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FREE VECTOR VALUED SEMIGROUPS
Donéo Dimovski

Abstract. The aim of this paper is to give a combi-
natorial description of free vector valued semigroups.

O. Vector valued semigroups are defined in [1],
where the question about a suitable description of free vec-
tor valued semigroups is stated. In this paper we answer this
guesbion, i.e. we think the answer is satisfactory. I thenk
frofessor Cuponsa for the helpfull conversations during the
course of this work.

. 1. Here we recall the necessary definitions and
imeun results. Prom now on, let ‘m,m be integers, such that
32 and n-m=%k=1l.

et @ Dbe a nonempty set and [ 1:Q0 — Qm a map.

e, A is the ith product of Q.) Then we say that

Gl is an (n,m)—'ggougoid. If []((al,...,an))=(bl,.,bm)

e

s L e _n o= m a
thn we set [a;] = (by), where cy stam‘is fc?r ‘fici+l"'°j'
if 1 £ j, and for the "empty sequence" if i > j.

#c ssy that an (n,m)-groupoid (Q;[1) is an (n,m)-
seud;aroup if for each l<j<k , the identity
i .ny. n+k Jr.d+ny_ n+k '
i “xl]“ml] & ["1[?‘3+1]"j+n+1

helds da Q30D

‘or piven (n,m)-groupoid (Q;L ) and integer sz1,
s (uienym)-groupoid (Q;¢Y®) is defined by:

5

Lt |';;§s+l)]{+m]s+l def [[lez]xgalfl)km B
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(1.4)
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By taking Q with all the [1® , s21, we get an m-dimen-
sional vector valued algebra (Q;{C1® \s > > 1}). The proof
of the following fact is by induction.a

Proposition l. An (n,m)-groupoid (Q; L 1) is an
(1,m)-semigroup if and only if for each r,s > 1, and each
0 2 j < sk, the identity

(1.3) [x [ylk+er +1]s= [x k+m gfl s+r

holds in the.vector valued algebra (@;301% s = 1}). ®

To each (n,m)-groupoid (Q;L 1) we can associate
two universal algebras (Q; []l,..., []m) and
(Q;{t1§)s 21, 1 < i< m}), defined by
L - 1
) -T2
[x§k+m]s

(.Yl) <=2 [x1k+m]i

These universal algebras are called component algebras for

(Q; L 1). The definition of (n,m)-semigroups and Proposition 1.
imply:

Proposition 2. (A) An (n,m)-groupoid (Q;[1) is an
(n m)—oemigroup if and only if for each 1 € i £ m and each
< j € &, the identity

(1'1') {[xgll"'lxglmxg:§]i=l?gExgigjl"'[xgzg mx§:§+ i

holds in the algebra (Q; [ ]1,..., []m).

(B) An (n,m)-groupoid (Q;(1) is an (n,m)-semigroup
if end only if for each 1 €i < m, 1ry8= 1, 0£j < k, the
identity

(1.3%) [xi[y§k+m]§..-[ §k+ Ty sk [x rk+m sk 1 s+r

m j+1 171 j+1 i
holds in the algebra (0;{[]? ls s <isg m}) .

2. The fact that the (n,m)-groupoids can be charac-
térincd by the associated component algebras, allows us to
translate all the notions from the universal algebras to the
class of (n,m)-groupoids. It is clear that each of these no-
tions can be defined directly for the (n,m)-groupoids. The
sawe is true for the (n,m)-semigroups. Here we do not give
explicit formulations of the corresponding definitions.
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Froposition 2., implies the following:

Proposition 3. An arbitrary nonempty set B is a
basis of a free (n,m)-semigroup, and mopeover, B can be
thought as a subset of the (n,m)-semigroup. R

The Proposition 3, is stated in [2], but a suitable
description for free (n,m)-semigroups was not given. The aim
of this paper is to give a combinatorial description of free
(n,m)-semigroups.

In the following, for a nonempty set X, the set of
all finite sequences with elements from X will be denoted
by X‘.

Let B be 2 nonempty set. We define a sequence of
~sets Bo‘Bl”“'Bp'Bp+1""' by induction as follows:

B. = BH

o 78 _ _

Let Bp be defined, and let C be the subset of
B; 'which consists of all elements u§k+m s Uy€B ., 821,
Definc I’p+1 to be BPU pr N, where I =~ {1,2,...,:::}.

Let B= Upzo BP .
sk+m

Then .u€B if and only if u€B or u = (ul s1)
for some uu<B , s2l, ie OV .

dcmark, By giving different "names" to the elements
in B, we may ascume that for esch p, C‘p XN NB =@, and
B; does not contain elements of the form u§ sy T22, u‘,(&BTp .

vefine a length for elements of B , i.e. a map
| 1:B — 0i , @~ the set of positive integers) as follows:

If u€B then |ul = 13

sk+m

Tf u = (uy" ,i) then Jul = gl +lusl+eeetu le

sk+m
5y induction on the length we are going to define
omop Y:BE—B, PFor be€B, let ¥P(b) = b, Let't ueE and
suppose that for each v €B with |vi<|ul, Y(v)€E , and
(2.1) If Y(v) £ v then |¥(¥)| < |vl;
(2.2) Y(P(v)) = P(v) .
Let u = (ufk'm,i). Then, for each o, W(uy)=v,€ B
iu odsiined, \M(ug)l € |uyl and P ¥P(uy)) = Y(uy). Let

sliim
v o= (71 r,l).
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(i) If for some o, uy  # Vy , then |v |<|uy], and
so, |v| < |ul. In this case let Y(u) = ¥Y(v).

Because |¥| < |ul it follows that Y(v) is defined,
and ‘moreover, (2.1) and (2.2) imply that |P(u)|=|P(v)| <|vl<|ul,
P(u) 4 u, and Y( L) =Y(Y()) =¥P(v) = ¥P(u). '

(ii) Let uy = vy for each o . Then u = v. Suppose
that there is 3€{0,1,2,...,8k} and r 21, such that
Ugpy = (w{k"'m,v ), for each Y €N , and let t be the
smallest suca Jj . In this case, let

P = Peat G T )

k. k+m . "
Because l(ui wf i u§+m+l,1)| <|ul. it follows that

Y(u) is well defined, and moreover, (2.1) and (2.2) imply

" that Y(u) # u, |¥P@)] < |ul and Y(¥Y@)) = ¥(u).

1062

(iii) If P(u) cen not be defined by (i) or (ii),
let P(u) = u. In this case, Y(¥Y(u))= Y(u)=u and |Y(u)|=|u|.

The asbove discusion and (i), (ii) eand (iii)
complete the inductive step, and so we have defined a map
Y:8 —3 . Moreover, we have proved the following:

Lemwa 4, (a) Por be€B, Y(b) = b.

. (b) Por each ueB, |P(u)l< jul. .
(¢) ¥or ueB, if ¥Y(u) # u, then |Y(u)| < (ul.
(d) ¥Yor each uel, P(¥Y)) =P). &

Hext, we have the following lemmas.

Lemma 5, Let u = (ugkﬂn,i)eﬁ and let v, = ¥(uy)

for 1=d ¢ sk+m. Then:

(a) P(u) = ‘P(v?k*'m,i); and
(L) Y(u) = &P(u'i"l Vo uik':?,i) for each 1< ¢ sk+m.

] I'roof. (8) If uy = v, for each o , then (a) is
obvious. If there is o , such that wuy # v, , then (a)
follows from (i) .

(b) If uy=vy , then (b) is obvious. If uy # v,
then (b) follows from (a), Lemma 4.(d) and (i) .
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Lemma 6. Let u = (u8k+m i), de{o 1,...,3]{‘& and
vrk"'m <) for some r =1 and each dem « Then

P(u) = \R(ud rk+m gf;:ll'i) B

Proof. By inductlon on the length.

(A) Let \a(ut) =w Au, for some lst<j or
j+m+l € t ¢ sk+m, or ‘P(v ) =z /. v_. for some "1 <q < rkém.
Then Y(u) is defined by (i) end Y(u) =¥(w) where

= (w5k+m,1), Wp = Y (us) for each 1< < sk+m. Because
jwl<|ul, by induction, and using Lemma 5. (a),

P(u) = P(w) = P (750,100 0o (540, mniE0T, 1) -

Ujed™

« V(] 2F0 SR 1)

= ¥ PCuy) e e PuOP(vy e e P, )W ug, g ) Plugy, ),8)

j k 1 '
- P(uf vIem pom gy

Abovo,‘?(ux) was denoted by wy, , and 'P(v,) by 2y
(B) Let Y(uy) = u, and ¥(va) = v5 for each
ledej, j*ml s L ¢ sk+m and. 1 < A <rk+m, and let

“P(* Ll vl ) & (vﬂ“m,g{) for some 1 = A < m, Then

‘P(vrk+m, &) must be defined by (ii), since Y(v,) = v-; for
each /3. So, there is O=<t<rk such that v = (wp ‘””,v)

<)ul, w

t+v

fér each ¥ €N . By induction, since }(vrki-m’ v)l

heve that ‘P(v{k+m, ¥) = Y’(vl w'{k*m vrf';fl, ¥) for each ¥.

Then, by induction, and using Lemma 5.,
W(u) = Pud TR 1) L P n)uSERE sy

j+m+
_ oot pk+m rk+m k+m rk+m sk+m .
= \a(u (vy “’1;-1-::11-1'3’)“"(‘Ir wp t+m+1’m)uj+m+1‘1)
. t pk-t-m k+m - sk+m
i kp(u b 8. v£+m+1 a+m+l'l)

= \g(ug Vf(wlfkm,l)...(wgk"'m, )Vrk+n pSk+m iy =

t+m+l a+m+1’
= ‘P(ug v§k+m u?f&fl,i). -

n'bove, we have applied Lemma 6. on w and z where

(ua(vl €k+m vif;fl'l)"‘(vt wpk+m vﬁf;fl,m)ugfzfl,i) and

1 k+ k+
7 = (ui v%(wgt+m,1)...(w{ T m) v£+mfl ?f;fl,l); It was

pousible, since  |wl < lul and (z| <|ul.
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(C) Let P(uy) = uy for each 1 < d < sk+m. Because
of the assumption in the Lemma, it is possible to apply (ii).
If the given Jj is the smellest such number, then by (ii)

Y(u) = ?(uj vrk+m sk+m ,1).

3+m+1
If not, 1et t be the smallest such number. Then for each
yEly, u.,., = (zpk*m, Yy), and because t<j and s FUpon

for each lsLsx m—l it follows that t+m<j. Then by
induction and (ii),

P(n) = Plub o0 i I R m e g .

+m+1?
Yyt Pk vrk-!-m sk+m .
= (u ¥ Utim+l j+m+l'i) .

k k+ T+ sk+ ;
= \P(ut(zp " l)...(z? m,m)ut+m+1 V:]L: o ua+mfl,1) =
3 J rk+m sk+m :
‘P(u Vr d+m+1'1) . - a
Above, we have applied Lemma 6. on w = (ulzp M

- R .. rk+m sk+m
and W = (ulvl Femel

and Jw’l<|ul. B

k+m )
t+m+1? >
41); It was possible since |w| <|ul

How, let Q =Y¥Y(B) . By Lemma 4.(d),
@« {ulueB, Y(u) = ui.
Define a map [ 1:Q% s Q", vy :
(2.3) [u‘{] = (vm) <=r vy -‘P(,uli,i) for each i & [N,

. beczuse us€Q, it follows that (u],i) € 3B, and so:
\P(uil,i)e QO for each i el . Hence [ 1 is well defined. .

Theorem 2. (Q;CL 1) is a free (n,m)-semigroup with
a basis 1.

lroof. (A) Let [xlfxd+n DR ] =(a:f) , and

j+1 3+n+1
[x g:;] = 1;. Then b, -‘P(xg:?, L) and
ay = \P(xa L] x?;gﬂ,l) for each o,i € IN . Lemmas 5. and

. imply that ey -‘?(xl(xdﬂ,l)...(xj+l,m)x§:§+1,1) &

= “F(xmk,:.) for each i€ NN .

Ua the otlusr side, let [[xl +k = (¢]) and [xg] = (da])

similarly as asbove, Lemmas 5. and 6. imply that for each
ie b, ¢ = ‘lo(xmk,l), i.e. a; = cy. Hence, for each

is I -u n+k +n n+k - -
12jsi, \ n+1] [xg [xg-r] 3+n+1] y eee (Q500) is
il (U, ..) gl r._Lt,I‘OU.p.
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(B) Because P(b) = b for each b€ B, it follows
that BSQ. Let u = (v] kD 5)eQ, and suppose that for
each 1 =« < sk+m, Ug&(B>, where <¢B)> ,is the (n,m)-subsemi-
group of (Q; £]) generated by B. Since u,€ ¢B?, it follows

that [ulk"'m] a)) €B”, i.e. ai €<B? for each i€ N .

But a; = 'P(ugk"'m,i) = P(u) = u, since ueQ, i.e. u €dB),
Hence, (B> = 0, i.e. (Q;C) 4is generated by B. Here we
have used (1.2) and Proposition 1.

(C) Let (G;L1) be en (n,m)-semigroup and let
f:B —» G be & map, Define a map g:Q —»G, by induction,
as follows: for beB 1let g(b) = £(b); and
u8k+m

g( i) = x; <=2 (x]) = Ee(vy)eeaglug, 0],
This map is well defined, since (uslﬁ'm i) = (vi‘k"'m,j) for
elements from Q implies that i = 3, 8 =Ty, and uy= vy
for each 1 € 4 <sk+m, Let h:B —»G be the map ge', i.e.
h(u) = g(¥(u)), It is clear that h|, =-g. Now we are going
to show by induction, that h(uSk"'m,:L) - [[g(ul)...g(usk+m)]l
for each (ufk”n,l)tﬂ with u.‘eo. Since u, € Q, it
follows that ‘P(usmm,:.) is not defined by (i).

Ir \P(usm’-m i) = (u§k+m,1), then

h‘(uikﬂu,i) ) [,(uSk mi) = Eg(ul);;.g(usk_'_mﬂi a

if Yo(us}“m,l) £ (u5k+m,1), then ‘P(ufk*'m,i) is

defined by (ii). Let p =rk+m and u = (V‘E,V) for each

UEHﬂ . Then
SR, 1)) o09Cu] o3 P ufimred) -
“'Es( ul) ' .g(uj )g(vl) * 'g(vp)S(“;j+m+1) -3¢ usk+ni)] i*
‘Eé(ul)°3(“3)[S(V1)°3(VD)]E(“3+m+¥)'5(“sk+m)]i=
=[g(ul)oo¢5(uj)E5(?l)--o E(?p)]l sene
-.[g(vl)...g('\fp)-_\mg(uj_'_m_‘_l)...g(usk+m)]i =
i [E(u )...g(u )B(v?.'l)o--g(v€|m)8(uj+m+l)-o
e.a(u qk+m)]:|. N
=[8Cup)8(uydeluy, 1 )eluy, Deluy o). g(usk+m)]

J+y

- n(u**m, 1),
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The above implies that g is an (n,m)-homomorphism, since
g([uf*®],) = g(P(uf™,1)) = n(uF*,1) = [eluy)eeelog, )]ys
i.e. Sm([u1{+m3) - [E(ul)"‘g(u'kq-m)].' ' ]
Remark 8, From the construction of Q, it follows
that B is a free slgebra with signature {[1f|s21, i€ M}
generated by B, where []g denotes an sk+m operation,
If uel, then we can say that Y(u) is an "irreducible
representative” of u. The definition of ¥ implies that
Y(u) is obtained from u by a finitely many transformations

of type

(...(vik"'m,l)...(vrlk+m,m)..',i) ~ (.oovrlk.{-mooo'i) y

and Lemmas 4.,5., and 6., imply that ¥P(u) does not depend
on the order of those transformations.

e ferences

[1) G, Cupona, Vector valued semigroups, Semigroup
Forum, Vol., 26 (1983) 65-74 .

D, Dimovski

Inst. za Matematika
Prirodno-Matcmatidki Pakultet
P, F. 162

91000 Gkopje



