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SOME RESULTS ON SMOOTH MAPS*

Li Haizhong

Abstract. In this paper, we generalize two results about
harmonic maps to any smooth maps.

1. Introduction. Many mathematicians have studied harmonic
maps between Riemannian manifolds (for example, see [1] and [2]).
But, we have few results on smooth maps. In this paper, we gene-
ralize two results about harmonic maps to any smooth maps. In
fact, we obtain the following theorems:

Theorem 1. Let (M,g) be a compact orientable Riemannian
manifold and (N,h) be a complete Riemannian manifold, and
f: M - N be a smooth map. If the rank of f < r (r 2 2) and the-
re exist constants a and b such that

N

(i) Riem™ < b (2 o), '

(ii) At each point xeM, RichE+ 2 a, where E+£;TX(M) is
the nonzero characteristic space of f*h, the pullback of h by
f at x, . ‘

(111) 2e(f) [a-2E2tbe(£)]- [(£) IR = o,

where e(f) is the energy density of £ and t(f) is the tension
vector field. Then f is a constant map or-a totally geodesic !
map of ramk r.

When f is a harmonic map, Theorem 1 reduces to the follo-
wing well-known result:

Corollary 1 ([1]). Let (M,g) be a compact orientable Rie-

mannian manifold and (N,h) be a complete Riemannian manifold,
and f: M - N be a harmonic map. If the rank of £ S r (r 2 2)
and if there exist constants a and b such that
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(1) Riem < b (=2 o), RicM > a,
(ii) be(f) < ar/2(r-1),
then f is a constant map or a totally geodesic map of rank r.
Theorem 2. Let (M,g) be a connected compact orientable Rieman-
nian manifold, (N,h) be a complete Riemannian manifold and £f: M - N
be a smooth map. If the rank of £ < r (r > 2) and if there exist
constants a and b such that
(1) Rien® < b (2 o), Ric" 2 a,
(ii) be(f) < ar/2(r-1), |[B(£)]|] = |lt(£)] ,
where B(f) is the second fundamental form of £, then be(f)=ar/2(r-1)
and [B(E)|| = |t(£)] \ '
(a) If there exists a point x€M, RicM(x) > a, then f is a

. Moreover

constant map.

(b) If at each point x€N, RiemN < b, then £ is a constant
map, of rank(f)=1.

When f is a harmonic map, we get the following result by

-ing a=b=0 in Theorem 2.

Corollary 2 ([2] or [3]). Let (M,g) be a connected compact
o oe WDle Rieménnian manifold, (N,h) be a complete Riemannian
Tar and f: M - N be a harmonic map. Suppose that RiemN <o
and Ric" 2 o, then

(a” £ is a totally geodesic map.
If RicM

tr o~ constant map.

is strictly positive definite at a point x€M,

LI RiemN < o, then f is either a constant map or of
rank -dé, in which case its image is a closed geodesic.
in this paper, we also obtain the following result
.roposition 1. Let (M,g) be a connected compact orientable
Ri.uannian manifold, (N,h) be a complete Riemannian manifold
and f: M - N be a smooth map. If
(1) Riem® > o, rid! < o,
(11) Byl < lw) ] .
Then we have |B(£)|]= |t«(£)|] and
(a) If there exists a point x€M, RicM(x) < o, then f is a
constant map.
(b) If Riem" > o, then f is either a constant map or of

rank one.
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2. Basic Formulas. Let (M,g) and (N,h) be complete Rieman-
nian manifolds with metric tensors g and h, respectively. Let

f: M~ N be a smooth map. Choose e; (resp. e;) to be orthonormal

frame fields of M (resp. N) and 0y (resp. w;) be the coframe

fields to the frame fields e, (resp. e*). Let f*u* = If .u..
i = a o jei’d

Exterior differentiating the formula and making use of structure

equations of M and N, we can get

inai Ami = 0, where (1)
= LIS ] =
Dfai = dfai+§fajwji+éf8if wBa = gfaijwj'
f ..=f ... (2)
alj aji

Similiarly we can define faijk as follows

dfaij+ifakjmki+if +If

8

*,,% =
aik¥kjtEigyyfreg, = ifaijkwk'

We have the following Ricci formula

M
Rpijx*

N
£ BifvijkRBavs' (3)

T f
B,v,§
where 1 < i,j,k, 1 € dim(M)=n, 1 <€ oa,8,v,8 < dim(N)=m.
L f2., the tension
2 ol

a,i

vector field of f is t(f) = = faiie;’ If t(f)=0, £ is called
a,i

aijk faiky = Zfag

The energy density of f is e(f) =

a harmonic map. Vector field B(f) = b faijmiwje; is called
(’«rilj

the second fundamental form of f. If B(f)

o, £ is called a

e(f) can be computed as follows

pe(f) = I £ .Af .+ [B(E)]|? = I

i ol el a,i,k
M

f . (zf 4+ I £ R, ., +

a al’y akki 2,k al Rkik

+ IB(£)[|2 =

I f . f +
w, i,k ai akki

2 _
£oifu ikt B2 =
N

fvikaRBavS)

z
k,8,v,

+

[}
~ ™M o~

£
s 8k

e,) +

. M
Ric (faiei'fal 2

b
a,i,L
s o N * * 2
+ Riem (£, e, £ .e*, £ .e* £ et)+ [B(E) |
i,k,B,a,v,$
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_ .M _
= z fuifakki+§<f*Rlc (ei),f*ei>N

a,i,k i (4)
- I RiemN(f*ek,f*ei,f*ek,f*ei)+ lscey || 2.

k,i

We also need the following lemma to prove theorem 1 and
theorem 2.

Lemma 1. Let (M,g) be a compact orientable Riemannian mani-
fold, (N,h) be a complete Riemannian manifold, and f: M - N be a
smooth map. Then we have

J P Faifarki™t = 'J ey iz *1. (5)
Ma,i,k M
Proof. Note that
£f . f P z (f .f ) - "T(f)“z.
@, i,k ai“akki «,i,k aitakk’i

Integrating two sides of the above formula and using Stokes the-
orem (see [4]), we get (5).

3. Proof of Theorem I. Suppose that the conditions in The-

orem 1 are satisfied and f is not a constant map (i.e., e(f)}o).

We prove that f must be a totally geodesic map of rank r.

Fix a point xeM and diagonalize (f*h) at the point x. Thus

we have
p 2 n 2
(f*h) = _E Aj(wj) ’ 9y = .E Wy (6)
J=1 i=1
)\12>\22 ...2Ap>o,

(rankdf)x =psr.

Denote the induced map on the space of k-vectors by (Akdf)

([1]) and write |Akdf]; = z Aj «-+}; . The following
inequality holds 1€eee<dy 0 k
2 2 p 4, 2

[a%ag| > < (5)|af]}/p?, (N

and equality holds if and only if A1=...=Ap.
since p £ r, we have

|A2ag|2 < (r-1)ldf|“/2r, (8)

where equality holds if and only if p=r and A =a..=h
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Thus, using (8) and conditions (i) amd (ii) of Theorem 1,
we can make the following computation by (4) '

2_ H 2 H
Ae(f) 2 . i kfaifakki+a]dfl 2b|A2df |3+ [[B(£)]| 2 2
’ ’
2,,_r=1 2 2 _
2 . i kf“ifukk1+|df| (a —E—bldfl )f IB(£)|]|2 = (9)
r ’ .
— r-=1 a
- i kfaifakki+2e(f)(afZ—E—be(f))+ Iece) |2,
’ r .

Using (5) of lemma 1 and the compactness of M, we get by
integrating (9):

0 2 J[ IB(£) ]| 2+2e(£) (a-25 2be(£)) - e () | 2]#1. (10)
M
Combining (10) with condition (iii) of Theorem 1, we get
B{(f)=0 and p=r. Thus f is a totélly geodesic map of rank r. This
completes the proof of Theorem 1.

4. Proof of Theorem 2. Frém the condition (i) of Theorem 2,
we have (9) and (10). By the condition (ii) of Theorem 2, we
obtain from (10) '

IBeyll = llce)ll, a= 252be(s).
In this case, (7)-(10) are all equalities. Thus we get
M N R
I R,,f .f -t Riem (f,e,,fje,,f e ;f,e.)
a,i,t i27ai"al K, i k'**74 k!“*71 (11)
= 2e(f) (a-25tbe(£)) = 0. :

If there exists a point x€M, RicM(x) > a, then (df)x=o, other-
wise we have at xeM

M p, - s o N
i ?ilfaifaz_kziRlem (f*ek,f*ei,f*ek,f*ei) >
Qrl, [ (12)

> ze(f)(a-z£§l5e<f)) = 0.

It is a contradiction by (11). Thus we have (df)x=o. By connec-
tivity of M, we conclude that df=o holds for every point on M.
So f is a constant map.

If RiemN_< b at each pdint x€N, then we get rank(f) < 1,

otherwise we have (12), which is a contradiction. Thus we get
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rank(f) € 1. If rank(f)=o, f is a constant map, or we have
rank(f)=1. This completes the proof of Theorem 2.

5. Proof od Proposition 1. By condition (i) of proposition

1, we get from (4)

2
Ae(f) s & £ .f ...+ B2, (13)
a,i,k

Using (5) of lemma 1 and the compactness of M, we obtain by
integrating (13)

j( IBee) [1 2= I (el *)*1 2 o. (14)

M
Combining (14) with condition (ii) of proposition 1, we get
IBe)ll= ()|
1 is the similar as the proof of Theorem 2, and therefore we

. The proof of other conclusions of proposition

omit it here. This completes the proof of Proposition 1.
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