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Abstract. Any operation (binary, n-ary or (m,m)-ary) on a
set Q can be considered as a partial transformation of the free
semigroup Q* with a basis Q. Replacing Q* by an arbitrary semi-
group S=(S;-) such that Q<s, one can consider (S;n,m)-groupoids
on Q. The notions of subgroupoids and homomorphisms (and some
related topics) are considered.

1. (S;n,m)-groupoids. Let S=(S;-) be a semigroup, Q a non-
empty subset of S, and p a positive integer. Denote by Qp the
set {a, “Byrevecay |aveQ}. If n and m are two positive integers,
and f:Qn Q- mapping, then we say that f is an (S;n,m)-ope-

will be called an (S;n,m)-groupoid.

Example 1.1. Let Q+ be the free semigroup with a basis Q,
i.e. 0¥ = 1QP | p>1}, where QP is the p-th cartezian power of
Q, and the operation on Q+ is the usual concatenation of words.
Then a (Q*;n,m)-groupoid is the same as an (n,m)-groupoid ([2]).

Example 1.2. Let Qa be the free commutative semigroup with
a basis Q, i.e. (:;ie =Q+/- where = is the least congruence on Q+
such that Q+/= is commutative. (Namely, if a ,b,€Q then:

a,a,...a = b;bz...bs
iff r=s and b,b,...b_ 1is a permutation of a,a,...a_.) A
(Qe;n,m) -groupoid is the same as a fully commutative (n,m)-grou-
poid ([3], [5])-

Example 1.3. If SL(Q) is a free semilattice with a basis Q,
(n,m) -groupoid.

Let us give a more convenient description of semilattice
(n,m)-groupoids. Denote first by F(Q) the family of the finite
nonempty subsets of Q, and if p 21, then put FP(Q)={KGP(Q) |
IX] <p}. Then, if f:F (Q) » F (Q) we obtain a semilattice (n,m)-

groupoid (Q;f). 15
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Let (Q;f) be an (S;n,m)-groupoid. Then, there exists a
unigue homomorphism n:Q+ + § such that n(b)=b, for every beQ,
and moreover we have u(Qp)=Q , for every p21, and thus = indu-

s i
%

Proposition 1.4. If g:Q" + Q™ is an (n,m)-operation on Q,
then there exists at most one (S;n,m)-operation g_:Qn +Q onQ

{olie]

ces a surjective mapping wp:

o

such that the following diagram commutes:

on § "

"n l = "m
Q“"___gﬂ__'Q

n m

Such an operation g do exists iff the following implication
holds:
n (x) = nn(y) => ﬂm{g(x}) =wm{g(y)}.

for every x,yEQn. b ¢

Proposition 1.5. If (Q;f) is an (S;n,m)-groupoid then the-
re exists an (n,m)~-groupoid (Q;g) such that g =£, and the above
diagram is commutative.

Proof. Let x€Q". Then f{nn(x))eQm. and w;f(nn(xllgﬁm-
Choose a yew;1f{nn(x)) and put y =g(x). Then, fnn =n.9. X

Remark 1.6. In the case when S is a commutative semigroup
(a semilattice), we can also state analogically propositions as
in 1.4 and 1.5.

2. Subgroupoids. Let (Q;f) be an (S;jn,m)-groupoid, and P a
nonempty subset of Q. We say that P is a subgroupoid of (Q;f)

iff f(Pn)gpm. And, P is called a strong subgroupoid of (Q;f)
iff for all a169, bjeQ

f(a1faz-...-an)=b,'b2-...-b

e => b1,bz, . ..,bneP.

Proposition 2.l1. Every strong subgroupoid of (Q;f) is a
subgroupoid of (Q;f). x
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Proposition 2.2. If {P, | ie1} is a family of strong sub-
groupoids of (Q;f) and if P=(\{Pi | ie1} #@, then P is a strong
subgroupoid of (Q;f). X

Example 2.3. Let Q={a,b,c}, and let S be the semigroup
given by the following presentation <a,b,c;b?®=c?>. Define an
(S;1,2)-groupoid (Q;f) by:

f(a) = £(b) = f(ec) = b? (=c?).
Then, B={a,b} and C={a,c} are subgroupoids of (Q;f), but

=B C={a} is not a subgroupoid. (Thus, a nonempty intersection
of subgroupoids is not necessarily a subgroupoid.)

Proposition 2.2 implies that every nonempty subset D of an
(S;n,m) -groupoid generates a uniguelly determined strong subgrou-
poid <D>, and from Ex. 2.3 it follows that this is not true
in the case of subgroupoids. (Namely, we have

<a>» = <a,b»=<a,c>=<a,b,c> = {a,b,c},

<b> = <c>=<b,c> = {b,c},
if we consider strong subgroupoids, but there does not exist a
(unique) subgroupoid of (Q;f) generated by {al}.)

Remark 2.4. If (Q;f) is an (n,m)-groupoid (a fully commuta-
tive (n,m)-groupoid, a semilattice (n,m)-groupoid) then P£Q is
a subgroupoid iff it is a strong subgroupoid.

Remark 2.5. When we say that a subset B of Q is a genera-
ting subset of (Q;f), then we mean that if P is a subgroupoid of
(Q;f) such that BEP, then P=Q. And, B is called !ﬁggax_quggg:
ting subset of (Q;f) iff <B>=Q, i.e. if B generates (Q;f) as a
strong subgroupoid.

3. Homomorphisms. Consider an (S;n,m)-groupoid (Q;f) and
an (S8';n,m)-groupoid (Q’;f’). A mapping ¢:c >+ c’ from Q into Q'

ai,bjGQ the following implication is true:
fla,*...ra)) =b1-...-bm => f'(af"-...'alfl) -

=b’-...-b!.
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If, furthermore, ¢ is bijective and ¢ ' is a homomorphism, then
Example 3.1. Let Q be a set with at least two distinct

elements, and let n,m be two positive integers such that m > 2.
Denote by 7 the canonical homomomorphism from Q+ into Qe. Assume
that g:Qn > Q" is a (Q+;n,m)-operation such that

x,y€Q", w(x) =v(y) => g(x) =gly)
and that there exist an x€Q" and a,b€Q, a #b, such that g(x)=aby,
where yeQ™ ?. (In the case m=2, y is the "empty" symbol.) Then g
induces a fully commutative (n,m)-operation g, and the identity

transformation ¢ + c of G is a bijective homomorphism from (Q;g)
into (Q;g), but it is not an isomorphism.

Proposition 3.2. Let (Q;f) be an (S;n,m)-groupoid, (QF3£")
be an (S’;n,m)-groupcid, and ¢$:Q » Q' be a homomorphism.

(i) If P is a subgroupoid of (Q;f), then ¢(P) is a sub-
groupoid of (Q’;f’).

(ii) If P’ is a strong subgroupoid of (Q';£f’) and if
o' (P") #¢, then ¢~ '(P’') is a strong subgroupoid of (Q;f).

Proof. (i) Let a;,a;,...,aﬁeP'. Then there exist
a1,az,...,anep and b,,bz,...,meP such that ai=¢(ai),
f(a,-...-an]=b1-...'bm. From the second equality it follows
f[a;-...-a;)=b:-...-b$, where b3=¢{bj].

(i1) Let a,,a,,...,a € '(P'), b ,b,,...,b €Q are such
that f(a1-...-an} =b,-...b . Then we have f’(a:-...'a5)=
=b:'...'bé, where ¢(ai)=aiEP', and this implies that

bl,...,bi€P’, where ¢(by)=bf, i.e. b , ..., by €6  (P'). X

Example 3.3. Let g={a,b,c}, Q'={a,B} and let V be the
variety of commutative semigroups,satisfying the identity A=y,
Let S (8’) be a free semigroup in V with a basis Q(Q'). Then we
have:

Q, = {ab,ac,bc,a?=b?=c?}
Q“={a“=b“=c“=a3b‘=a’c’=bzc’,a’bc=b3C£bc3,ab2c=a°c=ac3,abc’=ab3=33b}

QL = {a?=g%,aB}, Q) = {a®=p%=¢282, a3B=aB>}.
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Define an (S;4,2)-groupoid (Q;f) by f(u)=bc, for all u€Q,, and
an (S’;4,2)-groupoid (Q';g) by £’ (u’)=a?, for all u’€Q; . Then,
the mapping ¢=(: : ;) is a homomorphism from (Q;f) into (Q';f'),

'={a} is a subgroupoid of (Q’;£f’), but A={al=¢ ' (A’) is not a
subgroupoid of (Q;f). On the other hand, {b,c}=D is a strong
subgroupoid of (Q;f), but ¢(D)=D’={g} is not a strong subgroupo-
id 'of (Q“3£").

4. Equivalences. It is natural to ask the question when we
should say that an (S;n,m)-groupoid (Q;f) is equal to an
(8’ ;n,m)-groupoid (Q’;f’). Certainly, we have the follwing two
trivial answers:

ayss = 8%, g =g%, = f£;

b) (Q;f) and (Q’';£f") are isomorphic.

But, the first condition is too strong, and the second one is
too "abstract". We chose the following "meadle way".

(S";n,m)-groupoid (Q';f’) iff Q =0’ and the identity transfor-
mation of Q is an isomorphism from (Q;f) into (Q’;f’). Then, we
write (Q;f) = (Q;f’). In other words:

(QFE) = (QF;£N). LFE0 = O’
and, for any ai,bjeQ,

[}
o
aD"
N
l

f(a1°...'a“}
fla,*x...*a ) = b *...*b
where § = (S;-), 8' = (8';*).

Proposition 4.1. Let (Q;f) be an (S;n,m)-groupoid, and let

T be the subsemigroup of S generated by Q. Define a (T;n,m)-arou-
poid (Q;£f’) by:

f'(a,-az+...ra ) = f(a -a - ...7a ),
for any a;€0. Then: (Q;f) = (Q';£'). x

(So, we can always assume that Q is a generating subset of
S, whenever an (S;n,m)-groupcoid (Q;f) is considered.)
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Example 4.2. Let (Q;f) be an (S;n,m)-groupoid, and let
p=max{m,n}, O0@S. Assume also that R=QU Q_uU ...qu#s. Define
on operation * on T =RU {0} as follows: :

z, if xy=z in S and z€R,
x*Y =

0, otherwise.

Then T=(T;*) is a semigroup generated by Q, and if a (T;n,m)-
operation f’ is defined on Q by:

£'(a,*...%a ) = fla,-...-a ).
then we obtain that (Q;f) = (Q;f’). X

Assume now that (Q;f) is an arbitrary (S;n,m)-groupoid,
and let w:Q+ + 8, rrn:Qn + Qn' wm:Qm + Qm, be defined as in part
1: <EE

n .M
0,:0 /kernn * 0 am.Q /kerﬂm * Qm
are corresponding canonical bijections, then we can define a
mapping:

?:Qn/kerﬂn > Qm/kernm:

as follows:

Proposition 4.3. If (Q;f) is an (S;n,m)-groupoid and (Q;f’)

is an (S’;n,m)-groupoid such that F=F7, then (Q;f) = (Q;f’).
Proof. The equality f=f’ implies

i ey
o = af tal
On 59, = 9y £'0y

where ﬂ’:Q+ + S'. This means that Qn/kerwn = Qn/kernﬁ, e,
a,"s..t@ =a k.. %Ay
where ai'bjeo' Then

’ = = 3 =
f (31*...*an) = nla fla,;*e.. an)
e -1 . o ol kern
= ur‘ll'lum (b ... bm} = Gm“b‘l""'bm) nj,

where tbi,...,bm)eom. It follows that
wn(b1,...,bm) = né{b1,...,bm} = b1*"'*bm' i.e.

f'(a1i...*an) = b1*"‘*bm' X

for every a;€Q. Now, let f[a,n-?an)=b1%.fbm,
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Example 4.4. Let Q={a,b}, 0#Q, and let s={a,b,(a,a),(a,b),
(b,a),(b,b),0}, 8'={a,b,0}, and let the semigroups S=(S;-),
S'=(s';«) be defined as follows:

x*y = 0 for any x,yE€S’';
(x,y), if x,y€Q
Xey =
0, otherwise.

Define an (S;2,3)~-operation £, and an (S8';2,3)-operation
£! by
f(u) =0, f£'(u’) =0
for every u€Q,={(a,a),(a,b),(b,a),(b,b)}, u’eQi={0}. Then we
have: (Q;f) = (Q;f’), but F#E’. (Namely, Q,=Q*, and v, is the
identity mapping, which implies that:

i {(afa)}l{(alb}}!{(bra)}:{(blb)}
f = -
3 3 3 3
Q Q Q o2 Q
We also have Q?/kerw! = Q*, and thus ?T'=[Qal.)

5. Regularity. An (S;n,m)~groupoid (Q;f) is said to be tri-
vial iff QnEEQm, and f(u)=u, for every uEQn, i.e. f is the imbed-
ding from Q into Q . And, (Q;f) is said to be regular iff there
is a trivial (S';n,m)-groupoid (Q;f’) such that (Q;f) = (Q;f’).

In what follows we suppose that (Q;f) is an (S;n,m)-groupo-
id, and Q*=Q+L}{1}, (1#¢s) is the free monoid with a basis Q

(and 1 as its unit). If ai,ai+,,...,ai+pGQ then aiIP is the
corresponding product of ai""'ai+p in Q' , and ai+1=1.

Define a relation = on Q+ as follows.
If u,veQ’, then:

u k- v <=> (du’,u"€Q*,a,,b;€Q) (u=uta®u", v=u'pMu",

f(a1-...°an)=b,-...-bm).
u=-v<=>uj}p-vorvi-u,
+
u = v <{==> (Hp;zﬁ,uo,...,upeq ) u=uo~u1-...~up = v.
(Thus, - is the symmetric closure of |-, and =z is the

reflexive and transitive closure of -.)
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Proposition 5.1. The relation = is a congruence on Q+. X

Denote by Q° the corresponding quotient semigroup Q+/:. No-
te that Q" is the semigroup given by the presentation

<Q:{a1...an=b1...bm If(a1-...-an}=b,-...-bm}> (5.2)
in the class of semigroups.

1f ueq’, then we will denote by U the =-equivalence class
containing u, i.e. a={vegt | u=v}. In this sence the set
{3 | aeQ}, will be denoted by Q. This implies that, for each
p=1, we have §p={a? Ia1,...,apGQ}. and that Q is a generating
subset of Q.

. C b~
Proposition 5.2. Qn" Qm.
Proof. If a1,;;.L§nBQ, and f(a1'...'an)=b1-...-bm then

a® = bT, and thus a?=b?8§m. X
Thus, we can define a (Q";n,m)-operation £ on Q, by:
f(u)=u, for every ueﬁn.

Proposition 5.3. (Q;f) is a trivial (Q";n,m)-groupoid, and
the mapping -:a +> a is a homomorphism from (Q;f) into [5;%). X

We will show now that (Q;f) admits a corresponding univer-
sal property.

Proposition 5.4. Let ¢ be a homomorphism from (Q;f) into.a
trivial (S’;n,m)-groupoid (Q’';f’). Then, by $(a)=¢(a) is defi-
ned a homomorphism § from (Q;f) into (Q';f').

Proof. Denote the operation of S’ by *. If a,,...,a,,
b1,...,meQ are such that f{ai-...-an)=b1-...-bm in (Q;f), then

we have:
¢(a1}*...*¢{an)=f'(¢(a,)*...*¢(an)}=¢{b1}*...*¢(bm),

because ¢ is a homomorphism, and (Q’;f’) is trivial. This, and
the fact that Q" has a presentation (5.1), implies that there
exists a unique homomorphism $=Q‘ + 8’ such that (vaeQ) ¢ (a)=¢(a) .

The restriction § of ¢ on Q is a homomorphism from
(0;£) into (Q’;£’) defined by (va€Q) §(a)=¢(a). X

1369



23

Proposition 5.5. (Q;f) is regular iff -:a *—+ a is an
isomorphism from (Q;f) into (Q;%).

Proof. Let (Q;f) be regular, i.e. there exists atrivial
(8’3n,m)-groupoid (Q;f’) such that 1=1_:a - a is an isomorphism.
By Pr. 4.4, T:a~ a is a homomorphism from (Q;f) into (Q;f’).
This implies that T is bijective, and therefore -:a + a is a
bijective homomorphism. Moreover, we have that a LSS a, and
this implies that -:a ~+ a is an isomorphism from (Q;f) into
(; £). Conversely, let -:a — a be an isomorphism from (Q; £)
onto (Q;f). Then, we can assume that 0=0<=Q", and thus
Q) = (038X

Proposition 5.6. (Q;f) is reqular iff the following condi-

tions are satisfied:
(i) (Ya,b€Q)(a = b => a =b};
(1i) (Va;, b €Q) (a] by => £(a,*...a )=b +...b )). X
Although Pr. 5.5 and Pr. 5.6 give complete descriptions of
regular (S;n,m)-groupoids, these descriptions are not satisfac-

tory enough. In the case when §éQ+ and n>m we have a convenient
answers, and namely the following statement holds:

Proposition 5.7. ([4]) If n>m, then a (0% ;n,m) -groupoid
(Q;f) is regular iff it is an (n,m)-semigroup. X

This result suggests to define the notion of (S;n,m)-
semigroup, for arbitrary semigroup $§ and positive integers n,m,
such that n>m. In the paper [4] it is also given a satisfactory
description of regular {Q+;l,m]—groupoids, but until now we do
not have a convenient result in the case 1 <n <m.

The answer in the case n=m is quite clear. Namely, we
have the following

Proposition 5.8. An (S;n,n)-groupoid (Q;f) is regular iff
it is trivial.

Proof. If (Q;f) is regular, then by Pr. 5.6 (ii) we have:
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n e . . =
ay wiEs =5 Elagmal. an)ua,-...-an,

i.e. (Q;f) is trivial. X
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NOJMIMADUYHH ONEPAIWW HMHOVUWUPAHM OI MONYIPVIIH
I'. Yynona H C. MapkoBCKH

Cexoja onepauuja (6uHapHa, n—apsa uWiau (n,m)~-apHa) Ha MHO~
KeCTBO ( MOXe Ha ce pasrienyBa Kako feJyMHa TpaHchopmaumja Ha
cno6omHa nonyrpyna Q+ co 6asa Q. 3ameHyBajku ja Q+ CO NPOH3IBOJI~
Ha nonyrpyna S=(S;+) TakBa wro QS S, ce moara mo mowMor (Sin,m)-
rpynoun Han Q. Bo oBOJ TpPyn ce pasrienyBaaT MOUMHTE NOOTPYIOWOH
¥ XoMoMOpdu3MH Ha (S;n,m)-rpynounu.
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