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VECTOR VALUED ASSOCIATIVES

N. Celakoski, B. Janeva

Abstract. In this paper the notion of vector valued
associative is introduced (as a generalization of the no-
tion of associative [1 as well as of the notion of vec-
tor valued semigroup [3]). Some examples of such associa-
tives are given, and an attempt is made to carry over so-
me results already obtained for other vector valued struc-
tures. It is shown also that the class of vector valued
subassociatives of vector valued semigroups is, in gene-
ral, a proper subclass of the class of vector valued asso-
ciatives.

1. DEFINITION OF (F,8,m)-ASSOCIATIVE

Let F be a (nonepmty) set and §: £ - 8§(f), p: £ = p(f) be
two mappings from F into the set of positive integers. If A is
a nonempty set and £: f - f is a mapping from F into the set F

of vector valued operations such that

7 Aé(f) O(f)’

- A

then a vector valued algebra (A;F) is built up. We call (A;§U=£

an (F,8,p)-algebra. Further on we will write F instead of F and

We will consider in this paper a class of vector valued

algebras which satisfy the condition

(VfEeF) 6(f) > m, (1.1)

This paper is in final form and no version of it will be
submitted for publication elsewhere.
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where m=p(f) 2 2 is fixed. The elements of F will be called pri-

ly in the following way:
(i) 1 and every f€F are polynomial operations
(ii) if 9,91,...,gp are polynomial operations such that

)

6{g)=D(g1)+...+o(gp)1 , then the operation h=g(g1x-—-ng) is a

polynomial operation.

(Here: b(i)=g(g1(£1)g=(§2)...gp(gp)), where x=£1...£p and

the length |x | of the string x is Ix I=6(g ).)

Clearly, 6(h)=6(g1)+...+6(gp) and p(h)=p(g).

The set of all polynomial operations of A will be denoted
by PF(A)-PF. Obviously,

foGPF) h# 1 =>0p(h) = n. (1.2)

According to (1.1), &6(f)-m >0 for every fE€F. The positive

integer

i(f) = 8(f)-m (1.3)

identity operation is O. We denote by P’ the set PF\{I] (of non-

identity polynomial operations belonging to PFJ.
dentity polynomial operations coincides with the se-

migroup generated by the set i(F)=J of indexes of the
primary operations, i.e.

i(P’) = <i(F)> = <J>.

W p(g) will denote the dimension, and &(g) the length of
the polynomial operation g.
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Proof. Let h€P’, and h=gf, where g€P’, fGPF. Since
8(h)=8(f), p(f)=6(g) and p(h)=p(g), it follows that

i(th) = &(h)-p(h) = §(f)-p(£f)+p(£f)-p(g) = i(f) +i(g).

If h=gxf where

§(g) §(f)

(gxf)(x, JoE(y, ))

S(g) ffg)) = (g(x]

then i(h) = i(g) +i(f).

Inductively, if hng{g1x...xgp), where gé€pP’, g1,...,gpePF >
then

i(h) = i(g) + i{g1)+...+i(gpj. (1.4)

We can assume that i(g)€<J> and that either i{gu)=0 or
i(guJe<J>.Tbis implies that i(h)e<J>, i.e. i(P’)= <J>.

] Conversely, let ke<J> and kgJ. Then there exist 11,...,1 eJg,
such that k=i +. ..+1r. Put h=f (f,x1 1J .rfrx111+"°+3r”

l(fjiﬂlj- Then i(h) = k, i.e. <> i(pP’). [

Now we are ready to introduce the concept of vector valued

) where

associative.

An (F,8,m)-algebra (A;F) is called an (F,6,m)-associative

iff any two polynomial operations of A with the same length are

equal, i.e.
(g,bePF & 6(g) = 6(h)) =—> g = h. (1.5)

Using the notation J=i(F) and the fact that the dimension

of the operations is fixed, an (F,8,m)-associative (A;F) will be

Further on we will often write [x (gJ] or [xk*m] instead

Stg),,

of g(x where g is a fixed polynomial operation, k=i(g),

and [x]=x for the identity operation.

From the definition of the notion of a (J,m)-associative we

obtain the following
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PROPOSITION 1.2. If (A;J) is a (J,m)-associative, then for

every keJ, (a;[ 1) is an (m+k,m)-semigroup ([3]). O

(J,m)-associative.)

2. EXAMPLES OF (J,m)-ASSOCIATIVES

We will consider two examples of (J,m)-associatives.

Bxamele 1. Let (A;[ ]) be an (m+d,m)-semigroup and let
dli(f) for every fE€F, where F is the set of all (m+sd,m)-opera-
tions obtained from [ ] by the general associative law ([3]}.

Define
(¥feF) f(afrf’J I Lalai B

Then (A;[ ]J becomes an (F;8,m)-associative.

Example 2. Let A={a,b,c}, a#b#c#a and J be a set of positi-
ve integers such that d=GCD(J)@J. Denote by p the least element
of J. Then the set L=d\{op |« 2 1} is nonempty and let g be the

least element of L.

Define a set P-{fk | keJ} of vector valued operations on A
in the following way:

(YkeT) G{fk) = m+k, D(fk) = m and

m+k

1) =Y

m+k, _ ((b™) if k=q, (x

f {x1 )

K z(am) otherwise.

We are going to show that (A;F) is a (J,m)-associative.
Namely, let h€P’ be a polynomial operation with a positive
index k€J. Then the following implication holds:
hy £ 0r x # (") => hex) = (a"). (2.1)
We will show (2.1) by induction of the construction of po-
lynomial operations.
If hEF, then (2.1) is satisfied by the definition of F.

Assume that h=g(g1x...xgr). Then g#1 and put
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k=i(h) = i(g) + i{g1)+...+i{gr). Therefore

k =gqg L’ g = fq" g"-._.=gr=1, (2.2)

Namely it is clear that the implication <= is true. Let k=q. Then
i(g) S g, ilg,) S q and i(g) # 0, which implies that i(g)=q,
i(gv)-a.

Let g#fq or gAfI for some A. In the first case we have
h(x)=g(y)=(am). In the second case, i.e. if g=fq and gxfl for
some X, we have h(x)=g(y), where Ef(cm+qu and therefore g(g}n(amL

Clearly, (2.1) implies that (A;F) is a (J,m)-associative.

3. (K,m)-SUBASSOCIATIVES OF (m+d,m)-SEMIGROUPS

Let (A;J) be a (J,m)-associative and J= L=<J>. Then, for
every L€L, by the given (J,m)-associative (A;J), an (L+m,m)-ope-
ration is induced such that (A;L) is an (L,m)-associative. Note
that (A;L) is not essentially different from (A;J). Therefore,
further on, we will consider only (X,m)-associatives where K is

a subsemigroup of the additive semigroup of positive integers.

In this case, if M<K, then a given (K,m)-associative (A;K)
induces a corresponding (M,m)-associative wich is called an

M-restriction of (A;K). Specially, if k€K, then we have (m+k,m)-

We note that an (m+k,m)-semigroup is in fact a (<k>,m)-

associative.

(m+d,m)-semigroup (Q;[ 1) iff a | ecp(k), A<Q and

(wa‘f*meak””J X" - [af“"]. (519

PROPOSITION 3.1. A (K,m)-associative (A;[ ]) is a (kx,m)-

subassociative of an (m+d,m)-semigroup iff (A;[ ]J is
a (K,m)-subassociative of an (m+1,m)-semigroup.
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proof. 1f (A;[ ]J is a (K,m)-subassociative of a (d+m,m)-
semigroup (0: ]'J, then (0;[ ]") is a (d+m,m)-subsemigroup of
an (m+1,m)-semigroup (P;[ 1) ([4]). Thus, (a;[]) is a (k,m)-

subassociative of a an (m+1,m)-semigroup (P;[ ]).

Conversely, if (A;E ]) is a (K,m)-subassociative of an

(m+1,m)-semigroup {Q;[ ]'), then the operation [ ] defined by

(vaeo) [xf+m] 3 [xf+m]:’

is the (m+d,m)-operation induced by [ ]° on 0, and (a;[]) is a
(K,m)-subassociative of an (m+d,m)-subsemigroup {Q;[ ]).

PROPOSITION 3.2. A (K,m)-associative is a (K,m)-subassoci-
ative of an (m+1,m)-semigroup iff d=GCD(K)€EK.

proof. If d€K, then the (K,m)-associative (A;[]) is a
(K,m)-subassociative of an (m+d,m)-semigroup (A;[ ]) induced by

the (K,m)-associative {A;E I

conversely, we will show that if dgK, then the (K,m)-asso-
ciative (A;F) of Example 2 is not a (K,m)-subassociative of an

(m+d, m)-semigroup.

Suppose that there exists an (m+d,m)-semigroup {P;[ ]},

such that A<P and

: k+m k+m
(¥x €a)(vkek) £, (x, ") = [x 77].

Let g be as in Example 2 and g=tp+r, where dlr and r > 0.
Then

{bm) - fq{cq+m) S [ctp+r+m] el [[ctp+m]cr] o
[a"7] = [£,,a"P*")c"] = [[a"P*"]c"] -

= fq(atpmcr} = (a")

which contradicts the fact that b#a.

Thus, (A;F) is not a (K,m)-subassociative of an (m+d,m)-
semigroup, and, by Proposition 3.1, (A;F) is not a (K,m)-subas-

sociative of an (m+1,m)-semigroup as well. []
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COROLLARY 3.3. If d@GCD(K), then the class of (K,m)-subas-

sociatives of semigroups is a proper subclass of the

class of (K,m)-associatives. []

It is desirable to have an axiom system for the class of
(K,m)-subassociatives of (m+1,m)-semigroups. Such a system is
described in [2] when m=1, but we do not know a convenient axiom
system of (K,m)-subassociatives of (m+1,m)-semigroups in the

case m22."

We can only state the following proposition, which does not

give enough informations for this class of algebras.

PROPOSITION 3.4. Let (9;[]) be a (K,m)-associative and let

(P;[ ]) be the free (m+1,m)-semigroup with a base Q.

Denote by = the minimal congruence EB.P,SUCh that

[a’f”‘] = (p7) in (0;[]) = [a’:’”‘ = (b7)

then (0;[ ]) is a (K,m)-subassociative of an (m+i,m)-

semigroup iff the following statement is satisfied

a,beQ => (a = b => a = b).[1

(Above, {xT) :.(gTJ means x °z y for every ve{1,2,...,m}).

v
We note that a satisfactory description of free vector va-

lued semigroups is given in [5].
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