G’'. CUPONA — S. MARKOVSKI
VECTOR VALUED SUBGROUPOIDS OF SEMIGROUPS

Abstract. If Q is a non-empty set, 7, m two positive integers and f
a mapping from Q" to Q™ then we say that (Q,f) is an (n,m)-groupoid, i.e. a
vector valued groupoid. Let (S;-) be a semigroup such that Q C § and

f(ﬂl,..., an)=(b;,-.., bm):bﬂ;... ﬂ"—’zb;... bm, (0,1)

for any a,,6; €0Q. Then (Q;f) is said to be an (mym)-subgroupoid, ie a
vector valued subgroupoid, of (§;:). If for any a,, b5 € Q we
have:

@y .8y =by...bn® f(ay,....8) = (b1, .. ,bm) 0.1

then we say that (Q;f) is 2 proper (n,m)subgroupoid, ie.a pro-
per vector valued subgroupoid, of (S;-).

A complete description of vector valued subgroupoids of semigroups,
and an almost complete description of proper vector valued subgroupoids of semi-
groups are given in this paper.

1. Below we will write v.v. groupoid instead of vector valued groupoid,
and v.v.s. (p.v.v.s) instead of ‘“vector valued subgroupoid“ (“proper vector
valued subgroupoid®); moreover, instead of v.v.s. (p.v.v.s.) of a semigroup,
or of semigroups, we will write v.v.s.s. (p.v.v.s.s.).

The following two propositions are clear.

1.1. The class of (n, 1)-subgroupoids of semigroups coincides with the
class of proper (n, I)-subgroupoids of semigroups. [ ]

1.2. An (n, n)-groupoid (Q;f) is a v. v.s. 5. iff f(x5,...,x,) =
(X35 - - - » X,), L.e. f is the identity transformation of Q. []

Below we give general characterisations of v.v.s.s., and of p.v.v.s.s.
as well. We begin by a construction of an enveloping semigroup for a vector
valued groupoid.

If A is a non empty set then we denote by 4+ the free semigroup on
A, ie A+ = {a,a,...a,|a,€ A, p > 0}. If we adjoin the empty sequence
1 to A+, then we get the free monoid 4* on A. Below we will write ag instead
of 8,8y:y. .. ag if « < B, and «f = 1if B < «. We can also assume that
AP C A+, for every p > 1; namely, we put 4% = {aq, | g, € 4}.

1051



6 G’. Cupona — S. Markovski

Let (Q;f) be an (n, m)-groupoid. (Now we write f(a]) = b7 instead
of f(ay,...,a,) =(by,...,b,).) We define a relation}— on Q@+ in the fol-
lowing way:

ul-ve (A%, y€ 0% a, b, €0) u=xaly, v=xbyy fla}) = b}. (L.1)

~ denotes the symmetric closure of |— , and = the reflexive and
transitive closure of ~. Thus, if u, v € QF, then:

U~VES U~V O V- u

u@v@(guo’-‘°l pEQ p
u=u, v =u, u,~u, i€{l,...,p}

(1.2)

The following proposition is clear.

1.3, The relation ~ is a congruence on Q+, and the corresponding factor
semigroup Q~ = Q*F[~ is given by the following presentation

<Qi{ay .. 8, =by... bulf@=b7 in (@G> - (13)

in the class of all semigroups .(We say that Q" isthe universal envel-

oping semigroup for (Q;f)) []
The class of v.v.s.s. can be characterlzed by mean of the relation &
in the following way:

14. (Q; f) is a v.vs.s. iff
(va,b€EQ)(a~b >a=0>D) (1.9)

Proof: Let (Q;f) be such that (1.4) holds. Then we can assume that
@ C Q*. Moreover, if f(a]) = b7, then we have a? = b7 in QF,
and therefore a,...a, =4,...b,in O0*. Thus, (Q;f) isa v.v.s. of Q*.

Conversely, let (Q;f) be a v.v.s. of a semigroup (S;e). Then each defin-
ing relation of the presentation (1.2) holds in (S;e), and this implies that
there is a homomorphism ¢ : Q* — S, which is an extension of the inclu-
sion mapping a — a from Q into S. If @, b € Q are such that a = b, thena =
¢ (@) = ¢ (b) = b, and this shows that (1.4) holds. []

1.5. Let (Q;f) be such that (1.4) is satisfied. (Q;f) is a p.v.v.s.s. iff the
following condition

(Va, b€ Q) (@] ~ b7 = f(a)) = b7) (1.5)

holds.

Proof: Let (1.4) and (1.5) be satisfied. By 1.4, (Q;f)isav.vs.of 0~
If a,, by € Q are such thata, . .. a,=b, ... b,in Q" then we have o ~

bm, and by (1. 5) this implies f(a") = b7. Thls shows that (Q;f)isa p.v.v.s.
of o-.
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Vector Valued Subgroupoids of Semigroups 7

Assume now that (Q;f)isa p.v.v.s. of a semigroup (S;e). Let ¢p: 0* —
S be the homomorphism defined as in the second part of the proof of 1.4.
If a =~ b7 in Q+, then we have a, ...a, = b,...b, inQ"*, and this
implies a,e...0a, = b,e ... eb, in (S;e). From the last equation and the
fact that (Q;f) is a p.v.v.s. of (S;e) it follows f(a) = b7.[]

From the proofs of the last two properties it follows that the envel-
oping semigroup of a v.v. groupoid has the following universal property.

1.6. A v.v. groupoid (Q;f) is a v.v.s.s. (p.v.v.s.s) iff (Q;f) is a v.v.s.
(pvovs)of 0. If (Q;f) is a v.v.s. (p.v.v.s.) of a semigroup (S;.) then the inclu-
sion mapping of Qin Q" can be extended to a homomorphism ¢: Q* — S.[]

As a corollary to 1.4. we obtain the following proposition:
1.7. If n, m = 2, then every (n, m)-groupoid is a v.v.s.s.

Proof: Let (Q;f) be an (n,m)-groupoid, and letn, m > 2. Ifa € Q,
then there does not exist a u € @+ such that a~ u, and this implies that (1.4)
is satisfied. Therefore (Q;f)isa v.v.s. of 0*. []

‘If m, kK = 1, then an (m -+ k, m)-groupoid (Q;f) is said to be an
(m-+k, m)-s e II!ll group iff the following equation

Ot ) = (£ (AT 7, ), (1.6

is an identity for any i€ {1,..., k}. ]

1.8. An (m-+k, m)-groupoid (Q;f) is a p.v.v.s.s. iff it is an (m+k, m)-
semigroup.

Proof: It is well known (see for example [3]), thatan (n,1)-groupoid
is an (n,1)-subgroupoid of a semigroup iff it is an (n, 1)-semigroup, i.e. an
n-semigroup. In the paper [2] it is proved that an (m-+k, m)-semigroup is
a proper (m-+k, m)-subgroupoid of Q*.

Assume that an (m + k, m)-groupoid (Q;f) is not an (m-+k, m)-
semigroup. Then, there exists an e7+2* € Qm+% and an i€ {l, ..., k} such
that:

S @) epiis) # feif (@i i) -

Let
o — em+2k  — gm+tk
¥ |+k) =g mik+l anii
i kY gm+2k =bm
f (e:f (efi;M ) f+‘l;'r+k+l 8

Then we have a7tk ~ bm, but f(ap*k) # b
satisfied. [ ]

m, and thus (1.5) is not
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2. Superpositions and direct products of vector valued operations have
the usual meanings®. If Q is a set and r a positive integer then we denote by
17 the identity mapping on Qr.

Let (Q;f) be an (n, m)-groupoid, and let s, #, iy, . . ., iy, ji, ..., Jj; be
non-negative integers such that

ntt 4+ s(m—n) =1, iysy +Jpes =1+ v (m—n) (2.1)
for every v€ (0,1, ..., s—1). Then the following vector valued operation
on Q is well defined:

(Vs X fx 1ds),..(Vex fx 1J2) (18 x fx 1) (2.2)

Namely, it is an (n+t, n+t+s(m—n))-operation on Q. In the case s = 0,
this operation is 1"+t, We denote the set of all the operations of the form
(2.2) by @ (1, 1, s), or simply by 2 (¢, s); we will also write 72 (s) instead of
? (0, 5).

If £ >0, s > 1 are such that there does not exist iy, ...,y j1s. -, Jjs
which satisfy (2.1) then 72 (¢, 5) will be the empty set.

The following proposition is clear.

2.1. P (t, s) is a finite set for any t,s=0. If n<m, then P (1,s)
#0 for any t, s > 0, and if m < n, then @(t,.s'):,r':ﬁ) iff n + t > s (n—m). []

From the definition of the relation }—, given in 1, it follows that

Ul v @20 (Uxfx1) @@=y 23)
This implies the following proposition:

2.2. Let u, v € Q. There exists a sequence ug, Uy, . . , ug & Q+, such that
=1y v=1uys>1 and u_,|—u for any ic {l,..., s} iff there exist
at>0andag¢P(ts) such that g (u) = v. []

To the end of this part of the paper it will be assumed that n = 1,
m = l+4+k > 2, i.e. that (Q;f) is an (1, 1+k)-groupoid.

2.3. If u, v, w € Q* are such that u=w, vl—u, v|— w, then there exists
av' € QO+ such that u |— v', w |— v

Proof: Let v = a? , a,€ Q. Then, there exist i, j such that
u=at—! bra? ar, f(a) =bm
.—af—l Cma}p-i-l : f(af) =

1 Namely, if:
f : Q" Q™ n=ﬂ1+":+ tnp , m=my+myt+...+mp,
then f=f, X xj;, Qr — Q™ is defined by:
f(a,a,. cL2p) = f1(a,) fa(ay) . fp (ap)
where a,£Q™. If g:0%— Qﬁ h:08 - QY, then ﬁg:Q“ — QY is defined by
(he)@P) = h (gla}).

*D. Dimovski (personal communication)
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Then i # j, since w # u, and so we can assume that i < j. If we put

=1 ym o j—1 P
v "al bla£+l CTaj+i’

then we will obtain that the relations u |— v', w |— v’ are satisfied. []
24. Let a€ Q, by < Q**1. Then a== b} iff there exist r,s>0, g€
@ (r4s), h& P (« 5) such that:

a=rk, g(a)=nh(3).

Proof: Leta € Q, bF € Q** be such that g(a) = h(b%), for some g €
P (r+s), h€ 2 (p,s). Then by 2.2 we have a = b%.

Assume now that g = b%. Then there exist wy, uy, ..., U, p=>0
such that a = uy, b§=u, and u,_, ~u for any i€ {1,2,..., p}. If
p=20, then we have a = 4% j.e. a =b, and therefore 1(a) = 1(b,).
Let a # b%. Then p > 0. Then u, = f(a), i.e. @ |— u,. By a finite number
of applications of 2.3 we can obtain that

al-uy |—uy|— ... |—u, =b%,
or |
abuyb—uy b= o bty g — o Uy —{ 5%,
where p = r +42s. By 2.2 there exist g€ /2 (r+s), h € P («, s) such that
8@ = upsy=h (P .

Then we also have

Uris = g (@) € QUC+9K
Upps = h (b%) € PUAmk.,

which implies « = rk.[]
Now we can give satisfactory descriptions of (1, 14k)-groupoids which
are v.v.s.s. (p.v.v.s.s)).

2.5. An (1,14+-k)-groupoid (Q;f) is a v.v.s.s. iff for every s = 0 and
g h€P(s), the following quasi-identity

gX)=h()=>x=y (2.4

is satisfied.

Proof: Assume that (Q;f) satisfies every quasi-identity (2.4). Let
a,b € Q be such that g= b. By 2.4 there exist an s > 0and g, h & 2 (s) such
that g (@) = 4 (). Then by (2.4) we have a = b. Thus (Q;f) satisfies (1.4),
and by 1.4 (Q;f) is a v.v.s. of O*.
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Let (Q;f) beav.vss.,andleta, b€ Q,5>0, g, h € P (s) be such that
g (@) = h (b). Then by 2.2 we have a = b, and this by (1.4) implies a = b.
Thus, every quasi-identity (2.4) is satisfied. []

2.6. Let (Q;f) be an (1,1+k)-sudbgroupoid of a semigroup. Then (Q;f)
is ap.v.v.s.s. iff for any s=>0, g € P (s+1), h€ P (k,s) the following quasi-
identity

gx)=h0p) = f(x) =) (2.5)

is satisfied.

Proof: We have to make the same discussion as in the proof of 2.5.
Namely, this proposition is a corollary of 1.5, 2.2 and 24. []

3. Here we make some remarks and state some problems.

3.1) We have given a complete description of v.v.s.s., but concern-
ing p.v.v.s.s., we do not have a satisfactory description of proper (n, m)-
subgroupoids of semigroups in the case n- > 2, m—n = k > 1.

Thus if (Q;f) is an (n, n+k)-groupoid, where n > 2, k > 1, and if
(Q;f) is a p.v.v.s.s. it can easily be seen that for any s > 0 and any
g heEP (s+1), IERP (k, s) the following quasi-identities

g () = 1) = () =yt

are satisfied, but we do not know whether these quasi-identities are sufficient
for (Q;f) to be a p.v.v.s.s..

3.2) Let n, m be given positive integers and let B be a non-empty set.
It is easy to give a description of the free (n, m)-groupoid with a basis B.
Namely, let F, ,(B) = U B,, where B, = B and B,.; = B, U {(}i)

p=0

|u,€B,, 1 <i<mj}. Then, if we put
£ = v =i i€{12. .., m}

we get an (n, m)-groupoid (F,,,(B);f) which is freely generated by B.
If n,m > 2, it is a v.v.s.s., but if n—m=k > 1, then it is not a p.v.v.s.s., for
it is not an (m+k, m)-semigroup. We do not know whether (F,,,, (B);f)
is a p.v.v.s.s. in the case n < m.

3.3) It is natural to ask for “Mal’cev-like* axiom systems of the class
of v.v.s. (p.v.v.s.) of groups ([1], [5]).

3.4) Let F be a set of vector valued operations on a set 4. Then (4;F)is
called a vector valued algebra (v.v.a.). We say that (4;F) is an F-subgroup-
oid of a semigroup (S;-) iff, for any f€ F, (4;f) is a v.v.s. of (§;-). Itis not
difficult to see that the corresponding generalizations of 1.1, 1.2, 1.3, 1.4 and
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—

1.5 hold. (We note that if (4;F) isa v.v.a., then the relation |~ on A+ is
defined by

ul—=v & (Qx, y€4*, f€F) u=xafy, v = xb7y, flah) = bn (1.1")

and /> is the reflexive, symmetrical and transitive closure of }—on A+. Then
/> is a congruence on A+ and the factor semigroup A+/=is given by the
following presentation:

<A@y G =by... byl f@) =bp in (LF}>  (3)

It is known that in the gensral case the corresponding generalization of 1.8
is not true. That is why we find it interesting to look for an axiom system of
the class of v.v. F-subgroupoid of semigroups.

35)Ifn, m=>= 1, 5,t > 0 are such that n4-t-+s(m—n) > 1, then it
can easily be seen that

| P (t,5) | <1 D+t (m—n)].

v=0

Assume that A and p are two integers such that:
1

—

p= 2, 1AL [I+t4+v (m—n)).

v=0
Does there exist an (n,m)-groupoid (Q;f) such that |Q|=uy,
| P (6,5)] =2?
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r. YV[IOHA — C. MAPKOBCKH
BEKTOPCKO BPEJHOCHHM IIOATPVIIOMOHM O IIOIYIPYIIH

(Pesume)

Bo paGortaBa ce pasrneayBaar [Be KJIacH BEKTOPCKO BPEIHOCHH IDY-
MOMOH, a Toa C€, HMEHO, KjacaTa BEKTOPCKO BPENHOCHH MNOATPYIIOHOH OX
MONYTPVIIH, KaKo H HEj3HHaTa IOTKIaca — KiacaTa YHCTH BEKTOPCKO Bpen-
HOCHH MOArpynougd opn monyrpynd. Ce naBa KOMIUIETEH OIMC Ha IpBaTa
Kjiaca, Kako H CKOpO KOMIUIETEH OIHC Ha Bropara Kimaca, Ha KpajoTr Ha
pabBoraBa ce dopMVIHpaaT HEKOJKY HEpEeIIeHH MpoOIIeMH.
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