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Abstract. If Q is a non-empty set, n, m two positive integers and f
a mapping from Q® to Q™ then we say that (Q;f) is an (n,m)-groupoid, i.e. a
vector valued groupoid. Let (5;-) be a semigroup such that Q € .S and

fla,..., a)=(,..., bm) > a,... ap=>0,... bm, (0.1)
for any a,,b, €0. Then (Q;f) is said to be an (nm)-subgroupoid, ie. a
vector valued subgroupoid, of (§;-). If for any a,, b € Q we

have: i Gn=by ... b @y, .. ) = (Byr - bm) 0.1

then we say that (@;f) is a proper (n,mM)subgroupoid, ie.a pro-

per vector valued subgroupoid, of (5;:).

A complete description of vector valued subgroupoids of semigroups,
and an almost complete description of proper vector valued subgroupoids of semi-
groups are given in this paper.

1. Below we will write v.v. groupoid instead of vector valued groupoid,
and v.v.s. (p.v.v.s) instead of ¢vector valued subgroupoid* (*‘proper vector
valued subgroupoid“); moreover, instead of v.v.s. (p.v.v.s.) of a semigroup,
or of semigroups, we will write v.v.s.s. (p.v.v.s.s.).

The following two propositions are clear.

1.1. The class of (n, I)-subgroupoids of semigroups coincides with the
class of proper (n, I)-subgroupoids of semigroups. []

1.2. An (n, n)-groupoid (Q;f) is a v. v.s. 5. iff fxy, ... ,x,) =
(X415« -5 X,), L.e. fis the identity transformation of Q" [J

Below we give general characterisations of v.v.s.s., and of p.v.v.s.s.
as well. We begin by a construction of an enveloping semigroup for a véctor
valued groupoid.

If 4 is a non empty set then we denote by A+ the free semigroup on
A, ie A+ = {aa;...a,|a, €A, p_—> 0} If we adjoin the empty sequence
1 to A+, then we get the free monoid 4* on 4. Below we will write aE instead
of aya,4,. .. ag if « < B, and «® = 1if B < «. We can also assume that
AP C A+, for every p = 1; namely, we put 47 = {a, | a, € A4}.

Let (Q@;f) be an (1, m)-groupoid. (Now we write f(a7) = b7 instead
of f(ay, . ..,a,)= (b, ...,b,).) We define a relation|— on Q@+ in the fol-
lowing way:
ul—ve (3, € 0%, a, b, € Q) u=xa}y, v=xbyy, flap) = b7. (L.1)

~ denotes the symmetric closure of }— , and = the reflexive and
transitive closure of ~. Thus, if u, v € O+, then:

U~VE U=V O vV— u (1.2)
N%v@(aka!---QupEQ+ap20)u ’
u=u, v =ty uy~u, i€{l,...,p}

The following proposition is clear.

1.3. The relation ~ is a congruence on Q+, and the corresponding factor
semigroup Q" = Q+/~ is given by the following presentation

<Q;{ay,...a,=b,... b, |f(a) =07 in (Q;/)}> (1.3)
in the class of all semigroups .(We say that 0~ isthe universal envel-
oping semigroup for (Q;f).) U

The class of v.v.s.s. can be characterized by mean of the relation ~
in the following way:



1.4. (Q; f) is a v.v.s.s. iff
(Fa,be Q)(a ~ b > a = b) (1.4)
Proof: Let (Q:f) be such that (1.4) holds. Then we can assume that
Q C Q~. Moreover, if f(a7) = b7, then we have a} = b7 in Q4
and therefore a,. . . a, = b,...b,in Q*. Thus, (Q;f) isa v.v.s. of 0.
) Conversely, let (Q;f) be a v.v.s. of a semigroup (S;e). Then each defin-
ing relation of the presentation (1.2) holds in (S;e), and this implies that
there is a homomorphism ¢ : Q" — S, which is an extension of the inclu-
sion mapping @ — a from Q into S. If a, b ¢ Q are such that @ = b, thena =
¢ (a) = ¢p (b) = b, and this shows that (1.4) holds. ()

1.5. Let (Q;f) be such that (1.4) is satisfied. (Q;f) is a p.v.v.s.s. iff the
following condition

AT (Va, b, € Q) (@ ~ b7 = f (@) = b7 (1.5)
Proof: Let (1.4) and (1.5) be satisfied. By 1.4, (Q;f) isav.v.s.of 0.
If a,, b) € Q are such thata, ...a,=b,...b,in O, then we have a" ~

b;’f, and by (1.5) this implies f(a7) = &7. This shows that (Q;f)isa p.v.v.s.
of 0*.

Assume now that (Q;f)isa p.v.v.s. of a semigroup (S;e). Letgp: 0 * —
S be the homomorphism defined as in the second part of the proof of 1.4.
If a] =~ b7 inQ*, then we have a, ...a, = b,...b,, inQ", and this
implies a,e. . .0a, = b,e . _ . eb, in (S;e). From the last equation and the
fact that (Q;f) is a p.v.v.s. of (S;e) it follows f(a7) = 47.0J

From the proofs of the last two properties it follows that the envel-
oping semigroup of a v.v. groupoid has the following universal property.

1.6. A v.v. groupoid (Q;f) is a v.v.s.s. (p.v.v.s.s) iff (Q;f) is a v.v.s.
(p.vv.s)of Q. If(Q:f) is a v.v.s. (p.v.v.s.) of a semigroup (S;-) then the inclu-
sion mapping of Q in Q™ can be extended to a homomorphism ¢: Q* — S. []

As a corollary to 1.4. we obtain the following proposition:

1.7. If n, m = 2, then every (n, m)-groupoid is a v.v.s.s.

Proof: Let (Q;f) be an (n,m)-groupoid, and letn, m = 2. Ifa€ Q,
then there does not exist a u € @+ such that a~ u, and this implies that (1.4)
is satisfied. Therefore (Q;f)isa v.v.s.of 0*. [

‘If m, k = 1, then an (m + k, m)-groupoid (Q;f) is said to be an
(m+k, m)-semigroup iff the following equation

S Oprxm e ) = SO it ) Xt » (1.6)
is an identity for any i€ {1,..., k}. O

1.8. An (m+4-k, m)-groupoid (Q;f) is a p.v.v.s.s. iff it is an (m+k, m)-
semigroup.

Proof: It is well known (see for example [3]), thatan (n,1)-groupoid
is an (n,1)-subgroupoid of a semigroup iff it is an (n, 1)-semigroup, i.e. an
n-semigroup. In the paper [2] it is proved that an (m-+k, m)-semigroup is
a proper (m+k, m)-subgroupoid of Q™.

Assume that an (m + k, m)-groupoid (Q;f) is not an (m-+k, m)-

semigroup. Then, there exists an e7"+%* ¢ Qm*2 and an i€ {l, ..., k} such
that: ;
F(Sf(eptR) eniik ) # (e SRy enf i) -
Let
o p— + 2 —_
Sfleptky = ap, epiik | = anth,  flel f(efi*h) erfik ) =07

Then we have a'l"+"‘ =~ bm, but f(ap*+¥) £ b7, and thus (1.5) is not
satisfied. (]
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2. Superpositions and direct products of vector valued operations have
the usual meanings*. If Q is a set and r a positive integer then we denote by
17 the identity mapping on Qr.

Let (Q;f) be an (n, m)-groupoid, and let s, ¢, i,, . . ., i5, jy, - .., J; be
non-negative integers such that
ni+t + S(m—ﬂ) ; l, ir+]. "i"'jv-i-l =1+ v(m—n) (2‘])
for every v€ (0,1, ..., s—1). Then the following vector valued operation
on Q is well defined:
(s x fx 1), .. (1 x fx 1/2) (1 x fx 1) (2.2)

Namely, it is an (z-+t, n+t+s(m—n))-operation on Q. In the case s = 0,
this operation is 17+¢, We denote the set of all the operations of the form
(;.%) bg P (t, £, 5), or simply by 7P (¢, s); we will also write 72 (s) instead of
0, s).

If t = 0, s > 1 are such that there does not exist iy, . . . ,ig J1s- s Jg
which satisfy (2.1) then /2 (¢, s) will be the empty set.

The following proposition is clear.

2.1. 7P (¢, 5) is a finite set for any t,s=0. If n<m, then P (1, s)
#=0 forany t, s >0, and if m < n, then P (1, s)%0 iff n + t > s (n—m). O

From the definition of the relation }—, given in 1, it follows that

Uul—-ve @Li=20 UxfxU) @@=y (2.3)

This implies the following proposition:
2.2. Let u, vE Q. There exists a sequence uy, Uy, . . , Uy € Q+, such that
U=1Uy, V=1u,s =1 andu_,|—u; for any i€ {l,..., s} iff there exist

at>=0andaggP(ts) such that g (u) = v. [J
To the end of this part of the paper it will be assumed that n = 1,
m = 14k > 2, i.e. that (Q;f) is an (l, 14+ k)-groupoid.
2.3. If u, v, w€ Q+ are such that u7=w, v}—u, v|— w, then there exists
a v € QF such that u |— v/, w |— v
Proof: Let v = a2 , a,€ Q. Then, there exist i, j such that
u=a~'brar,, [f(a)=>7
w=aiera, . S = o
Then i # 7, since w # u, and so we can assume that i < j. If we put
V= ait—lbﬂ; a{:ll o a;P—':—I 8
then we will obtain that the relations # |— v', w |— ¥’ are satisfied. (J
2.4. Let a€ Q, bg € Q**'. Then a= b} iff there exist r,s =20, g€

P (r+s), h& P (x, s) such that: «=rk, gla) = h(b%.

Proof: Leta € Q, by € Q*+! be such that g(a) = h(b%), for some g €
P (r+s), he 2 (p,s). Then by 2.2 we have a = b%.

Assume now that a = b%. Then there exist w,, uy, ..., u,, p =0
such that g = u,, b% = u, and u,_, ~ uy, for any i€ {1,2,..., p}. If
p =0, then we have a = b% ie. a =b, and therefore 1(a) = 1(b,).
Let @ # b%. Then p > 0. Then u, = f(a), i.e. a |— u;- By a finite number
of applications of 2.3 we can obtain that
T I Namely, if: £, : QVoQ™, n=m+tnyt...4np, m=mitmyt.. . tmp,
then f=/fiX... Xfp: Q® — Q™ is defined by:

Slaa,...a,) = f(a) fa(@y)...0p@p)
where a,€Q™. If g:0%— OB, h:QB — QY, then hg:0% — QY is defined by
(hg)af) = h (g(aD).

*D. Dimovski (personal communication)



al-u,b—u— ... —u,=>5%,

dl— iy =g = oo = tppy — Ui — o U —{ 85,
where p = r 4+2s5. By 2.2 there exist g €2 (r+s), h € P («, s) such that

—— — of .
Then we also have g (@ Urss = h (b

Upyg = € (a) E Ql +(r+8)k s Upps = h (b%) E Q1+a+sk R
which implies o = rk. ([
Now we can give satisfactory descriptions of (1, 14 k)-groupoids which
are v.v.s.s. (p.v.v.s.s.).
2.5. An (l1,14k)-groupoid (Q;f) is a v.v.s.s. iff for every s = 0 and
g hEP(s), the following quasi-identity
is satisfied. g =hO)=>x=y @4

Proof: Assume that (Q;f) satisfies every quasi-identity (2.4). Let
a, b € Q be such thata==b. By 2.4 there exist an s = Oand g, h &€ 2 (s) such
that g (@) = 4 (b). Then by (2.4) we have g = b. Thus (Q;f) satisfies (1.4),
and by 1.4 (Q;f) is a v.v.s. of 0.

Let (Q;f)be av.vss.,andleta, b€ Q,5 =0, g, h € P (s) be such that
g(a) = h (b). Then by 2.2 we have a = b, and this by (1.4) implies a = b.
Thus, every quasi-identity (2.4) is satisfied. (]

2.6. Let (Q;f) be an (1,1 +k)-subgroupoid of a semigroup. Then (Q;f)
is ap.v.vss. iff for any s=0, g€ P (s+1), h€P (k,s) the following quasi-

identity B _ B
is satisfied. g0 =h(y) = f(x) =5 (2.5)

Proof: We have to make the same discussion as in the proof of 2.5.
Namely, this proposition is a corollary of 1.5, 2.2 and 2.4. (O

3. Here we make some remarks and state some problems.

3.1) We have given a complete description of v.v.s.s., but concern-
ing p.v.v.s.s., we do not have a satisfactory description of proper (n, m)-
subgroupoids of semigroups in the case n- = 2, m—n = k > 1.

Thus if (Q;f) is an (n, n+k)-groupoid, where n = 2, k = 1, and if
(Q;f) is a p.v.v.s.s. it can easily be seen that for any s = 0 and any
g heP (s+1), I€P (k, 5) the following quasi-identities

gD = (D => x} = ¥

g (xP) = IR = f(x7) = yitk
are satisfied, but we do not know whether these quasi-identities are sufficient
for (Q;f) to be a p.v.v.s.s..
3.2) Let n, m be given positive integers and let B be a non-empty set.
It is easy to give a description of the free (m, m)-groupoid with a basis B,
Namely, let F, ,(B) = U B,, where B, = B and B,,, = B, U {(u}.i)

=0
|u, € B,, 1 <i <m}. Then, if we put
@) =yt ov=wyi), ic{l,2,..., m}

we get an (n, m)-groupoid (F,, ,(B);f) which is freely generated by B.
If n,m = 2, itis a v.v.s.s,, but if n—m=k > 1, then it is not a p.v.v.s.s., for
it is not an (m+k, m)-semigroup. We do not know whether (Fp ,,(B);f)
is a p.v.v.s.s. in the case n < m.

3.3) It is natural to ask for <“Mal’cev-like* axiom systems of the class
of v.v.s. (p.v.v.s.) of groups ([1], [3])-

3.4) Let F be a set of vector valued operations on a set 4. Then (A4;F)is
called a vector valued algebra (v.v.a.). We say that (4;F) is an F-subgroup-
oid of a semigroup (S;-) iff, for any f€ F, (4;f) is a v.v.s. of (§;-). It is not
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difficult to see that the corresponding generalizations of 1.1, 1.2, 1.3, 1.4 and
1.5 hold. (We note that if (4;F) isa v.v.a., then the relation |— on A+ is
defined by
ul—v & Qx, y€ A%, f€F) u = xajy, v = xb7y, fa}) = b7 (1.1")
and = is the reflexive, symmetrical and transitive closure of |—on 4+. Then
~ is a congruence on A+ and the factor semigroup A+/~~is given by the
following presentation:
< A;{a,...a,=b,... b,| f(@) =br in (4;F)} > (1.39)
It is known that in the genzral case the corresponding generalization of 1.8
is not true. That is why we find it interesting to look for an axiom system of
the class of v.v. F-subgroupoid of semigroups.
35 Ifn, m =1, 5,t = 0 are such that n+t+s(m—n) = 1, then it
can easily be seen that -
| 29 | < M [+t+v (m—n)l.
v Q
Assume that % and p are two integers such that:

s—1
=2, 1 <A< M [14+t+v (m—n)l.
v=0
Does there exist an (n,m)-groupoid (Q:f) such that |Q|=uy,
| P (t,s)| = A?
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BEKTOPCKO BPEOHOCHH IIOATPYIIOMOH OO IOJVYIPVIIH
(PesumMme)

Bo paboraBa ce pasrinenyBaaT ABe KJIAacH BEKTOPCKO BPETHOCHH TIPY-
MoMOH, a Toa ce, HMEHO, KJIAacaTa BeKTOPCKO BPENHOCHH MNOOTPYIIOHIH Of,
MOIYIPYIH, Kako H Hej3uHaTa INOTKIaca — KiacaTa YHCTH BEKTOPCKO Bpen-
HOCHH TioArpvmoHmH op noayrpymi. Ce paBa KOMIUIETEH OIMC Ha IIpBaTa
Kiaca, Kaxo H CKOpO KOMIUIETEH OMMC Ha Bropara knaca, Ha kpajor Ha
paGoraBa ce QOPMYIHpAaaT HEKOIKY HEpEeLIeHH IpoGIIeMH.



