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THE CENTER CONDITIONS FOR A
CLASS OF CUBIC SYSTEMS

€. Dolichanin *, V. G. Romanovsky ** and M. Stefanovié *

Abstract

One of famous problems of the theory of Differential equa-
tions, namely, center—focus problem, are considered. For the cubic
vector field

i% =w (l —aioW — A 1W — a1 WW — a_13w_1 Ua) R

in the case when a11 # —a19a01 the necessary and some sufficient
center conditions are obtained.

We consider the cubic system of the form

lfl‘—}:— :w(l—alow—amﬁ—auwﬁ—a_lgw'l 70_3) s (1)
where w =z + 1y, a;; € C.

To solve the problem of distinguishing between a center and focus it
is necessary to obtain Lyapunov focus quantities, which are polynomials
of coefficients a;;, @;; of the system (1). There are many algorithms for
its calculation (see, for example, [1], [3], [6], [7]), but we use the algorithm
described in [4, 5]. Let us denote z = (241, 23, ..., Z3), bij = Gji,

Mathematics subject classification: 34C

61




62
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[z] = a5 ag7 af aZi3 b5%, b7 b1g agf -

Computing the function

V@)= D Ve ol

LYgeeey 17820

by the recurrent formula obtained in [4] we get Lyapunov focus quanti-
ties g11, 922, 933, - --- We denote by I the ideal generated by whole fo-
cus quantities, and by I the ideal generated bi k first quantities, i.e.
I = (911, 9225 ---)s Ik = (911, - -+, gkk). After factoring every calculated
quantity gxx modulo the ideal I;_; we obtain:

g11 =2i(Im[0010 0000] + Im[1100 0000]),

g22 =Im[1100 0100] mod(g11),

5 1
933 = — %Im[0300 1001] —  Im[0001 1011] + 7 Im{0100 1003] -

9 1
~3 I'm[0001 0040] — 3 I'm[0200 1002] mod I
where I'm a is the imaginary part of complex number a.

Theorem 1. If the system (1), where a1; # —ay0a01 has a center in
the origin, then one of conditions holds:

(i) a1 = Imaypae = Im 0:31 d_13=1Im a‘lloa_w =0

(ii) @10 = Imay; = 0;

(iii) @y = Imayy = Imatya_q3 = 0;

(iv) Im aypap1@11 = Imayeaos = Imad; @13 =0
ao #0, ao1 #0, an #0;

(v) Imay; = ayo — § Go1 = 0;

(vi) @10 — 3ao1 = |a—13| — 2 |a01|2 =0.

Proof. From the second center condition g2 = 0 obtain

ajotorbn = h, (2)
where h € R. Therefore we can consider three cases:
(a) ayp = 0;
(b) agy = 0;

(C) a10 75 0, a1 7£ 0.
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(a) In this case from the condition g,,-¢ we have Ima;; = 0 and,
hence, the condition (ii) is fulfilled.

(b) The condition g¢;; = 0 yields Imay; = 0. Computing the next
polynomials ¢;; under the condition ag; = 0 we obtain

g22 = mod Iy, ¢33 =0mod I}, gsga =Im[0010 1004] mod I; .
Hence, from the equation g44 = 0 we get either
a1 =0

or
Imajga_y3 = 0.

Thus we have either the condition (iii) or
ap1 = a3 = 0.
In the last case, computing focus quantity we get
gs5 = Im{0001 2004],
i.e. the equation gs5 = 0 yields
la_1s|* Imatya_yz =0,

and therefore the conditions (i), (iii) holds.

(c) In this case from (2) we obtain
ai1 = ¢ a100o1 , (3)
where g € R, and then from the equation g7 =0
Im[1100,0000](14+¢)=0. (4)

In this paper we consider only the case g # =1 (i.e. a11 # —a10a01) and
therefore, taking into account that ag; # 0, from eq. (4) we obtain

aig = 5—0701 (5)

where s € R.




64

Substituting this expression to the equation g33 = 0 we get

1 1
Im[0400 1000] (Zs3 - gsz - %s—}- %) =0.

Therefore we have either the condition (iv) or one of the next three
conditions:

(a) =3,
(/6) 3=_3’
() s=3.

It was mentioned above that the calculation of Lyapunov focus quantities
is very difficult computational problem. To simplify calculations we recal-
culate polynomials g;; for every from cases (a) — (y) analogously as we
had done in [5].

Computing we obtain in the corresponding cases.

(a) In this case from g;; = 0 we have a;; = o, where a €R, and
g22 =0mod I, ¢33 =0mod I,

70 3
gaa= -3 I'm[0101 0050] — ?5 I'm[0011 0040] mod [; .

Hence, using the correlation g44 = 0 we have
70
Im[0001 0040] (—— lao1|* - 3—5—a) =0.

Thus we get either the condition (iv) or
2
a11 = —2ag1b1o = —2ag1|” .

In the last case computing fifth Lyapunov focus quantity we obtain

25 100
gss =~ I'm[0002 1040] + % I'm[0201 0060] .
Equation this polynomial to zero we have

25 100
I'm[0001 0040] (—? |(1_13|2 + o |(101|4> =0
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Thus either the condition (iv) or (vi) takes place.

(8) In this case computing sixth focus quantity we have
ges = Im[0031 0040] mod I5 .
Therefore the conditions ggg = 0 yields
o> I'm[0001 0040] = 0.

and we gef either (iv) or a;; = 0.
The case ay; = 0 we will consider below.

(7) In this case, obviously, we have the condition (v).

There remains to consider the case when a;; = 0. Then the equation
g11 = 0 implies
Imaypae; =0,

and, therefore, it is necessary to consider two cases:
(ac) ap1 =0,
(BB) ao1 #0.

() This case we have considered above.

(8B) In case the correlation (5) is fulfilled, and, computing g44 and
equaling it to zero we get

28 14
3
- 10]=10.
s ( 57 s+ 27) I'm[0001 0040] [0100 0010] = 0

Therefore one of conditions is realized:
$=3 (ie. (v)).

or

Im[0001 0040] = 0.

In the last case we obtain
I'm[4001 0000] = st I'm[0001 0040] = 0. (6)

Thus the condition (i) is fulfilled.
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Remark 1. The fact that (i)—(iii) are the necessary center conditions
has been established in [2], by we have obtained it by the independent
method.

Theorem 2. The conditions (i)-(iv) are the sufficient center condi-
tions for the system (1).

Proof. The sufficiency of the conditions (i)-(iii) are proved in [2].

In the case (iv) using the correlations (3), (5) and a_13 = tad; (¢t €R),
which is the corollary of the equation

Im[0001 0040] = 0,

we can conclude that polynomials g;; are polynomials only on partitions of
vectors (0, 1), (1, 0), and therefore from the structure of polynomials gy
[4, 5] we obtain that gxx = 0 V4, i.e. the corresponding system (1) has a
center.

Remark 2. It seems the conditions (v), (vi) also are the sufficient
center conditions, because according to our calculations, in the case (vi)
gii =0 Vi=1,12 and in the case (v) g;; = 0 Vi = 1,10. But to prove
this fact it is necesary to find a holomorphic integral.

Remark 3. In the case ay; = —ajpa91 we have computed seven
polynomials gq1 ..., g77, but the polynomials gss, ..., g77 contain about
20 — 30 terms and the problem is to obtain a more simple description of
the zero set of the ideal I = (¢11, ..., g77)-
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YCJIOBUM 3A IIEHTAP 3A EJIHA RJIACA
CUCTEMHN

*

K. Honuuyanug *, B. I'. PomanoBcku** u M. CtedanoBuK *

Pezume

Ce mocMaTpa eneH ol INO3HATUTe TpobieMu Ha TeopHjaTa Ha JU-
depeHIMjaIHATE PAaBEHKY, UMEHO NpOOGJIeMOT Ha HeHTap—¢oKyc. 3a
KyGHOTO BEKTOPCKO MOJe

dw

1 E =w (1 — QoW — QGp1 W — a1 W W — a_lgw_l Ea)

BO CIy4YajoT KOTa @17 # —djpd¢; C€ MOOMEHW MOTpeOGHUTE, W HEKOU
JOBOJIHM YCJIOBM 33 TEHTap.
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