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Abstract. We establish a semi-orthogonal property for a
class of Gauss’ hypergeometric polynomials with an elementary
weight function and employ it to generate a theory concerning
the finite series expansion involving the Gauss’ hypergeometric
polynomials. '
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1. Introduction. Gauss’ hypergeometric polynomials
P :F1(-n,b;c;§) lead to the generalization of the classical
polynomials associated with the names of Jacobi, Gegenbauer,
Legendre and Chebychev. Therefore, they appear to represent a
very important class of polynomials. In view of this, it seems
worthwhile to investigate the matter of their orthogonality and
other important aspects.

In this paper, we evaluate an integral involving the Gauss’
hypergeometric polynomials and employ it to establish a semi-
orthogonal property of the Gauss’ hypergeometric polynomials.

We further apply this property to develop a theory regarding

the finite series expansion. involving the Gauss’ hypergeometric
polynomials. We also employ the integral to evaluate an integral
for Fox’s H-function [4]. We also present some particular cases
of our integral and semi-orthogonal property, one of which is
"nown.

The Jacobi polynomials constitute an important, and a
sther wide class of hypergeometric polynomials, from which
t.ébyshev, Legendre, and Gegenbauer polynomials follow as spe-
cial cases. Their orfhogonality property, with the non-negative
weight function (l-x)-a(1+x)b on the interval [-1,1], for a > -1,
b < -1, is usually derived by the use of the associated diffe-
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rential equation and Rodrigues’ formula. In this paper, we intro-
duce a direct method of proof, which is much simpler and elegant
to establish orthogonality properties of the hypergeometric poly-
nomials. Our method could be employed to establish the orthogona-
lities of the Jacobi polynomials and other related hypergeometric
nolynomials.

The class of Gauss’ hypergeometric polynomial is defined and
represented as follows:

n (-n)_(h)
(b,c) _ Ln _ P PO r r n-r =
Fn (x) = x 2F1( npb'cy'g) = rEO 'T‘r—"—'_c rr! (x) , n=0,1,2,... (1.1)

provided ¢ is not zero or a negative integer.
The following integral is required in the proofs:
1
th(l-x)b-c-nFéb'c)(x)dx =

° (1+h+b) T (1+h) T (1+b-c)
= (-1) (S TTZFEFR=aT , n=0,1,2,... (1.2)

where Reh > -1, Re(h+b) > -1-~n, Re(b-c) > ~-1.

Proof. The integral (1.2) is established by expressing the
hypergeometric polynomial in the integrand as its series repre-
sentation (1.1), interchanging the orxder of integration and
summation, evaluating the resulting integral with the help of
the Beta integral [2,p.9]:

.
[xP7T(1-x)9""ax = 31%%%}%%, p>0,q>0 1.3
o

and simplifying with the help of the following form of the formula
[lel3l(4) ]:

(-1)r (1+a)

r(l1+a-n) =
-a
n

, (1.4)

we get

(1.5)

_r'(h+n+1) T (b~c-n+1) -n,b,c~b-h-1;1
- T (2+h+b-c) 3" alc,~h-n

It can easily be verified that the generalized hypergeometric
series (1.5) is Saalschutzian. Therefore, applying the Saalschutz’s
thecrem [2,p.188,(3)]:
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P [ n,a,b;i ] _ (c-a) (c=b) , (1.6)
3%2|c, 1-c+a+b-pj (csn(c-a—b)n o )

and simplifying the right hand side of (1. 3) is obtained.:

2. Semi- orthogonal;property. The semi- orthogonal property
_to be established' is

1
[x7 TP (1) PO (BC) () p (000D () ax (2.1)
.0

0, if m<n (2.1a)
(b)nn!T(-b)F(1+b-c)
(c)n(1+b)nr(1-c) ’

n

= (-1) if m =n (2.1b)

where Re(b-c) > -1, (Reb < -m, Reb > -n =« when m=n, Reb # -n).

Proof. To prove (2.1), we write its left hand side in the
form
m (-m) _(b) e —c-
W}x ETE (1030 PO (@0B) () ax (2.2)

On evaluatlng the last integral in (2.2) by using the integral
(1.2), we get

g (—m)r(b)r(_l)nr‘(—b—r)I‘(1+b—c)(-r)n
- Tc)nr(l—r-c)

(2.3)

reo ri(e),
If r < n, the numerator of (2.3) vanishes, and since r runs

"from 0 to m, it follows that (2.3) also vanishes, when m < n.

Therefore, it is clear that for m < n all terms of (2.3) vanish,

which proves (2.l1la).

When m=n, using the standard result (—n)n = (-l)nn!, and
simplifying, the right hand side of (2.1b) follows from (2.3).

Note: The integral (2.1) exists for m=n+l,n+2,n+3,..., and
yields a series of interesting results.

3. Particular cases of the integral

(i) In (1.2), putting % = l%X and using (1.1), it reduces
to the form
I(Y*'l ) c-h~-b-2

1

= (-1)

(Y_l)b C- n (b c) (1+y) v
(1+h+b)nF(l+h)I‘(1+b-c)
2h+n+1

(3.1)
(c)nr(2+b+h—c)

where the conditions are same as in (1.2).



66

(i1) In (3.1), setting n+a+b+l for b and 1+b for c and using
the relation [3,p.170,(16)1]:

(1+b) -n n+a+b+1;1+x/z

PP () = (-1 F, (2 (3.2)

we get the following integral involving Jaéobi polynomials:

J(y+1)""“‘“"(y-nap‘a'b’ (y)dy
(2+h+a+b+n) r(1+h)r(a+n+1)

= ’ (3.3)
n12D 0+ e o hensa)

where Reh > -1, Re(h+a+b) > =2-2n, Rea > -l.

4. Particular cases of the semi-orthogonal property

(i) In (3.1), putting = —72 and using (1.1), we obtain
=0, ifm<n (4.1a)
n 2201 (b) T (-b)T (1+b=c)
= (-1) » 1f m=n (4.1b)

(c)n(1+b)nr(1-c)
where Re(b-c) > n-1.

(ii) In (4.1) putting m = n, setting n+a+b+l for b and 1l+b
for ¢ and using the relation (3.2), we get a known result
[1,p.3,(2.1)]):

f(yvl)a(y+l)b[Péa'b)(y)]ady
1

235411 () Latn) T (1+b+n) I (~1-a-b) I (2+a+b) (4.2)
n! (1+a+b+2n) T (1+a+b+n)T (-bB)T (1+b) °

where Rea > -1,

5. Finite series expansion involving hypergeometric poly-
nomials. Based on the relations (2.1la) and (2.1b), we can gene-
rate a theory concerning the expansion of arbitrary polynomials,
or functions in general, in a finite series expansion of the
Gauss’ hypergeometric polynomials. Specially if F(x) is a sui-
table function defined for all x, we consider for expansion of
the general form '
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7 -m (b,c)
F(x) = I A x M 2% (x), 0 <x<l,m<n (5.1)
m=o M m

where the expansion coefficients Am are given by

(c) _(1+b)_T(l-c)
- m m m -1=-b ., _ b"c'ﬂlF(pr)
An = DT TBY ST TR (TFb=oy JF ()% 7 (1-x) m O (5.2)

where Re(b-c) > -1, Reb # -m.

6. Integral involving Fox’s H-function and Gauss’ hypergeo-
metric polynomial. The integral to be established is

Y
]xh(l-x)b-c-nF(b'c)(x)H“'v{zxk ‘ap’ep)]dx
o n P/Q

(bq’fq)

(-hlk) ’ ("'h—?"n'k) ’ (aplep) (6.1)
(bq)fq),(-h-b,k),(c—b-h-l,k

(c) “pta,qgt+a

_ (=1)"T (1+b=c) u,v+2 [z
n

where k is a positive number, and

P g v P u P 1
Iei~Xf, >0, % ey- I e+ f.-XI f.=B>0,largzl< 3B
j=1 1 3=4 j=1 3 d=vt1 I j=a j=u+1

Re(b-c)+k min [Reb./f.] > -1, -Reh-k max [Re(a.-1)/e.] <1,
1<ja I 1<isv J J

~-Re (h+b)-k max ‘[Re(a.,-1)/e.] < 1l+n, and (a_,e ) represents the
fprp 3 3 P'°P

set of parameters (a1,e1),...,(ap,ep).

Proof. The integral (6.1) is obtained by expressing the
H-function in the integrand as a Mellin-Barnes type integral
[5,p.2,(1.1.1)], changin the order of integrations and evalua-
ting the inner-integral with the help of (1.2), and using the
standard method to evaluate such integrals [5].

Note: Since on specializing the parameters, the H-function
may be reduced to almost all special functions appearing in pure
and applied mathematics [5,p.144-159). Therefore the integral
(6.1) is of a very general character and hence may encompass
several cases of interest. Our result (6.1) is a master or key
formula from which a large number of results can be derived for
Meijer’s G-function, MacRobert’s E-function, Hypergeometric
functions, Bessel functions, Legendre functions, Whittaker
functions, orthogonal polynomials, trigonometric functions and
other related functions.
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NOJIVOPTOI'OHAJIHO CBOJCTBO HA EJHA KJIACA GAUSS-OBHUTE
XHNEPTEOMETPUCKH IIOJIMHOMM

C.HA. Bajnmau u M.C. Apopa

PesumMme

Bo pafoTaTa BOCHOCTABEHO € NOJIYOPTOTOHAJNIHO CBOJCTBO sa efHa
Kjlaca off Gauss—OBH XHIEPreOMETPHCKH TNOJIMHOMH CO €nHa enemMeHTapHa
TexHHCKa QyHKIUIa, WTO € HCKOPUCTEeHA 3a rpajeme TeopHja sa paseoj
Ha GAuSS—-OBHTE XHIEPI'eOMETPHCKH TONUHOMH BO KOHEUHH CyMH.
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