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UNITARY EQUIVALENCE OF UNILATERAL OPERATOR VALUED
WEIGHTED SHIFTS WITH QUASI-INVERTIBLE WEIGHTS

Marija Orové&anec

Abstract. In this paper we consider the problem of unitary
equivalence of unilateral operator valued weighted shifts with
quasi-invertible weights.

Let H be a complex Hilbert space, let (x,y) be the scalar
product of vectors x and y in H and let B(H) be the algebra of
all (bound linear) operators from H to H.

Let (An);=o be an uniformly bounded sequence of bounded

and linear operators on H.

L2 () = = oH,, Hn = H, for all n is a notation for the
n=o
space of infinite seauences of vectors (fk);=°, kaH such that

I1€112 = ¥ Ilfkll2 < » with a scalar product defined by
k=0
(£,9) = ¢ (f..,9.). .
! k&0 K7k

The operator on 22(H) given by
A(fo,E,,E,0.00) = (0,AgE A E, A E,,...)

is called the unilateral operator valued weighted shift with

weights (An n=o"

Two operators A and B are called unitary equivalence if
there exists an unitary operator U on H such that AU = UB.

A bounded operator A is quasi-invertible if A is injective
and has a dense range (i.e. KerA=KerA* = {0}).

Throughout this paper we consider operator valued weighted
shifts with quasi-invertible weights and we shall call them
operator valued weighted shifts.

Lemma. Let A and B be unilateral nrerator valued weighted
©

shifts with weights (A )y and (Bk);:=° respectively and




46

)m

i, j=o’

i+1,j+1Bj’

X€B(£? (H)) with matrix (X,

ij
= I 2 i =
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Since Bj has a dense range in H for all j then X°j=0, 3
Also, Aixij=xi+1,j+1Bj for all i and j. If we suppose that
an=0 for j 2 n+1, then X Bj=
in H it follows that X . =0 for j
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If AX=XB, then Xo 1=0 for j 1.
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Theorem 1. The unilateral operator valued weighted

2

shifts
A and B are unitarly equivalent if and only if there is an uni-

tary operator U, on H such that

HAa_ .. .A Ul = 1By _,+.-Boxl! for all k€N and x€H (*)

Proof. Let us assume that the operators A and B are unitary
equivalence. Then there exists an unitary operator U on 23 (H)
such that AU=UB. According to the Lemma and the fact that U*A=BU*

L

we have that the operator U is diagonal,

unitary on H. Also,-AiUi=U for all

x€H, then

1+154

A _, ...A U xI! Ha_,

UB_ - Byxll = 11B,

U=Z¢BUn and each Un is

i20. Let k > 0 and

-..U B x|

-..B x|
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Conversly, suppose U, is unitary on H and (*) is hold.
Now, we are going to define the operators Ui'

Let U,: BoH » A H is such that U,y=A,U,x for all y€B.H,
and x€{ is such that B x=y. We shall prove that U, is an iso-
metry and that U, (B,H) = AH.

oyl = 1augxlt (2 1B xIt = Ilyll, for all yeB,H.

Let x€A,H and x,€H is such that A U x,=x, and let y=B,x,.
Then y€B H and U,y=A U x =x. :

Let U, is the minimal unitary extension of U, on H
(H=B,H). So U, is unitary operator on H, and U,B =AU .

Let Uz,Ua,...,Un_1 are unitary operators on H such that
UiBy_, = Ay Ui o i€{1,2,...,n-1}. We shall define the operator

v, in the following way:?

Let U;: B ...BoH » A _ ...AH is such that U y=a _,...A.U
for all yGBn_1...B°H, and x€H is such that B _,-+-Bx=y. We
shall prove that U  is an isometry, U (B _,...BoH) = A _ ...AcH
and U B =AU .

non-1 n=1 -n=-1

(1) U is an isometry: Let y€B _ ...B H then
= (2) -
oyl = 1HA_,...A0xI1 ‘&) 1B _ ...BxIl = Lyl

(ii) Un(Bn_1...B°H) = An_1...A°H
Let x€An_1...A°H, x,€H is such that x=A__ ...A U x and

y=B__,...BXx . Then y€Bn_1...B°H and A y=A _ ...A U x =x.
(114) (Uan_1-An_1Un_1)Bn_3 . B, =
UB B «e.B =A V) B .+ B =
nn-1 n-2 o “n~1 n-1 n-2 o
Uan-1Bn-z"'Bo_An—1An-zUn-an—s -« By =
Uan_ 1Bn-z"‘Bo-An— 1An-z"'AoUo =0
Since B __...B, has a dense range in l{, then UB _.=A U ..

Using (i) and (ii) U, can be extended to unitary operator
on H (we shall call it u).

In that way we get a sequence (Un);=° of unitary operators

on Hf such that U B _=A U _ for all nt\.
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Let U=20Un and £f€22(H). Then
2 _ a _ 3 _ F
HHutl1® = ZIIUnntI lefnll £l
* = * =
also UU ZOUnUn I.
So U is an unitary operator from
£*(H) to 22(H) and AU=UB. o

Corollary. Two unilateral operator valued weighted shifts
A and B are unitarily equivalent if and only if the operators

(Ao Bg)* (.. .B,) and (By...B,)*(By...B,)
are unitarily equivalent for all keN.

Proof. Using Theorem 1 it is easy to see that A and B are
unitarily equivalent if and only if there exists an unitary
operator U, on H such that

(x,Ug(Ak...A°)=(Ak...A°)U°x) =
(x,(Bk...Bo)*(Bka..Bo)x)
for all x€H and k€EN. o

Theorem 2. The unilateral operator valued weighted shift A

with quasi-invertible weights is unitarily equivalent to an

unilateral operator valued weighted shift with quasi-invertible
and positive weights.

Proof. Let Ak=UkPk be the polar decomposition of Ak. Then
Uk is unitary operator

(Uk is an isometry on (KerUk)l = (KerPk)L =
(KerA )L = H and UkH = H) and P, is positive

Let P=ZOPk, U=ZOUk and S is an unilateral shift operator
of multiplicity dim(H). P€B(23(H)) since

1iPll = sipllPkll = s;pIIAkII = [|Al}

Then the operators A and SUP are unitarily equivalent. Also the
operators S and SU are unitarily equivalent. (Let V=Iev
that v =1,

Vie = Sy Uy Sy Uy oe--SoUSESE. . .5E_ )

Xk such
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Then A=SUP=VSV*P=V(SV*PV)V*. Thus the operators A and SV*PV
are unitarily equivalent. Now V*PV is a diagonal operator with
positive quasi-invertible operators on its diagonal and so SV*PV
is an unilateral operator valued weighted shift with positive
quasi-invertible weights. o

Theorem 3. If A and B are unilateral operator valued weighted

shifts with quasi-invertible weights on H and if there exists a
quasi-invertible operator S on £?(H) such that AS=SB and A*S=SB*
then A and B are unitarily equivalent. '

Proof. According to the Lemma we have that operator S has
lower triangular matrix. From A*S=SB* we have that A;Si+1 —0,

i=0,1,2,... . This means that Si+1 °HsKerA*={0}, so si °—0 for

all i > 0. Also Aisi+1,j+1 i, JA;-O for j#i, so we have that

Si J—O for i#j, i.e. S is diagonal operator. Let S=UP be th:e/3
polar decomposition of S. U is unitary operator and P=(S5*S)

Then, BP?=B(S*S)=(SB*)*S=(A*S)*S=S*AS=S*SB=P3B. Since P is uni-
form limit of the sequence (Pk(P’)) where (Pk) is8 a sequence of

polynomials it follows that BP=PB. Thus by AUP=UPB=UBP we have
H=PHeKer (AU-UB) i.e. AU=UB. o

Corollary. If the unilateral operator valued weighted
shifts A and B are quasisimilar (there exist quasi-invertible
operation on 23(H) s and T such that AS=SB and BT=TA) and if
S*=T then A and B are unitarily equivalent.
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YHUTAPHA EKBHﬁAﬂEHHHJA HA YHHJIATEPAJIHH OIEPATOPCKO
TEXUHCKH WHOTOBH CO KBA3N-UHBEPIUBMIIHYU TEXMHH

Mapuja OpoBuaHel

PesuHmMme

Bo oBOj TpPyA ce pasrjsenysa npotieMoT HA YHHTADHA e€KkBuBa-
NeHUKja Ha eQHOCTPAHHTE OMNepaTOpPCKO TeXHHCKH MMOTOBHH YHH TEXHHH
Ce KBASH-MHBEDPSHOHIHHM (emeH-eneH M CO rycT PaHT) omneparopH.
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