups is abstract. (In
other words, if (F, § and (FF '; #") are two isomorphic hypersemigroups one of
which is a special, then both of them are special.) O

Proposition 2.6. If B is a nonempty set and 7 a cardinal such that
T = max { |81, .'4‘0} , then there exists a speciai hypersemigroup (F, # such that

Fl=7.no
S { As usual, we denote by | §| the cardinality of a set S.)

The existence of free hypersemigroups that are not special follows from
Example L.5. (Namely, in thecase m =2, (¥, <) is a non special free hyper-
semigroup.)

It should be noted that if (F,0) < (B ;@) where B gencrates {(F, o) then
B is a basis of (F, o) and (F, o) i$ not special.

Below, we describe the class of special hypersemigroups which are ex-
pansions of nonspeciai free hypersemigroups.

Proposition 2. 7. A special hypersemigroup (B; ¢) is an expansion of a
nonspecial free hypersemigroup (F, o) iff the following condition is satisfied:
(=##) There existu, v € B such that

(leg= @) =2 or |~ l(v)| =2) and |e~luw)| = 2.
Proof. Assume that u, v € B' are such that:
e~ lu) = C'UC", ¢~Yuv) = D'UD",

c,c,D'\D" %0, C'NC'"=0, D'ND" =0
Define a hyperoperation o on F as follows. If x'€ ', x"'e C", y € p—1(v)
then x'o y=D', x""oy=D",and xoy =¢p—1(px)pl)) (=x=y), in all
other cases. Then (F, o) is a nonspecial free hypersemigroup with a basis B,
and (B; ¢) is an expansion of (F, o).

Conversely, assume that (B; ¢} is an expansion of a nonspecial frec
semigroup (F,o) with a basis B. Then, there exist x*, y* € F such that

oy’ C =1 (p(™) p(y")) . Thus if
?)(I*) =i =a1a2...ﬂn, ({’{Y*) =b1b2"‘bm’ a"‘bjEB’

where:

then:
X*Ealo.--.oan, ye byobyo...0b,, x*oy*CZalu. ..o@ ob;...0b,,
Thus | ¢ ~1(uv)| = 2, where ¢(x) = u, ¢(y) = v. Moreover, we have:
P~ (PE) p)) = U fxoy | xEp~l), y Ep~I)},
and this implies that | ¢~ 1(u)] =2 2 or | ¢~ 1(v)| = 2. Hence (# = ) holds.x
As an illustration consider the case |B| =1, ie. B={b},
B*={b" |n = 1}. Then the condition (#=) does not hold iff there is a
k =2 such | ' (") = 2and | ¢71(#™)| = 1, for any m = k. In this case we
can assume that F = (B \[p*} U €, where ¢ n (B*\{p*})= 0 ana |C| = 2.



3. Strongly free hypersemigroups. The facit that we have two kinds of
homomorphisms implies that we can define two kinds of frec hypersemi-
groups. But free hypersemigroups corresponding 1o strong homomorphisms
would not exist as can be seen from the following statement.

Proposition 3.1. Let § and T be two nonempty sets, such that
1S} < |T|. If (T} ») is the largerst member of H (T),ie. (WVx,yE Dxey =T
and (S; o) € H (), then there is not a strong homomorphism from (S; o) into
(T; @). 1

This result suggests considering a strongly free object in a class C of
hypersemigroups. Namely, a hypersemigroup (F; #) € C is called a strongly free
objecr in C iff therc is a nonempty subsct B of F such that the foliowing con-
ditions hold:

(1) B generates (F; #);

(ii} If (S;0) = C and A is a mapping from B into S, then there is a
strong homomorphism ¢: (F; % = (S; o) which is an extension of A.

Then we also say that B is a sirong C-basis of (F; #).

Certainly, the meaning of the following statement is clear: "(F; % is a
free object in C and B is a C~basis in (F; 9". Moreover, every strongly free
object in a class C is a free object in C, as well. Thus in a class of semigroups
"strongly free" has the same meaning as "free".

A corollary of I'r. 3.1, is the following statement:

Proposition 3.2. There does not exist a strongly free object in the class
H of all the hypersemigroups. &

Below we assume that C is a class of hypersemigroups that satisfies the
following conditions:

(iiiy Every free semigroup is in C.

(iv) If (5; o) € Cthen x oy is finite for anyx, y € 8.

It can be easily seen that all previously obtained results on free objects
are also true for free objects in such a class C.

The next three statements concern an arbitrary class C of hypersemi-
groups that satisfies (iii) and ( iv).

Proposition 3.3. If (S;0)€ C and x
Xjo...ox, isfinite. &

Proposition 3.4. If (F; o) is a free object in C with a C-basis B and £is a
strong endomorphism of (S; o), then & is an automorphism.

Proof. If b, ,b,,...,b, €8, n =2, then:

£Byo...ob))y=F(b)o...0f(b,)=bjo...0b,,
and thus & induces a permutation of b o. .. ob,, . Using the condition () we
obtain that & is bijective, i.e. an automorphism. (We recall that every strong
bijective homomorphism is an isomorphism.) =2

Theorem 3.5. If (F; 9, (F'; #) arestrongly free objects in C with a same
C-basis B, then they are isomorphic.

Proof. Let £: (F; = (F'; ¥), n: (F; # )= (F; ¥ be strong homomor-
phism such that (V b € B) &b) =»n(b) =b. From P'r. 3.4 it follows that
{=mnd is an automorphism of (F; %), and therefore & is a bijective strong
homomorphism, i.c. an isomorphism. 2

Below we consider the following classes of hypersemigroups H[m],
H [[m1]], where s is a positive integer.

(S;0) EH[m]s (Vx;,...,X,€ES) |xj0...0x,| =m
(S;o) EH[[m]]e (Vx,yES) |xoy| =m.
Clearly H [m] and H [[s]] satisfies (iii) and ( iv). (Note that H [1] = H [[1]],
is the class of semigroups.) '

pro-X, €S, n=z2, then

6



. Theorem 3.6. If m = 2, then the class of strongly free objects in H [m] is
empty.
Py Proof. Assume that (F; # is strongly free in H [rn] with a strong H [r]-
basis B. If (B; ¢) is a special hypersemigroup such that | ¢~ 1(u)| = m, for
every u € BY \ B, then (B; ¢) € H [m], and thus there is a strong homomor-
phism & (F; ® — (B; ¢) such that &(b) = b foreach b € B. In the same way as
in the proof of Pr. 3.4 it can be obtained that £ is bijective, i.c. an isomorphism.
Hence (F; # is a special hypersemigroup (B; ) such that | v~ 1(u)| = m, for
everyu € B¥\B.

Let a be a fixed element of B, and let:

p @y =cuc, yl@)=buUb",

where C', C"', D', D"" are nonemptyand C’' NC"' =D"NnD'" = 0.

Define a hyperoperation o on F as follows:

(VbEB, x ' €C', x'€C'"Ybox'=x"ob=D"
box'=x"ob=D"

and x oy =x =y in all other cases.

Then (F; o) € H [m]. (In fact (FF; o) is a nonspecial free object in H 1]
an expansion of which is (F'; #). )

Let £: (F; % —= (F;o0) be a strong homomorphism such that (Vb € B)

s0) =b. Then: . way=Ha)od@) =ava=C UC”
Hence, if x" € C', X" € C"" therc exist y, z €a *a such that &y) =x",
£(z) = x ''. This implies:
D'=aox’'=ga)ogy) =¢lary)=4slaraxa)=4axz)=
=fHaxaxa)=4axz)=&@)ofz)=aox'' =D",

and this is a contradiction. &

By analyzing the last proof we obtain that the following statement is
also true.

Proposition 3.7. If m = 2 then the class of free objects in H [m] does
not contatin a strongly free object. =

Below, we consider two subclasses of H [m:] with strongly free objects.

Proposition 3. 8. If S [m2] is the class of special objects in H [m] then
(B ; p) is a strongly frec object in 8 [m] ift

(Vue€B\B) |¢ )| =m. *

Proof. Assume that (B ; ¢) = (F; # satisfies (*), and thatA: B - F’ isan
arbitrary mapping, where (F; #) €S[m]. fu=»56,b,...5, , n=2,b,€EB
then there is a surjective mapping

Eibyw . xb, = )= Ab)¥...¥AD,),

and £ :-U{sf‘u | ue B+} is a strong homomorphism from (F;+) into
(F';#).n

Below we consider an other subclass L [m1] of H [m]. Namely, L [m1]
consists of all the objects (S 0) € H [m2] which satisfy the following identity
equations:

'’

Xoy=yoXx, Xoyoz=(xoy)U(xoz) (3.1)
The following statement can be easily shown:
Proposition 3.9, If (S; o) € L [m] then the following implication holds:
{_tl,.-., » | ={yl,...,yq} S Xj0...0X, =Y 0... 0V, (3.2)
for any x, yee s Xps yl,...,quS, p,g=2.no
For any nonempty set § we denote by F(S) the collection of nonempty
finite subsets of S.



Proposition 3.10. If (S; o) € L [m], and if for anyX:{xl s X, ES,
n =2, f(X) is defined by:

f(X)=xj0...0x,, (3.3)
then f is a translormation of F(X), such that:
/Ol =m, FIOOUVY) =fX UY), (3.4)

forany X, Y F(S). &

A transformation J of F(S) which satisfies (3.4), in {[3], p. 77) is said
to be an associative m-object (S ;f).

Proposition 3.11. Let (5 ;f) be an associative n-object and let a hyper-
operation o be definefon S by:

xoy = f({x.y}), (3.5)
for anyx, y €S. Then (S :0) € L [m], and moreover (3.3) is satisfied for any
X={x,...,x,} €F(5), n=2.m
{(We say that (55 f) and (3 o) are associated.)

The notions of subobjects and homomorphisms, in the class of associa-
tive m-objects arc defined in [3] as usual, and they induce the corresponding
notions of [ree associative m-objects. Moreover, the following statement
holds:

W
Ll

Proposition 3.12. If {S; /) is a free associative m-object with a basis B
the corresponding associated hypersemigroup (S; o) is strongly free in L [m]
with a strong L [m]-basis B. =2

The following statement is a translation of Pr. 2.9 - 2,11 in the paper
mentioned ([3], p. 82-84).

Theorem 3.13. Every nonempty set is a strong L {#1]-basis of a strongly
free object in - L {m], and two strongly fre¢ objects in L [m] with the same
L {m]-basis are isomprphic. 1

We finish cur discussion stating the following resuit:

Proposition 3.14. If therc exists a strongly free object in H [[#1]] with a
strong H[[m]]-basis B, then it is isomorphic with the hypersemigroup (F; =) of
Example 1.5. 2

We note that the question of the existence of a strongly free object in
H [[m]] is still open.
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Peszume
CHOBOJHM XMUITEPITONYTPYIIN

Ce H3ydyBaar cloBOJAHHTE W JAKO CA0BCaiMTe 00JeKTH BO KAACATA XKHITEPNOAYIPYIH,
IPH LTO €8 Q4B KOMILIETEH OHe Ha cnoboiuTe 00jekTd, Kaacara oj cHTe XHiiepnoiyrpy-
M e Gorata co enaboid 00JekTH, HO BO DBAA KAAcd HE NOCTOH jako ¢iobonen objext. W
NOKPAj TOA WITO NOCTOJAT KNGCH XMNEPHOJYUPYTIH €0 jaKo cnoSoaHu objekTh, 0BHUHO BO ¢/1-
HA KA XHOePoAYrpyiH uMa ciioboiliM 08jeKTH, 4 PCTKH ce KIACHTE UITe HMAAT JaKo ¢llo-
DOAHM 06jeKTH.



