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An f-algebra A=(A;) 1is said to be an O-subalge-
bra of a semigroup S if AECS and there is a map-
ping w—»w of 2 into S such that w(al,...,anl=6a1...an
for each n-ary operator w&€f and any al,-.-,anEA.If
C is a class of semigroups,then by C(Q) is denoted
the <class of Q-algebras which are fi-subalgebras of semi-
groups bélonging to C.Here we give corresponding de-
scriptions of the classes ABTG(Q) and Am(n),where ABTG
is the c¢class of abelian torsion groups and Am the
class of abelian groups in which each element has an
order which 1is a divisor of m(m>2 is a given integer).

l.First,we will give a description of ABTG(Q).

Theorem 1.Let Q#Q(1) (Q(n) s the set of n-ary
operators belonging to R).An Q-algebra A=(A;R) belongs
to ABTG(Q) <Zff <t satisfies the following conditions:
(*) For every m,n>1l,0 € Q(m),w” "€ ﬂ(n),ieNm={1,2,...m}
and permutation v---»iv of Nm the following iZidentity equa-—
tione are satisfied:

WX, peeesX V=0 (XK. ,e0esXy ),
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mn=-1) =0T Ty s x )=
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= w'(xl,...,xi_low”(xi,...,x
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(**) There <18 a mapping m:zw—m(z) of A UQ Znto the

set of positive <iIntegers such that:
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1...m FP(a 1,...,aqq)=m 1...w Pa l,...,a q),
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for any w,€ Q(nv),ale A and nonnegative integers iv’ju’ah’
8, such that:
i, =3, (modm(w,)), «,=8, (modm(a,))

and:

1+11n1+...+ipnp=ul+...+u

1+3 +...+3_n =el+...+sq.
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Broof.In the first place,it is clear that if A is a



subalgebra of an abelian semigroup S then (*) is sati-
sfied.(In (4] it is shown that the converse 1is also sa -
tisfied) .If Se€eABTG and 1if for each a€A(we ) ,m(a) (m(w))
is the order of a (E:) in S,we odbtain that the conditi-
on (**) is satisfied.

Assume now that A={(A;Q) is an Q-algebra which
satisfies the conditions (*} and (**).If ze€eAuQ then
(I:z denotes the c¢yclic group with a generator =z and
order m(z).Further on,let H be the free product

H= LI Cz in the class of abelian groups.(We use a
Z € AU

multiplicative notation.)
If u=au“e H{ and a=w(a;,...,a ) in A,then we wri-

te uprwa ...anu‘,and also wa ...anu‘—cu.Let UV &> UV
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or u=-v.Further on,denote by = the reflexsive and tran—
sitive extension of 4 ,i.e.:

umve> Qupruyre--,up€ Hu=ug,v=u,p>0 and u; MYy
for each ie€{1,...,pl.
Then, clearly, = is a congruence on H, and w(a,,...,a )=
=a in A = wa;...a =a.
We will show that:
(a) a,be A =>(amb=a=b),
and this will complete the proof of Theorem 1l..

First we introduce the notion of Q-word.Namely,

an element wel is said to be an Q-word iff

i, i i o a
= P q
W, Tw, ...mp a, ...aq ¢
and 1+ilnl+. . .+ipnp=al+. . .+uq,where w, € n(n“+1) ,iu,a A> 0.
Then, 11 ip &y Gq
wy ...mp (al ,...,aq )=aeh,
and we say that a=[w] is the "value" of w.

We note that by (**) the wvalue of an Q-word w

is wuniguelly determined.

Clearly ,(A) is a consequence of the following pro—

position
(AA) Let u,veH be such that umHv.If u 1is an H-word
then v 1is also an Q-word and [u] =([v] .
il ip o, n.q
Proof.Let u=w, ...mp al ...aq 0 € ﬂ(nv+1) and 1+11n1+...+
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+i n =a_ +...+a .

pp 1 q i i g, a 3
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Assume first that u}—v.Then u=w, ...mp a,"a, .-.aq ’
Y Y
= = 1 a
B =@, (modm(a,)) B, >1  a,=uw, (a, resesag )iy, >0,
i +1 i i B,+Y,-1 a,+Y a_+Y
1 2 p. 1 "1 2 '2 q 'q
v=uw, wy ...mp a, a, ...aq .

Let we Q(n+l1),n>1.Then v=wsm(w)atm(a1)v.for each s,
t>0 and it can be easily seen that there exist s,t>0
such that 1+sm(m)n+(11+1)n1+12n2+...+1Pnp=tm(al)+61+yl— 4o+

+12+...+aq+yq,and this will imply that v is alsc an Q-
-word.Moreover,we shall have:

i +1 i i tm(a,)}+B,+y, -1 a,+y a +Y
_..sm(w) 1 2 1 11 2 '2 q 'q
vl =w w, CPRRERLM (a, 2, ce-ag )
i i tm(a,)+B o o
—,Smw) 1 P 1 1 2 q, _
w wy ...mp (a.1 ra5 ,....,aq )=
i i =1 o o
1
=0, e P@ ta% e D=
Consider now the case u—v.Namely,we can assume
j1 12 1}? B, Bq .
that u=w, w, R ol SRR L N j;>1,3,34i) (modm(w,)),B, =a, (mod
j.-1 i i B,-v,+1 B -Y B_—Y
m(a)‘)hand v=w, mzz...mppall B 322 2...aqcI q,where
Y
a, ml(al ,...,aq }. We can also assume that nk>1 for some

ke€{1,...,p}.Now it can be easily seen that there exist
p,tl,...,tq>0 such that

1+(j1—1+51m(w1))n1+(i2+52m(m2))n2+...+(ip+spm(wp))np=

=(Bl—71+1+t1m(a1))+(82—72+t2m(a2) )+.. .+(Sq-1rq+tqm(aq)) 5
Then: N

j,—1+s m(w,) i +s m(w ) B,-yv,+1+t m(a,}) B,—-yv,+t.m(a,)
V=“’11 1 L i - P 1 "1 1 S B 2

-y _+

atd gttt B!
g
. =1+s m(w, ) i +s m(w ) Y Y B,=y.,+t_m(a.)
[v]=m11 2 1....wpp p (mltall,...,aqql ,al1 1°71 & ”
-y _+t
R CEACH Sl U

q

llszr.uofs

and

_ J,+s lm(ml) w1p+spm(mp) a
1 TTp

11 i a a

=w1 -.-Mpp(al ,-..,aqq)=[u] -

This completes the proof of (AA), and thus of Theoreml. as well.
Corollary.If Q~Q(1)#@, then the class Am(ﬂ) i8 a variety.
Proof. In this case we have that m:zw—m(z)=m is a con-
stant ,and thus in (**) we have a system of identities.

2.Consider now the case when 0=R(1) consists of
only unary operators.The following example shows that

the conditions (*),(**) are not suficient.



Example.Let Q=Q(1) and let wg be a fixed element of Q.
Let A={1,2,3,4,5} and the algebra A=(A Q) be defined by:

A=(123)(45), ¢u§=1A if u#-wo.

The algebra A satisfies the conditions (*), (**) .Namely,

“o

the condition (*) reduces to the commutativity of the
semigroup cenerated by the transformations which are
interpretations of the operators from Q.And,if we put
m(wo)=6.m(w)qn(a)=1 for each we swtmg and each ae€A,we
obtain that (**) is also satisfied.But A does not be-
long to ABTG(Q).,for if A were an (O-subalgebra of a

group G€ ABTG then we would have ?ugdsd.,but G§1=3,which
is impossible. (Namely, E§4=4 implies that Bg is the iden-

tity of the group G.)

Theorem 2. Let N=22(1). an Q—algebra A={(A;Q) belongs to
ABTG(Q) ©ff <t satisfies the following conditions:
(*") ww (x)=w" "w(x), for any w ,w” "€ R, xeA;

(**”) Phere <5 a mapping m:ww—mw) of N <nto the set

m{w)

of positive integers such that w (x)=x, for any we, xe€Ai;

(***“)A patisfies any quasiidentity of the following form:

w ...wp(x)=w‘-.-mc}(x)=>w1-- -wP(Y)=m1'---wc;(Y) -

1 1
Proof.Clearly, the conditions {(*7),(**") and (*%%x ") are
necessary.The suficiency is a corollary of the following
Lemma.let ' be a commutative group of permutations on
a set A such that:

wi(x)=w T (x)=Dw (y)=w""(y).
Define a relation =~ on A by:
axb < (3¢ € I')b=¢{(a) .Then, (i) =® is an equivalence in A.
(ii)If B is a subset of A such that (Vae a)(JbeBlazxb
then the mapping £: (w,bp=w(b) is a bijection from
QX B into A, such that &(w w”",b)=w " (E(w”",b)).
(tii)If K is an abelian group generated by B and if
G=TX K,then by putting E£(w,b)=(w,b),we obtain that the
algebra (A;I') 4is a [I-subalgebra of G.
The proof of the Lemma is obvious.
3.Here we will make some remarks and state some problems.
First,we note that if we ¢try to generalize
Theorem 1. for abelian periodical semigroups,then we get
the result that this generalization 1is not true.And,we
do not know if the corresponding analogy of Theorem 1.
holds for the class of commutative semigroups with the
propertiy W) EGm > 0)xm+]‘=x.
The similar situation arises if we try to ge-
neralize Theorem 2..
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We also note that we do not know any conveni-
ent description of the class C (@) if C is one of
the following classes of semigroups:

{(a) idempotent semigroups, {b) periodic groups,
{c) groups, (d) inverse semigroups,
(e) regular semigroups, (f) completely simple semigroups.

In other words we think that the well known Kurosh’s
problem of characterisations of C(Q) is until now solved
only for a few classes of semigroups, namely only

if € 1is one of the following classes of semigroups:

1) semigroups [1] ; 2) commutative semigroups [4};
3) cancelative semigroups [5] , 4) nilpotent semigroups (6],
5) semilattices (2] ,

6) El n’ i.e. the class of commutative semigroups that
satisfies the identity AR T 1
7) ABTG, 8) A .

m
we would like also to mention the problem of

finding the set o¢f wvarieties C of semigroups such that
c{n) is also a wvariety for all Q or for some .
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