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Abstract

The building of polynomial solutions on the whole of algebraic
differential equations are considered.

& 6. The building of polynomial solutions on the whole

The finding of solutions—polynomials of equation (1) that indentity
vanish definite structural forming of equation (1) is putting into the base
of reasonings. For this purpose we write algebraic differential equation in
the form #”

T(z, w,w, ...,w(ﬁ)) + (z, w, w',...,w("’)) X

6.1
X{Aj(z)#; (z,w,w', ... ,w("")) +Aq(2)¢8 (z,w,w', .. ,w(”'))} =0. (6-1)
where T, 9, ¢ and Ay (k € {r, j}) are the polynomial of their arguments;
B, 1,y and py are non—negative integer numbers; a, = deg A,(2) > a; =
deg A;(z), § is natural number, moreover (a, — a;)§~! = s is non-negative
integer number.

Mark 1/6
6(2) = |(-4n(2)/4;(z)"°]
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where the symbol [ | means polynomlal part of expansion on decreasing
degrees z. Then degG(z) =
We define the polynomlal @(z) from the correlation

Ar(2) = —4;(2)G°(2) - Q(2). (6.2)

Replacing in (6.1) the coefficient A,(z) by A;(2), G(2) and Q(z) on
the base of (6.2) we form the equality

F (z, w,w, ..., w("‘)) = A;(2) (z, w, W, w(v)) *
* {d’j (Z, w, w’, ceey w(ﬁj)) _ Q'&(z)(bf (Z, w; wr, o w(p'))} .

where ,
F (z, w,w,..., w("‘)) =Q(2) (z, w,w, ..., w('Y)) *
* ¢§ (z, w,w, .., w("f)) - G%(2)¢8 (z, w,w, ..., w(”r)} .
.Further it is expediently to input in addition following conditional mean-
e F (z, w(2), &'(2), ..., 0¥ (2)) = F(z; w(2)).
¥ (2, w(z), W'(2), ..., w(2)) = ¥(z; w(2)),
Dk (z, w(z),w'(z), ... ,w(”')(z)) = ¢y (z; w(z)),
f(m) = deg F(z; w(2)),  9(m) = deg(z; w(z)),
pr(m) = deg ¢i(2; w(2)),

where w(z) is polynomial of degree degw(z) = m.
Following two theorems are the essence of method [96].

Theorem 6.1. For the polynomial w = w(z) of degree m to be the
solution of equation (6.1) fulfilment even though one of the conditions:

pj(m) = @r(m)+g, f(m)<a;+Ip(m)+bp;(m). (6.3)
wi(m) > pr(m)+g, f(m)=a;+19(m)+{g+ p.(m)}
wi(m) < r(m)+g, f(m)=a;+Ip(m)+6{g+ ¢-(m)}

Theorem 6.2. Equation (6.1) can have polynomial solution w = = w(z)
of degree m, satisfying to the correlatlons (6.3), if this polynomial is a
solution of the equation

1/J(z,w,w,...,w('7)> =0 (6.4)

- or a solution even though one of the equations




é; (z, w,w, ..., w(p")) — e:G(2) (z, w,w, ..., w(”’)) = e+P(z), (6.5)

t=1,6,

where ¢, are the roots of the equation ¢ = 1, P(z) is some polynomial of
degree deg P(z) = p, defined by the correlation

p < f(m) —a; —lp(m) — (8§ = 1){g + ¢ (m)} ,
and for the condition
£m) < a; + Lb(m) + bip;(m)
defined by the correlation
p = f(m)—a;—lp(m)— (6 —1){g + ¢r(m)}
moreover, if p < 0 then P(z) = 0.

If the polynomial w = w(z) of degree m is the solution of the
equation (6.4), then for this polynomial to be the solution of the equation
(6.1) is necessary and sufficient the indentity 7(z; w(z)) = 0, where
T(z; w(z)) = T (2, w(z), W'(2), ..., wP(z)) fulfils.

If the polynomial w = w(z) of degree m is the solution even though
one of the equations (6.5) for P(z) = 0 then for the polynomial to be the
solution of the equation (6.1) the fulfilment of identity F(z; w(z)) =0 is
necessary and sufficient.

Therefore the finding of polynomial solutions (3) of algebraic differen-

tial equation (1) can be realized by the means of consequent fulfilment of
the following steps.

1. The leading of the equation (1) to the type (6.1), for which the
correlations (6.3) are right, i.e. to the equation for which exactly two
composing have identical the largest degrees for the substitution of the
polynomial w = w(z).

2. The finding of the famility of polynomials of degree m, satisfying
to (6.3), on the base of equations (6.4) and (6.5) of theorem 6.2.

3. The picking out from the all multitude polynomial of getting struc-
ture those that are the solution of initial differential equation (1).

The leading of equation (1) to the form (6.1) for the condition (6.3)
can be realized on the base of arbitrary groupping of the terms of equa-
tion (1) if only in the consequence the correlation (6.3) fulfil. In some
cases as following from theoretical or practical interests it.is worth while to
lead differential equation (1) to special forms. Point some classes of such
equations.




Hl=0o0r¢(zww,...,0) =1, then equation (6.1) can be wrote
in the form

T (z, w, W', w(ﬁ)) +Ar(z)¢7£ (z, w,w.. ., w(”')> +

(6.6)
+Aj(2)¢§ (Z, w,w ... , w(”f)) =0,

and, as a consequence of theorem 6.2, is just

Theorem 6.3. Algebraic differential equation (6.6) can have polynomial
solution w = w(z) of degree m satisfying to the conditions

t(m) < ar + 6 (m) = a; + bp;(m),

where ¢(m) = deg T'(z; w(z)), if this polynomial is a solution even though
one of the equations (6.5), where P(z) is some polynomial of degree
p = f(m)—a; — (8§ — 1)p;(m), moreover, if p < 0 then P(z) = 0.
If ¢ (z,0,0,..., w(”r)) = 1 then equation (6.1) for the condition
(6.3) can be wrote in the form
r (z, w, w',...,w(ﬁ)) + ¢ (z, w,w,. .., w(w)) X

X {Ar(z) + Aj(z)(bf‘ (z, w,w, ..., w(”f)>} =0,

and theorem 6.4 is true.

(6.7)

Theorem 6.4. Algebraic differential equation (6.7) can have polynomial
solution w = w(z) of degree m satisfying to the correlations

t(m) < a, + lp(m), a; = a, — bp;(m), (6.8)

if this polynomial is the solution of equation (6.4) or the solution even
though of one of equations

b (2, w,w', ..., 0 = ¢,G(2) + e, P(2), t=1,6,
j

where P(z) is polynomial of degree p = f(m)—a;—Ip(m)— (8§ —1)p;(m),
moreover, if p < 0 then P(z) = 0.

If ¢ (2,w,0,...,0M) = ¢; (z,w,w',..., wi)) then equation (6.7)
will take the form '

T (z, w,w,. .., w(ﬁ)) + A (2)9 (z, w, W', j‘*’ w(v)) +
(6.9)
+ A;(2)p"*? (z, w,w, ..., w(“’)) =0,

and as a consequence of theorem 6.4 theorem 6.5 is true.




Theorem 8.5. Algebraic differential equation (6.9) can have polynomial
solution w = w(z) of degree m satisfyng to the correlations (6.8) if this
polynomial is the solution of equation (6.4) or the solution even thought of
one of the equations

) (z, w, W, w('Y)) =£:G(2) + . P(2), t=1,6,

where P(z) is polynomial of the degree p = f(m) — a; — (I + 6 — 1) 9(m),
moreover, if p < 0 then P(2) = 0.

If in the equation (6.8) the constituent ¢; (z, w, o', ..., w(#)) = W
then it will have the form

T (z, w,w,. .., w(ﬁ)) + 9t (z, w,w,. .., w('Y)) X

X {Ar(z) + Ai(2) (w<3))6} =0,

and as a consequence of the theorem 6.4 (also as of theorem 6.5 too)
theorem 6.6 is true.

(6.10)

Theorem 6.6. Algebraic differential equation (6.10) can have poly-
nomial solution w = w(z) of degree m satisfying to the correlations
t(m) < ar +lp(m), a; = a, — 6§(m — 3), if this polynomial w = w(z) is
the solution of equation (6.4) or this one have the structure

w=eJG(z)+ D(2), t=1,8, (6.11)

where [J? is the operator such that J22% = {(k + 1)3}"1 2k+3, (k+1)sis
Pochhammer’s symbol, D(z) is some polynomial od degree deg D(z) = d,
defined by the correlation d = p+ 3forp >0, d < 3—-1 for(o < 0, the
number p = f(m)—a; — lp(m) — (6§ — )g. H 9 (2, w, w',..., W) =
then the equation (6.10) will have the form
! 146
T (z, wyw'y .. w(ﬁ)) + A (2) {w(s)} + Aj(2) {w(3)} " 0, (6.12)

and as a consequence of the theorem 6.6 theorem 6.7 is true.

Theorem 6.7. Polynomial solutions w = w(z) of degree m = 3+ ¢
such that t(m) < a, + I{(m — 3), a; = a, — 6(m — 3) of algebraic differential
equation (6.12) have the structure (6.11) where D(z) is some polynomial
of degree m defining by the correlation d = 3+ p for p >0, d < 3—1 for
p < 0,the number ,p= f(3+g)—a; — (I+6-1)g.

Particularly from theorem 6.7 known E. D. Reinville’s theorem [1;
97, p. 44; 98, p. 255] about the presence and the structure of polynomial
solutions of algebraic Riccati’s eqauation follows that (as pointed in intro-
duction) become point of departure in the creation of the method described
in this paragraph.
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& 7. Maximal number of polynomial solutions of
definite structure '

In & 6 the method of the finding of all the polynomial’s of degree
m famility was considered in which polynomial splutions of degree m of
algebraic differential equation (1) are contained. The following problem is
putting: to point out the conditions for which all polynomials of famility
will be the solution of equation (1) [25, 30, 37, 71, 81].

Consider the famility of polynomials

w = 4G(2), t=1,34, (7.1)
where G(2) is the polynomial, £; are the roots of the equation €’ = 1 such
that Er = Et.

The terms of algebraic differential equation (1), in dependence of their
dimensions, we put such that

Ko = Kp, + §p05, pPo = 0, /\1, 0 S /\] S N;
Ka+l = Koy + 65,6, P = A1+, A, AM+1< A <N, (7.2)
K1 417Kp, o T+ €Ph—16, Ph-1=Ap_1 + 1, ’\ha Ap = N,

where £, = 0, h — 1) are integer numbers, h < §.

Theorem 7.1. For all polynomials of famility (7.1) to be the solutions
of algebraic differential equation (1) it is necessary and sufficient for the
polynomial G(z) to be the solution of the system of equations

Aa S Vi L
Z Br(z) H {w(l"‘)} - 0, a=1,h,
T=Ag—1+1 k=1

where Ay and h are defined from the condition (7.2).
For example for the equation.

S A {0} = 35 5 2} (73)
=0 k=1 =0

for 0 <y < vy <...vp, v, > 2,in accordance with theorem 6.6 and 8.7,
the famility (7.1) we will consider in the form

w=¢J°G(2), t=1,86, (7.4)

where § = v; — v,.

G(2) |(=B.(2)/Bi(2)""] . (7.5)
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We'll define the polynomial @(z) from the correlation
B,(2) = -B;(2)G%(2) - Q(2). (7.6)

With the respect to (7.2) assume that the dimensions of the terms, situated
in the left part of the equality (7.3), are connected by the correlation

Ki=Ko+ 66, i=0H

where 6; are integer numbers (in the investigations of D. Dimitrovski and
P. Lazov [25] and L.G. Oreshchenko [37] for partial forms of equation (7.3)
it is neccasary more strong condition 6y = 6, = ... =0y = 0).

Then following statements take place. '

7.1.1. For all polynomial of the famility (7.4) to be the solutions of
equation (7.3) it is sufficient and for the limitations

ko =VUr, +£1,0, Ko=v,+ 06, vy—v#66, 6=v;—v,,
T)\E{O’l"",n}’ TA#T, TA#J', A:m, ISﬂSn_z’
l:m’ L#r, 1#]5, 1#m, h=0,—n, h#j, h#l,

h#7m, p=0,n, p#j, p#m,

where 61 £ 0, 0; # 0, &, are integer numbers, it is necessary too that the
equation (7.3) has the form

EA(z>H{ (e} Zmz){ @1 4
+ B,(2) {w } + Bj(2) {w(a) }Vj

the polynomials B.(z) and B;(z) are connected with the correlation

B,(2) = =B;(2)G%(2), (7.7)
and the polynomla.l J?G(z) is the solution of the equation

ZA(z)H{w<"=-} EB,A(z){ @}

7.1.2. For all polynomials of the famility (7.4) to be the solutions of
the equation (7.3) it is sufficient and for the limitations

Ko =Vp + &6, Ko Fvi+616, vh—vi #6068, §=v;—v,.
l:(),_n l#’l‘, l#], hZ‘-O,—’fL, h#], h#l>
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where ¢, 6; # 0, 8, # 0 are integer numbers, it is necessary too that the
equa,tlon (7.3) has the form

Z At(z)H{ W)™ = B,(2) {«@}" + Bj(2) {«@}”, (9

where the polynomials B, (z) and B; ;(2) are connected with the correlation
(7.6) and the polynonual J %G(2) is the solution of the equaion

> 4 [T {s)" = -0 {u)”

7.1.3. For all polynommls of the famility (7.4) to be the solutions of
the equation (7.3) it is sufficient and for the limitations

Ko =w+&6, v,—v, #0606 l=07_n7 h=0,n,= h#m, h # 7,
p=0,n, p#3j, p#h, §=vi-v ,

where £; and 6 # 0 are integer numbers, it is necessary too that this equa-
tion have the form (7.8), where the polynomlals B,(z) and Bj(z) are con-
nected with the correlation (7.7), and the polynomial 7?G(z) is the solution

of the equation
Z Aqi(2) H { (Iks) }
Consider the famlhty of polynomlals
w = €:G(2) + D(z), t=1,6, (7.9)

of more general form which will be the solution of equation (1) then and
only then when the system of the identities

n, Vi, Z i s
SEEH Y T Z k= 1}(”’") (7.10)

i=0 J1=0 j2=0

o D))" {g(‘*-)(z>} =0, 1=T1,3,

is consistent.
Regroup the identities (7.10) taking into consideration thet the terms
of each of these identities connected by one of logical possibilities

8 85 i
Yo k=08 jk=1+66...,) ji=(6-1)+68, (7.11)
k=1 k=1 k=1

where 8 is integer non-negative number. Then the identities (7.10) will
have the form
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N A v2(2) ¥ (A s
2y oy >3 (2 )

A=0 =0 T1=0 15=0 75, =0 k=1

* {D(l’“')(z)}yki—xx’mc {g(l’“’)(z)}wkrk =0, A=1,6

where \xkr, (K= 1,8, A = 0,6—1, 7 = 0, 7x(A)) are meant those

(7.12)

S
jk € {0, 1, ..., v}, for which Y jr = A+ 66, the numbers y,()) €
k=1

{0, 1, ..., vk} and are defined in dependence of the grouping on (7.11).

Theorem 7.2. For all polynomials of the famility (7.9) to be the solu-
tions of algebraic differential equation (1) it is necessary and sufficient the
fulfilment of the famility of the identities

(A v2(A) s (X)) s,

» ooy Yo X ()

T]—O T2—-0

N {D(lki)(z)} RTAXE {glka(z)}*x’”k =0, A=0,6-1,

where the numbers y,(A) and Xk, are defined in dependence of the group-
ing on A on the base of (7.11), as this is pointed in the identities (7.12).
Theorem 7.2 have general character but the representations are higly
cumbersome. Therefore consider partial forms of equation (1).
For algebraic differential equation

H n
3 42w + Y By(z) {w(S)} ‘=0 (7.13)
i=1 =0

for0<sp<s$1<...<8m,8 #3t=0, H,in accordance whith theorem
6.7, the famility (7.9) we will find in the form
w = J°G(z) + D(z), t=1,6, - (7.14)

where § = v; — v,, the polynomial is defined by the formula (7.5), D(2) is
the polynomial of degree deg D(z) = d < 3, and the equality (7.6) takes a
place.

In the set {0, 1,...,8 — 1} there is always the number p such that
v, = p+ 06, where 8 is the integer number. In accordance with the integer
numbers 0 < gp < ¢1 < ... < gp < 6—1 the exponents of degree v, = 0, n,
l# 7, 1# j, well situats so that vy, 1, = ¢, + &, + 73,

7':0,67;,, fnZO, 77:0’—’% 2(5W+1)_n_1

n=0
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where £, 4 -are the integer numbers, i.e. the set
{Vios Vig+15 -+ s Vig 40y Vi1 » Vigtls sVl trr oo Vlny Vig 41y - oo Vi 468 }

is rearrangement of the set {vg, v1,..., v} \ {v,, v;}, such that, if

vy =gk + 606
then either
Vatl = Qk + €k 6 or
Ua+1 = Qi1 + €k41 6
for gx < gr41 forany A={0,1,...,n}\ {r, j}.
Then the following statements are correct.
7.2.1. For all polynomials of famility (7.14) to be the solutions of
equation (7.13), it is sufficient and for p = 0 it is necessary too for poly-

nomials B,(z) and B;(z) to be connected by the correlations (7.6) and the
polynomial J%G(z) to be the solution of the equation’s system

EA (Z)W(s)"l'z 5 E Blk+7-(2){ (3)}Vlk+r 0,

i=0
(-2) (1-5) > Buwr) (@)™ =0, =58
7=0

and for the polynomials D(z) to satisfy with the equation

H &o
3 A2 4883 Biyr(2) 6ot (2) — Q)6 (2) = 0,
=0 7=0

where 6;- is Kronecker’s symbol.

7.2.2. For all polynomials of famility (7.14) to be the solutions of
equation (7.13), it is sufficient and for p = 1 it is necessary too for the
polynomials B;(z) and B;(z) to be connected by the correlations (7.6) for
the plynomial [7°G(z) to be the solution of the equation’s system

H 1
Y A2 + Y 6l Z Blk+‘r(z){ (3)} -
=0 k=0

-Q(2){w}" g () =0,
(1 _ 627:) (1 _ 61 ) Z By, +-(2) {w(s)}w,,h —0, n=0T,

and for the polynomials D(z) to satisfy with the equation
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H o
3 Ai(2)o™) 4603 Bir(2)GHorr ()= 0. (7.15)
=0

=0

7.2.3. For all polynomials of famility (7.14) to be the solutions of
equation (7.13), it is sufficient, and for p = g5, p > 1, A € {0, 1, ..., h},
it is necessary too for the polynomlals B,(z) and B; (z) to be conected by
the correlation (7.6), for the polynomial 73%G(z) to be the solution of the
equation’s system

H 1
Z Ai(,z)f«i(") +»Z 6! Z By, +-(2) {w(c")}w"+r 0,
=0 . k=0

=0

i Biy () {0} = Q) {09} =0

=0

(1-8)(1-4) i By () {09} =0, n=0,F.
=0

and for the polynomials D(z) to satisfy with the equation (7.15)

7.2.4. For all polynomials of famility (7.14) to be the solution of
equation (7.13), it is sufficient, and for p > 1, p # ¢,, 7 = 0, h, it is
necessary too for the polynomials B,(z) and B;(z) to be connected by
the correlation (7.7), for the polynomial 7°G(z) to be the solution of the
system

H 1 £ _
3 A2l + Z 8l Z By, 4+(2) {wm} T,
1=0

(1-65) Z B +r(2){ (3)}V' " =0, n=0,k,

and for the polynomials D(z) to satisfy with the equation (7.15).
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IIOJIMHOMHUM PEHTEHWNJA HA AJITEBAPCKHA
OBUYHU INSEPEHIINJAJNIHUA PABEHKMN. 111

b. H. T'op6yzo0B
Pezuwme

Ce mocMaTpa rpanbara Ha DOJMHOMHUTE pellleHHja Ha ajirebap-
CKUTEe IMPepeHnja H PaBeHKH.

I'pommenCKMiT TOCYyHUBEPCHATET
Kadenpa maTeMaTHdeckoro anaimn3sa
yia. Owxemko 22
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