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A NOTE ON SOLVING LINEAR ORDINARY
DIFFERENTIAL EQUATION

Zdravko F. Starc

Abstract

A note on solving linear ordinary differential equation of the
n-th order is given.

The object of this note is investigation of integrability of linear differ-
ential equation of the n-th order.

We start from known results. The substitution y’ = zy transforms the
linear differential equation of the n-th order ’

ao(2)y™ + a1 (z)y™* "V + -+ + an_1(2)y + an(z)y = 0 (1)

into the nonlinear differential eqation of the (n — 1)st order, of the Riccati
type,

ao(z)Fu(z) + a1(2)Fo-1(2) + - -+ + @n-1(2)F1(2) + an(2) =0 (2)
yvhere
Fi(z) =z, Fu(2) =2Fn1(2) + (Fazi(2)) (n=2,3,..). (3)

According to K. A. Haseinov [2] the general solution of the eqation (1) is
given by '

y= C’lexp/zlda:+-o-+C’nexp/zndz'
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where z; (£=1,2,...,n) are particular solutions of the equation (2).
From {3) we immediately obtain

F2(2)= 247,
Fy(2) = 2% + 322" + 2",
Fy(z) =2 + 622 + 422" + 327 42", .

; o X (4)
Fi(2) = 2° + 10232' 4 1522 4 10222" + 102'2" + 522" + 2

Falz)= 2" 4 -4 200D

and it is easy to see that the expression F,(z) contains the addend 2("~1).
Using (4) we can rewrite the equation (2) in the following form

ao(2)z" D + a1 ()2 + -+t an_3(2)2" + an_a(2)2'+
tn-1(2)z + ao(2)(2" + )+ ar(2)(Z" 7 4 ) oo

an-3(2)(2% + 322") + an_2(2)2* + an(z) = 0.
Let we consider the following two equations, linear and nonlinear,
ao(z)2" ™V 4 ay(z)2" D + ot ap_a(2)2 F a1 (2)2=0, (5)

ao(2)(Z" + Y+ a (@)@ 4+ )+ F ana(2)2E +an(z) = 0. (6)

Let p(z) be a particular solution of the equation (5). Then we have
from (6)

an(z)=—ao(z)(p(z)"+- J—a1(z)(p(z)" 1+ )= - - —an_a(z)p(2)?. (7)
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Substituting (7) into (1) we obtain the following equation
ao(a:)y(n) + al(x)y("'l) +t an—1(37)y' _ (ao(x)(p(a:)n ¥ ')&_'_

(8)
+a1(2)(p(x)"t +-2) + -+ + an—a(z)p(2)?)y = 0.

~ In accordance with the above we can formulate the following result.

Theorem. Suppose that a;(z) (i = 0,1,...,n) are continous func-
tions, ag(2) # 0 and p(z) is a particular solution of the equation (5). Then
a particular solution of the equation (8) is given by

Y= éxp/p(m)dw.

On the other hand, knowing one nontrivial particular solution of the
equation of the (n — 1)st order implies knowing one nontrivial particular
solution of the equation of the n-th order.

In particular, if n = 3,4,5 then (8) become

ao(z)y" + ar(2)y" + ax(2)y'-

(9)
~ [ao(z) (p()? + 3p(z)p'(2)) + a1(z)p(z)*]y = 0,

ao(2)y™® + a1(2)y" + az(2)y" + az(z)y'~
~ [ao(z) (p(2)* + 6p(2)*p'(2) + 4p(2)p"(z) + 3¢ (z)*) +

+ ay(x)(p(z)® + 3p(2)p'(2)) + az(2)p(z)?]y = 0,

ao(2)y®) + a1(2)y™® + az(2)y" + aa(2)y” + aa(z)y'~

— [ao(2)(p(=)* + 10p(2)°p' (<) + 15p(2)p'(<)? + 10p(=)*p"(x)+
+10p'(2)p"(2) + 5p(2)p" () + a1() (p(2)*+ (10)
+ 6p(2)’p'(2) + 4p(2)p"(2) + 3p'(2)*) +

+a3(2) (p(2)* + 3p(2)p'(2)) + as(z)p(z)?]y = 0
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respectively.
Two examples will now be considered.

Example 1. It is krown [1] that the general solution of the following
equation .

f(2)g(2)y" = (2f(2)f'(2)g(2) + f(2)*d'(2))y'+
+ (2f'(2)’9(2) + f(2)f'(2)g'(2) — f(z)f"(z)g(z))y = 0

is given by

y = Ci f(2) + Cs f(z) / o(2)dz .
With p(z) = a f(z) (a € R) the equation (9) becomes
F(@Pg(@)y" - (2f(x)f'(2)g(z) + f(2)q'(2))y"+
+ (2'(2)*9(2) + f(2)F'(2)g'(2) = F(2)f"(2)(2))y'+
+ @ (@) (f(2)g'(2) - f'(2)9(2) = af(=V g(@))y = 0

which a particular solution is given by

Y= expa/f(x)d:c.

r

Example 2. The general solution of the equation
gty® + 23y — 222" — 22y’ — 8y =0
is given by
y=C122+Cy2’ Inz + Ci(z lna:)2 +Cyz7t.
With p(z) = az? (a € R) the equation (10) becomes
ety + B3y — 222" — 22" — 8y’

— a*(a3x™ + 21a’z" + 70az® + 2002 + 82° + 38z°)y =0
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which a particular solution is given by
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3ABEJIEINIKA 3A PEIIIABAIBE HA OBUYHHA
JINMHEAPHU IN®EPEHIINJAJIHUA PABEHKHA

3apasko ®. Crapn

Peszuwme

Bo oBaa pabora e manmeHa 3abelieliKa 3a pellaBame Ha OOGWYHHM
JWHEapHU AMPEpPEeHNUjaTHN PABEHKH OX N-TH pell.
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