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Abstract

In [2] the neutral network learning problem was formulated as
the following LP-problem:
Find £; > 0, j = 1,...,n + 1 which satisfy the n? + 1 con-

straints:
Ti = asiTs + hiTny1 20, t#s, ,8=1,...,n
T; — Tntt 20, i=1,...,n

r1+z2+ - +z2a=1

and maximize the linear form z=zp41;
all the a4, hi, 0 < a4y < h; < 1 are assumed to be known. Then,
the feasible bases to the dual problem in standard form were dis-
cussed.

Now, we consider directly the above stated LP-problem and
characterize the extreme points of the et of feasible solutions.

Let D be the set of feasible solutions of the considered LP-problem,
i.e. the set of vectors ¢ = [z;] from the Euclidean space E™*!, whose
components satisfy the conditions:

T;— G5i%s — hiTpy1 20, i#s, ,8=1,...,n (1)
z; —Tpye1 20, i=1,...,n (2)
T1t+ e+t =1 (3)
z; >0, ji=1...,n+1 (4)
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for given as;, h;, 0 < as; < h; < 1,8 #14,4,8=1,...,n, and maximize
Z=Tnt1-

. 1
Obviously, z = -~ [1...10]F € D (T means transposition).

Since D # 0 and 0 < zp41 < z; < 1 for every z € D by (2) and (3),
it follows that D is a convex polyhedron. Then, D has a finite number of
exterme points and, by the fundamental theorem of linear programming,
at least one exterme point of D will be an optimal solution. Moreover,
any extreme point of D can be found as a solution to a regular system of -
n + 1 tight constraints from (1)-(4). Obviously, equation (3) is in¢ludes in
every such system. The special structure of these systems, and the sparcity
of their matrices enable the construction of the extreme points and the
selection of one, whlch is better than that previously considered.

The vector z° = [¢9], where 2% = l/n j=1,...,n+1,is a good point
to start the con81derat10ns because it is a positive solutlon to

z; — Zpy =0, i=1,...,n
T1+ 2+ tea=1

which is one of the regular systems of n + 1 tight constraints, Bz = e,+1,
where e,41 is the (n 4+ 1)-th unity vector in any case.

It is easy to see that x° is a feasible solution, and moreover it is an
optimal solution, if

1—as,~—h,~20, S;é'i, i,s:l,...,n.
Otherwise, first of all we can pay attention to regular systems of n + 1
tight constraints, whose matrices have a maximal number (n+1) of nonzero

elements in one column One type of these matrices can be partitioned as
follows:

where A,,,, is diagonal matrix of (n — 1) order, whose diagonal is

diag(—a1k, —G2ks .+ ) —@k—1,k) —Ckt1,ky - +> —COnk)
e _ e)” —a —h
Alk = ( b hke(n 1)] ’ Alklk = [(e%n.l_)l))'r] ° AJka = [ 1kl 0 l]

for given k and I # k; e{®~1) denotes the (n — 1) vector whose components
are all 1; e; denotes the [-th unity (n — 1) vector;

LIi={1,....,k=1,k+1,...,0}, Jy = {k,n+1},
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Jr={keJ,1+2%}, J={1,...,0-11+1,...,n}.

The inverse B~!, partitioned in the same way as B, is

B—l — l [Blklk BIka ]

a I Tk Ik Ik
where
_ B _ _ 1
a=—+0k, Bi=hax+hy, Pr=haut+h, =) —,
a s=1 Qsk
stk
0=1-anag,
(B — cag)/dly, s=j#I
(Be + hi, — aay)/al,, s=j=1
(BIka)sj = . 3
Br/(askajx), s#J#I
(B + he)/(askar), s#j=1
hk/ask) SEIkajzk
(BIka)Sj = .
Brlask, s€Ig,j=n+1
B/ (@), i=1, jeJy—{l}
(B, 1 )is = Bi/ad, — hxy/aw, i=1, j=1
el 6/(ajka‘“€)7 i1=2, jeJp—{l} ’

8/al — (1+7)/au, i=2, j=1

_hk77 i:j:k

/Hl/alka l:k, ]:n'l']-
(nglk)ijz . .

-(1+4+7), i=n+1l, j=k

5/a1k, i=j=n+1.

Practically, to find the solution Z = B~le,4; and to verify its feasibil-
ity, we need only the last column of B~!, which means the second columns
of By, ;, and By, 5

Thus,

. Brlask, s€lk
T = 'C'Y'[—m-s], T = ﬂl/alk , s=k

6/, s=n+1
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and % is a feasible solution if

6 .
— < min{ﬂ, min { B }}
Ak ai s€L | ask

and

i€ -{k}, iel,={1,...,7=1,74+1,...,n} r#k,1;

Z = 6/aj; is the corresponding value of the objective function.

Once we have the feasible solutions T, then in order to find a new
system B'z = ey,1, we look for the next candidates k' and I’ # k', such
that

6’ — 1 — a,llkl aklll ) ﬁll = hll allkl + hkl, ﬁk’ = hk' ak'l’ + hl’ s
! = 1 !
v = —, o =Pu/apy
sk
s=1
s#k
and
a<a (5)

If there are such k' and I, then we compute the (n + 1)-th column of
(B")~! and we verify if it represents a feasible solution #'. The improvement
of the objective function is insured by (5). If there are not such &’ and !,
then we can compute all the other elements of B~! and check the optimality
of T, applying for example, the complementarity theorem.

A little different type of regular system of n + 1 equations is the one
whose matrix can be partitioned as follows:

A An A12
B =
[AZI Azg]

where A;; = I(»=1) is the identity matrix of order (n — 1),

— Qks 5 S;ék,jzl

Avg)sj =

- ajk, ?:Zl,j:l

(A21)i; =4 0, i=1, j#£I Agg = [i _gk]
1 7‘22’.77516)
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for some k and | # k. Again, the elements of the inverse

B-—l - I:Bll 312]

By1 By,

can be easily computed.
In particular, the elements of the last columns of By and B3, which

. O
means the solutions of the considered system is & = —[d,], where
U

n=(1-aran) Yy _hs+ (hi+ auchz)(l + Zaks) :

s#k s#k

s = aks(hk + alkhl) + hs(l - alkakl)3 $ ‘_/é ka l
&y =hi+ahe, &xr=hr+arh, Tpny1=1-apay.

&

Then, we continue the discussion of feasibility and optimality of & as
in the previous case. When there is no optimal solution of this type, we can
turn our attention to regular systems of (n + 1) tight constraints, whose
matrices have the structure (may be after rearrangement)

B = [All A12] ,

Ag1 As
where
17 i=j=1,...,n—1
(A11)ij = —@ig1,4, t=1,...,n—2
0, in any other case,
0, Z:l, .,n—2, J:l
(AIZ)tJ"‘ Apn—1, t=n-—1, 7
Chi,  i=l,..n-1, j=2
0, i=1, 57=1,...,01-1,1+1,...,n-1,
(Azl)lj — - a-ln, 1= 1, ] = l’
1’ t = 9 ]:1-, ,’l—l,
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for given I, 1 <1 < n. Since Ayy is found,

1, i=j

4 0, 1>
(Afy) = j-1

Has+1,.s'7 i< J
s=1i

then the blocks of the inverse B~! can be easily computed, partitioned in
the same way as B. So, we find

B! = 1By Bp
"~ B | Ba B
where

n—1n-1

ﬁ=(1—azn Ha1+1z>(zh1+zzhs H a1+lz>

k=2 s=k i=k—1

<1+nzln T G4l z) (h +a1n (h1+2hs+1naz+l z>
s=1 i=s
Ba= [ B2
n—1n~1

ﬂu—zh +Zzh H Qit1,i

k=2 s=k i=k—-1

B2 = hyn + apy (hz + i hsy1 H aH—l,z’)
s=I i=1

n—1n-1 n~1
o1 = —(1 + Z H ai+1,i) v Br=l-an H Qit1,s
s=1 i=s : 1=l

Then, for the elements of

Bia = —A{ A3 By,
By = ~ By A1 AT},
Bi1 = AFH(BI™Y — A3 By)

formulae for computations can also be found.
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Actually, we need only the value fB3/8 in order to conclude that
B~ le,;; may be a better candidate for extreme point. Then, we can
compute the second column of Bi;, whose elements are

(ﬂ12ﬁas+1,s+ﬁ2z(/1i+ nI:[l hssﬁak.{.l,k)), i=1,...,n—1.

s=1 s=i+1 k=1

B
*
z; =

Since 2% = P12/B and z;,; = Pi2/B are arleady known, we have the
solution x* to the considered system, and we can check if it satisfies the
remainder of constraints, and if there are better candidates for feasible
solutions of this type.

The other possibilities for extreme points are the solutions to systems
whose matrices have almost a block-diagonal form, with blocks as the ma-
trices considered above.

This process of solving the considered LP-problem seems effective, be-
cause the formulae and the computations are particularly simple.
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EKCIIJIMITMTHO PEINIEHVE HA LP-MOJEJI HA IIPOBJIEMOT
HA OBYYYBAIBE HEBPOHCKA MPEMA

Immurpa Kapunnka u 'opfu JoBarueBCcku

Pezume

Onrumanso pemenue Ha JIII-3anauarta 3a o6yuyyBaHe Ha HeBpOH-
CKa Mpe¥a 3a mpeno3HaBame JIMKOBU, MOMXe Ha ce Hajle co npebapy-
Bame Ha eKCTPEeMaJHUTEe TOUYKHM Ha KOHBEKCHWOT IHOAHMEeNap OJX IOMyCT-
JIUBHU pelleHuja, KOPUCTEjKM ja eOHOCTaBHATA CTPYKTypa Ha MaTpU-
maTa Ha peryJlapHUTe CUCTEMW OUpaHWUYYBama onl n + 1-Bu pen.
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