1166

MaTemaTHuku BunTeH
11-12 (XXXVII-XXXVIII)
1987-1988 (23-27)
Cxonje, Jyrocnasmja

HOMOTOPY AND CONGRUENCES
OF GENERALIZED QUASIGROUPS

Kiril Stojmenovski

The notions of a congruence relation and factor
structure of a cgeneralized agroupoid are considered
in this paver and a connection between the homoto-
Py and normal congruences of generalized auasigro-
ups is stated.

0. First we give some definitions. Let Q,,0,,0, be nonempty
sets and A:Q, x Q, + Q, a mapping. The ordered quadruple
(Q,,0,,0,3A) is called a generalized groupoid or shortly G-gru-

poid and the mapping A a generalized operation on the sets
Q1 er ng -

guasigroup iff the equations

A(x,b) = ¢, Ala,y) = ¢ (0.1)
have unique solutions for any ae Q,, beQ,, ceQ,.

A G-groupoid (Q,,0,,0,;A) is said to be homotopically ma-
pped into a G-groupoid (p,,P,,P,;B) iff there exist mappings
a,B,y, where a:Q. -+ P, B802 B, S0 P, such that

YA(x,y) = B(ax,8y) (0.2)

for any xe¢Q, and y¢Q,. The ordered triplet (a«,8,y) is called
a homotopy. If «,B,y are bijections, then (a,8,y) is an isotopy

of the G-groupoids ([2]).
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1. Let (Q,,Q,,Q,3A) be a G-groupoid and a,,a,,08, be equiva=-
lences on the sets Q,,Q,,Q, respectively. The ordered triple

ce in the G-groupoid iff
aa;b, ca,d =—> A(a,c)a, B(b,d). 1)
It can be easily verified that a triplet(a,,a,,a;) of equi-

valences in a G-groupoid (Q,,Q,,Q,;A) is a generalized congruen-
ce iff for every s€Q, and teQ,

aa,b —> A(a,s)a,A(b,s) and ca,d —> A(t,c)azA(t,d).

Note that if Q, = Q, = Q, and e, =a, = a,, then one obta-
ins a usual congruence in the groupoid.

iff for any se Q, and t&Q,
A(a,s)a,A(b,s) =—> aa,b and A(t,c)a,A(t,d) => ca,d (1.2)

Note that if a G-groupoid {Q,,Qz,oa;h} has an identity ele-
ment, then Q, = Q, = Q,. In that case, by (1.2), a, = a, = a,,
j.e. a normal generalized congruence is & usual normal congruen-
ce ([1]).

THEOREM 1. Every normal generalized congruence in a G-gua-
sigroup (Q,,0Q,,Q;3A) defines a generalized quasigroup which is
a homotopic image of (Q,,Q,,Q,33).

Proof. Let (a,,a,,0,) be a generalized congruence in
(Q4+Q,,Q53A) . Define in the ordered triplet (Qq/0q,Q2/05,05/a3)
of factor sets a generalized operation B:Q,/a, X Qy/az *+Q3/a; by

Oy, iy a,
Bfa ,b ) = [A(a,b]] . (1.3)

G.‘ 01 ag ag
If a =c and b =d , i.e. as,c and ba,d, then

A(a,b)ajA(c,d) and
a, G L EY Ga oy Qa3
B(c ;d . ) = [A(c;d)] = [A(a,bl] = B(a ;b ) -

This shows that B is a mapping, i.e. (1.3) defines a generalized
operation and thus (Q,/a,.Qa/’aa.Q,/aa;B) is a generalized grou-
poid. It remains to show that it is a generalized quasigroup.

Consider the equation

B(a'',x 3 =¢°2, : (1.4)
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3
where a' ' & Q,/ays © ?e Q,/a,. The equation A(a,x) = c has a
unique solution x, in the G-guasigroup (Q,¢Q,,Q5:A) . We will
a
show that the class X “¢ Q,/a, is a solution of the equation
(1.4). Namely, it follows by (1.3) that
a a a a
B(a ',x,*) = [a{a,xo)] ® e
Suppose that x?’, x, # %,, is a solution of (1.4), i.e.

B(a ',x.?) = ¢*2 and B(a®',x %) = ¢”2. Then
a a a a a qa
[A(a.x,)] ® = B(a 1;x,z) = B(a ',x,%) = [A(a,xo)] e
i.e. Ala,x,)e A(a,x,). Since (a,,a,,a,) is a normal generalized
congruence, it follows by the second implication of (1.2) that
a
ta.x., L.0. % °= Xg2. Thus the equation (1.4) has a unique
solution.
a, Gz ag
Analogously, the eguation B(x ,b ) =c¢ has a unique

solution for every baze Qz/ua and every cu’e Q,/a,-

The quadruple (Q,/a,,Q,/%,,Q5/0;;B) is called a factor

- o

(a,s%,,05) . As we proved in the previous theorem, a factor qua-
sigroup of a generalized quasigroup is a generalized quasigroup.
Let f,;f,,f, be the natural mappings: £, = nata, :Q, +Q,/a,;
£, = nata,:Q, + Q,/0,; £, = nata,:Q, + Q,/a,. Then by (2539
£,A(a,b) = [A(a,b)]a’ = B(a®",b%%) = B(£,a,£,D),
which proves that the triplet (£, ,f,,f,) is a homotopy. Since

£, .£,,f, are surjections, it follows that the quasigroup
(Q,/0,,Q,/5,,Q,/a4;B) is a homotopic image of (Q,,Q,:Q433).

Tmmmz.mamewm{mmwggg&ﬂugm@
(Q,,9,,9,3A) in a G-quasigroup (P,,P,,P,;B) induces a normal ge-

neralized congruence in (Q,,Q,,Q,:3).

Proof. The relations a, = kera, o, = kerg and a, = kery
are equivalences in the sets 0Q,,0,,Q, respectively. Let aa,b
and co,d i.e. ca = ab and Bc = gd. In this case

YA(E,C) =’B(ua,8c) - B(Gb;ﬂd) - Ya(btd)r

i.e. A(a,c)uah(b,d). Thus (a,,a¢,,0,) is a generalized congruence.
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Let A(a,s)a,A(b,s), i.e. yA(a,s) = vyA(b,s). Since (a,B,y)
is a homotopy, it follows that B(aa,Bs) = B(ab,Bs), i.e. aa=ab,
i.e. aa,b. The second implication of (1.2) can be proved analo-
gously.

THEOREM 3. Let H = (a,B,y) be a homotopy of a quasigroup
(Q,,Q;,Q;3A) into a guasigroup (P,,P,,P;;C), (a,,a,,a;) be the
generalized congruence induced by the homotopy H (the kernel of
the homotopy) and (f,,f,,f;) be the natural homotopy of
(Q,,Q,,Q53A) into its factor guasigroup defined by (eo,,a,,u3).
Then the quasigroups (Q,/«,,Q,/e,,0,/¢,;B) and H(Q,,Q,,Q,;A) are
isotopic.

Proof. Let g,:Q,/a, + a(Q,), 9,:Q,/a, + 8(Q,), and
95:Q,/a, + Y(Q,), where g, (a’') = a(a), g,(b ") = 8(b) and
g,(c"®) = Y(c). Then by (1.3), :

5,8E™ 5" = g,[a@b)]% = 1A@b) = Cloa ) = c[g, @5, @].

Thus (9,,9,,9,) is a homotopy.

1 @1 ; e,
1f g,(a, ) = g,(a,’), then a,(a,) = o, (a,), i.e. a," =a,",

from what follows taht the mapping g, is injective.

Let a”¢ a(Q ). Then there exists ae Q, such that aa = e
Since g, (a”) = a(a) = a”, it follows that the mapping g, is sur-
jective and thus it is bijective. Analogically, g, and g, are
bijections. Therefore (g,,9,,9,) is an isotovoy.

The above results are a generalization of the theorem on
homomorphisms applied on the generalized operations.

Let (a,,a,,a,) be a normal generalized congruence in a
a
quasigroup (Q,,Q,,Q,3A). An ordered triplet (a ',ba’,cas), where

a a o
a'e 0,/a,, b ‘e Q,/a, and ¢ ¢ Q,/a,, is called a class of the
generalized congruence (a,,a,,a,).

THEOREM 4. A class (au',bu“,ca’) is a G-subquasigroup of

(Q,,Q,,Q,5A) iff there exist a,ea ', b,e b*?, c, e c®® such that
A(a,,b,) = c,.
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Proof. Let there exist a,¢a ', b,eb * and c,ec ®, such
that A(a,,b,) =c, and let a“ea’ ', b"eb"?. Since (a,ra ,0,) is
a generalized congruence, it follows that A(a”;b")azA(a,,b,),

i.e. A(a’,b") ¢35 =c"3. Thus (a"',b"2,c%%;a) is a G-subgroupoid.

The equation A(a“,x) = c” with a“ea e & Q, and
c &c 2¢ 0, has a unique solution X, in (Q,,0,,0Q,;3).

We will show that x ¢ b € Q,. Because of a“a,a, and {:bazxo,
one obtains that A(a,,Xp)asA(a”,X,) = c”, i.e. Ala,,X,) €c >.
Since A(a,,b,) = c, €c ®, it follows that A(a,,x,)asA(a,,b,),
i.e. x,a,b, or x,eb ’. Thus the equation A(a”,x) = c” has a
unique solution x &b %2

Analogically, the equation A(y,b”) = ¢~, where b~ e b = <Q,,

o4

c ec ; Q,, has a unique solution Yoea .
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XOMOTONMHJA M KOHI'PYEHLIMH HA OBOIMUTEHH KBA3SHI'PYIIH
Kupun CTOjMEeHOBCKH
Pesume
Bo pafoTraTra ce pasrjieqyBa MOMMOT KOHrpyeHUHja ¥ $aKkTOpPCTPYK-—

Typa Ha OGOMUTEH IPYNOHN, W Ceé YTBPAYBa BpcKaTa noMery XOMOTOMX-
jaTa ¥ HOpMajHHTE KOHIDYEHIHH Ha OGOMITEeHH KBaSHIDYMH.



