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An (n,m)-semigroup A[ ] is an associative mapping [ ]:A"™ - A™. Thus,
an (n,1l)-semigroup is an n-semigroup, and more specially a (2,1)-semi-
group is a semigroup. We show that each (n,m)-semigroup A[ ] can be
embedded in a semigroup S generated by A such that [al...%]=al---a.n
for any as...sa, € A. The classes of cancellative (n,m)-semigroups,
(n,m)-groups and commtative (n,m)-semigroups are also considered. A
number of known results for n—-semigroups hold in the class of (n,m)-
semigroups as well, but some different situations arise in the case
m = 2. For example, any semigroup is a covering semigroup of an (n,1)-
semigroup but this is not true if m = 2; it is also well known that
any nonempty set is the carrier of an n-group, but it is not known
whether this is true for (n,m)-groups when m is not a divisor of n.

1l. Let A be a nonempty set, n,m two vositive integers and

[ ]: (X)reeerx ) [xl...:ﬁ‘]

a mapping fram the n-th cartesian power A" of A into A™. Through-

out the paper it will be assumed that k = n—m > 0. We say that A

is an (n,m)-groupoid.

If0<is<kand [xi+1"'xi+n] = (¥yr++++¥y) then the "product"

[¥pee%5 ¥1+ ¥ Xianer e~ ¥2kem ]

will be denoted by
[xl... i[xi+1'"xi+n]xj_+n+1"‘x2k+m]'

A[ ] is called an (n,m)-semigroup if the following equation is an
identity on A[ ]

CO%y - - X%y - = Xopeamn ] = DX oo X Xy o« Xy Xy amey - - < ¥oiam ] (121
for each ice{1,...,kl}.

It can be easily seen that in an (n,m}groupoid there exist "conti-
nued products" H(xl,...,xsk_m) of a length sk+m for each s =2 1. If
A[ ] is an (n,m)-semigroup, then two continued products
n’(xl""'xsk-km]' " (X0 -0 e sXgyy) Of the same length sk+m are equ-
al, i.e. "the general associative law" holds. Therefore we can omit
"inside brackets", i.e. a continued product n(xl'“"xsk-lm} will be
written in the following form [X;..-Xg.Jo ©or [X;...xg .1
Thus we can state the following proposition.

1.1. 1f A[ ] is an (n,m)-semigroup, then A[Js is an (sk+m,m)-
semigroup for each s = 1.

Examples. 1) An (n,l)-semigroup is an n-semigroup, and a (2,1)-se-
migroup is a usual binary semigroup.

2) Iet A and B be two nonempty sets.

a) If a=(a;,...,a,) is a fixed element of 2™, then the identi-
ty [xl“”ﬂq] = a defines a constant (n,m)-semigroup.

b) Exl""ﬁqj:(xl'“‘”‘m) defines a left zero {n,m)-semigroup on A.
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c) 2n (n,m)-semigroup can be built on AxB by:

L ryy) eee (Rpev) 1 = ((XpaYpe ) ree e s (Xvp)) -

3) Let (A,*) be a (binary) semigroup and n=tm. Then the t-th
cartesian power of the m—th cartesian power of the given semigroup
determines an (n,m)-semigroup. Namely, in this case we have:
[XypeeeXpy] = (X Xy e e X (pm1ymelr X20 o -X(p=1)me27* * * 1 %¥ome = X! -

2. Here we will show that each (n,m)-semigroup is embeddable in a
semigroup.

let S be a semigroup and A a subset of S (i.e. of the carrier
of the semigroup) with the following properties:

(1) (‘.fal,---,an e A) (Jbl."-:bm € A) a;*°ra, = b,---b,
(II) (va,,b, € A) {al---am =Db; b =>a; =bj,...,a, = bm)
(III) (Ya,,b) € A)(1 <m & a;+--a; = by.--by=
= i=p& a, = hl"“'ai = bi).
Then, an (n,m)-semigroup A[ ] can be obtained by:
(IV) a)...a, = (bl,...,bm} = al---ah=b1---bm-

We will say that A[ ] is an (n,m)-subsemigroup of S, and if, more-
over, S is generated by A, then S is called a covering semigroup
of al 1.

It is assumed in the following statements that S 1is a covering
semigroup of a given (n,m)-semigroup AL J, and S, is the subset of
S defined by: Sy = {ay---a; | 1i2m, a, e A}. (2.1)
We will say that S, is a strong covering of AL J].

2.1. S, is an ideal in S, and S =S, iff m= 1.

2.2. 5 is agrowp iff m=1 and Al J is an n-group.

.3. If m2> 2, then S is commutative only if |A| = 1, and then
is a cyclic semigroup with an index m and a period which is a

same is true for 2.4 if mzz,ﬁthecase m= 1 is considered
in [10; Th. 2] and [1; Th. 2.2]. We also note that the assumotion
m > 2 is essential in 2.3, for there exist n-semigroups admitting
only commutative coverings [11; §2].

We will show now that each (n,m)-semigroup Al ]admits a covering
semigroup. Namely, let A" be the semigroup with the following pre-

< Aj{ay---a, =Db;--b | (@;,...,8) = bj...b, in Al I1». (2.2

a,be A= (a=bin A"=a=b in A),
and thus it can be assumed that A is a generating subset of A". It
is also clear that the conditions (I), (III) and (IV) are satisfied.
And, it is easy to see that if au,bhsA,t#ma.nd
al'"am=bl'“bt in A", then there is an s 2 1 such that t = sk+m

and (a,,...,a ) = [bl”‘bt] in the given (n,m)-semigroup; this implies
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that condition (II) is also satisfied. Thus we can state the following
propositions.

2.5. If A[ ] is an (n,m)-semigroup, then A" is a covering semi-
group of Al J.

2.6. If S is a covering semigroup of an (n,m)-semigroup A[ ],
then there exists a unique homomorphism f:A - S, such that f(a)=a
for each a e A.

The last proposition suggests that A" is the universal covering
of A .

IE j].s not difficult to give explicit descriptions of universal se-
migroups of the (n,m)-semigroups given in the example 1.2).

3. Assuming that C is a class of semigroups, it is desirable to
find a set of classes {C(n,m) |n >m = 1} such that C(2,1) =C
and C(n,m) is a class of (n,m)-semigroups for each pair (n,m). The
class C(n,m) can be defined by an axiom system ¢(n,m) in such a
way that ¢(2,1) is an axiom system of C. Also, C(n,m) can be the
class of (n,m)-semigroups A[ ] such that either the (strong) universal
covering A" (A3) is in C, or some (strong) covering S (S,) of A
is in C, or every (strong) covering of A[] is in C. Here we will
consider only the cases when C is the class of all cancellative se-
migroups, groups, cammutative semigroups - respectively.

An (n,m)-semigroup Al ] is called cancellative if it satisfies the
following condition:

(Va e Ak,x.y eA™ [ax]=[ay]or([xal=[ya]l=x=y. (3.1)

Almost all the results on cancellative n-semigroups proved in
[11;53] and [9; I11.1] hold for cancellative (n,m)-semigroups as well.
Let us state one of them.

3.1. An (n,m)-semigroup A[ ] is cancellative iff some covering
semigroup of AL ] is cancellative.

Proof. It is clear that if some covering semigroup of AL ] is can-
cellative, then Al ] is also cancellative.

Assume now that A[ ] is a cancellative (n,m)-semigroup. Denote by
F the semigroup freely generated by A, i.e. F = A+, and define a
relation = on F by:

us=zve (3ae F) [au] = [av]. (3.2)
Then, = is a congruence on F, and F/= is a cancellative covering of
A[]. Namely, F/z= is the universal cancellative covering of A[ ]. we
are not giving a detailed proof, for it would be an obvious generali-
zation of the proof of the corresponding special result for cancella-
tive n-semigroups given in [9; III.l].

An (n,m)-semigroup A[ ] is called an (n,m)-group if the following
statement is satisfied:

(vae Abe A (ax,y e AM[@x]=b, [val= b. (3.3)

We have a similar situation in the class of (n,m)—groups as in the
class of cancellative (n,m)-semigroups, i.e. a lot of known results
on n-groups which can be found in 4 , 11 and 1 also hold for
(n,m)-groups. Below we will only state some of them.

3.2. 1f A[] is an (n,m)-semigroup then the following statements
are valent:




(@) AL J is an (n,m)-group;
(b) there is an s > 1 such that A[ ]  is an (sk+m,m)-group;
(¢) al]_ is an (sk+m,m)-group for each s = 1;
(@ Ay is a grouwo.
3.3. An (n,m)-semigroup A[] is an (n,m)-group iff there exist
(n,m)-operations
(WARNCSTRRRIE W Lod ESRRRE W2 SUPPRES S
IRNE (%yp0ee "%}H[’ﬁrﬁ-l' < XN\X,. .-.xm]
on A such that:

/]

vx ¢ A%y e AT [x[x\v]1] =y, CLy/xx] = y. (3.4)

3.4. If the semigroup in the example 1.3) is cancellative (a group)
then A[ ]1._:;_9_ cancellative (n,m)-semigroup (an (n,m)-group).

From 3.4 it follows that if m is a divisor of n, then any nonem

pty set is the carrier of an (n,m)-group. The situation is not so sim—
ple if m is not a divisor of n. To ilustrate this statement, let us

prove the following proposition.

3.5. If a (3,2)-semigroup A[ ] satisfies the following condition:

(Va,b ¢ }\2) (Ix,yeA) [ax]=b,[yvyal=Dhb,
|Aal = 1.

Proof. Let a e A° and e,f ¢ A be such that [e al=a, [a f]=a.
Then, in a usual way, we can show that:

(Vb e A% [eb]=b, [b £] =b,

which will imply that (yx e BA) (x,f) = [e x f] = (e,x).

The existence of (k+m,m)-groups for any pair of positiwve integers
k,m will be shown in 4.3.

An (n,m)-semigroup A[ ] is called commutative if the following
identi is satisfied
&y Exl'“"ﬁq]: [xil...xi],
I

for any permutation veei of N =(1,2,...,n}. In a usual way we obtain:

3.6. If A[ ] is a commtative (n,m)-semigroup, then for each
s=1 A[]sgalsocamutative-

By 2.3, if m=2 2 and |A! > 2, no covering semigroup of an (n,m)-
semigroup A[ ] is commutative. But, if A[ ] is a commutative (n,m)-
semigroup, then some covering semigroups of A[ ] do have corresponding
properties of conmmitativity. First, let us say that a semigroup S is
t—commtative if products with at least t factors are invariant un-—
der permutations.

Assume now A[ ] to be a comutative (n,m)-semigroup, and consider
the semigroup S with the presentation < A; A’ U A">, where

A = {aj...a  =by.-.b | (@),--.03) = by...b, inalll,

A" = {ajeceay = aye++8;_1834,13;35,57 -3, | &, € A, 0Sism1},

It is clear that S 15 an mtl-commitative semigroup and that it sa-
tisfies the conditions 2(I), 2(III), 2(IV); and it is easy to show
that 2(II) also holds. Therefore:

3.7. 1f A[ ] is a commutative (n,m)-semigroup, then there exists an
m+1-commutative covering semigroup of A[ J.

The following proposition is also clear.
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3.8. If S is an mtl-commutative covering of an (n,m)-semigroup A[ ],
then S, and A[] are commutative, and A" is in the centre of S.

4. An (n,m)-groupoid A[ ] induces an algebra (A;L 1,,...,[ 1)

with m n-ary operations defined in the following way:
Ex1-°'xn:| = (er---tym) & (Vi e Nm} Exl”'}%i]i = Yi- (4.1)

We say that the algebra obtained is the component algebra of the gi-
ven (n,m)-groupoid. In an obvious way, axiom systems for the classes
of component algebras of (n,m)-semigroups, cancellative (n,m)- igro-
ups, (n,m)-groups, commutative (n,m)-semigroups respectively can be
formulated. We will state the corresponding proposition only for
{n,m) - semigroups.

4.1. An (n,m)-groupoid A[ ] is an (n,m)-semigroup iff the correspon-
ding component algebra satisfies the following identity:
CO%y- - -Xpdy- - -[¥1- - -Xndm % - Xokamdi = (4.2)

= [x;-.. 'ijxj+l' . 'xj-l-n]l' . .[xj+1.. 'xj-l-n]m' Ko mli
for each icNm,jst.

Thus, the class of (n,m)-semigroups can be considered as a variety
of algebras with m nary operations. The same is also true for the
class of commutative (n,m)-semigroups, and the class of cancellative
(n,m) -semigroups is equivalent with a quasivariety of algebras. The
axiom system of component algebras corresponding tc (n,m)-groups
involves existential quantifiers, but (as in the binary and the n-ary
case) the class of (n,m)—-groups can be described by a variety of al—-
gebras. Namely, by 3.3 an (n,m)-group can be defined as a "vector va-
lued algebra" (A;[ ], [\], [ /] such that the identities (1.1) and
(3.4) are satisfied. Therefore we can state the following proposition.

4.2. An (n,m)-semigroup A[ ]is an (n,m)-group iff there is an algebra

AsL 15r-..00 1, 'DNIre o ™DNLLD, . LA™ (4.3)
with 3m n-ary operations such that (A;[ 1,,...,[ 1) is the compo-
nent algebra of A[ ], and the following identities are satisfied:

X3 = [Xpepe e Xy DXy oo XN Xp o e oXgde o - DRpyg o \Xp oo eX] ]y s (4.4)

1
X = LOX = X ey K] e D+ Xy = 5T K -+ Xy (425)
for each i ¢ N

The algebra (4.3) is called the camponent algebra of the (n,m)-
group A[ ], or better of the (n,m)-group (A;[ 1,[\],[/]). Therefore
any algebra (4.3) which satisfies all the identities (4.2), (4.4) and
(4.5) induces an (n,m)-group, and conversely.

The usual notions of homomorphisms, direct products, free (n,m)-
semigroups, and others, can be defined directly, but we do not give
explicit definitions, for they are meaningful in the class of compo-
nent algebras.

Proposition 4.2 can be used in proving the existence of notrivial
(n,m]-grcmps.

4.3. If n >m 2 1, then there exists a notrivial (n,m)-group.

Proof. By 3.2 we can assume that n = mt+l.

Consider the variety of algebras (4.3) which satisfy all the identi-
ties (4.2), (4.4) and (4.5). The existence of nontrivial algebras in
thisva.rietyisequivalent.tothestataﬂantﬂ':atanj.dentityxl-x2

is not a consequence of the defining set of identities of the variety.
Assume that X, = p is a consequence of the set of identities




is a term in the corresponding first
By induction it can be shown that p must have one

of the fo.llad.ng forms:
(a) p is x,

(b) p is [[pll...plquljl...[pml...pm/qm]mq]i

(c) p is [a ][q]_\pll'"pm]'-'mEqm\pml"'pm]]i'
merexl-piiiq0=qqu\l=q mmsofthemﬂm
set of identities, for any v,\. This completes the proof.

5. We will state same problems concerning the class of (n,m)-semi-
groups, assuming that m = 2.

5.1. Although we gave same examples of (n,m)-semigroups, the problem
of the existence of "good" examples of (n,m)-semigroups is open. For
exanple, we know only one kind of nontrivial (n,m)-groups (the class
of free (n,m)-groups) when m is not a divisor of n.

5.2. It is mot true that each semigroup is a covering semigroup of
an (n,m)-semigroup, and thus we have the problem of giving correspon-
ding description of (strong) covering semigroups for (n,m)-semigroups
belonging to convenient classes.

5.3. We do not know any convenient description of the camplete sys-—
tem of identities that hold in the class of component algebras of
(n,m) -semigroups.

5.4. Is it true that any commutative and cancellative (n,m)-semi-
group is an (n,m)-subsemigroup of a commutative (n,m)=-group?

5.5. Is it true that every (n,m)-semigroup is an (n,m)-subsemigroup
of an (m+l,m)-semigroup?

5.6. Cohn-Rebane’s theorem ([2; Iv.4] or [8; 12]), and Gluskin-
Hosszu’s theorem ([4], [7] or [6; II.5]) are well known. Are the corr-
esponding generalizations true?

5.7. Does there exist nontrivial (n,m)-quasigroups ([3]) which are
also (nrm)W?

5.8. If iu'jk >0, s, t 20, then we have an (n,m)-semigroup iden—

tity of the following form

[x;, ...x 1= 1. (5.1)

1 Mgt O
and a variety of (n,m)-semigroups can be defined by a set of (n,m)-
semigroups identities. Any identity (5.1) induces a semigroup identity,
and thus each variety of (n,m)-semigroups induces a variety of semi-
groups. What are the connections between the corresponding varieties?
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