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ON A CLASS OF VECTOR VALUED GROUPS

Gorgi Cupona, Dondo Dimovski

Abstract. Vector valued groups are defined in [1],
and some existence conditions of a kind of finite vector va-
lued groups are given in [2]. Here we consider ;'"(2m,m) -groups )

\\‘E

and show that there is an analogy between the theory of

(2m,m) -groups and the theory of binary groups.

0. In [1], (m + k,m)-groups are defined. Let m 2 1
and G#@. (G,L 1) is a (2m,m)-group iff:

e ) U j-(xem) — [xam] is an associative map from
2m 2m+i 2m
G into G", i.e. [xl[xl +1 x2m+1+1] [[x ]x2m+l
for each i € {1,2,...,1:1} 3
and

i1) (Wa,pec™(Ix,ze6™) faxl=b=[y2].

TH-4Y, (x%m) stands for (xl’x2""’x2m) and
[xfm] stands for [X;Xse..%5n] .

If we define a binary operation "o " on c™®

(1) xey =[x7]]
then i) and ii) dimply that (Gm,O) is a group.

by

It is clear that a (2,1) -group is the same as
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a group, 'so,- usually we assume that m = 2.
@Let e =(eT) be the identity element in a given
(2m,m)-group (G,C 3) i.e. in (G™,0) . Then the equalities
(e2req)0(e20ey) = (92'91)2 = [e2 0y €3 ¢1]
m-1:

= [[3 o] el]er]t.l] [e2[e] ey o1 ey ]

=[e2 ey 1) = (e3seq)
imply that (etzn,el) :(er{), i.e. ey=ej=e =e, ,=... =@k

Hence, the components of g are egual, i.e.

\e———(e,...,e) (e™ l

Moreover, [xl -1 e™ m-.] [[Xl_l ; m]em]

=[q7i e «f ™ Je] = [t of "] = () ,

i.e. for each i €41,2,...,m}, [xi"l e™ x 1J~(X;) :

For each i €{1,2,...,m} we define ‘f’i:Gm —3c"
by ‘Pi(xt{') =[e™* x!]!_l e*]. Then
-1) 2
(\Pi)m (xlil)z[em(m m ml_] P o(x )e o (™t = (=) -
So, (‘Pi)m = id (1dent1ty), and hence Y)i is a permutation
on G™ whose order is a divisor of m .
If for some i €{1,2,...,m-1} *f; =id, then for
each x€G, (xm_i,ei} =[e" ¥ 1] = [em"i pr e g
s P (ei,xm“i) - (ei,xm"i), and so x =e . Thus for each
i e{1,2,...,m-1} P, # id provided 16|+ 1, i.e. G has
more than one element,
et (G,-) be a2 group. It is easy to check
that (G,C3) with  J: G°® —» G™ defined by (2) is a
(2m,m)-group.
(@) [x’]“ yr-f] = (xlyl,xgyg,....,xmym)

Moreover, in this case, (Gm,c') is the prbduct
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We call such (2r.-1,m) -groups trivial (2m,m)-groups .
1t (6,0 1) is a trivial (2m,m)-group, then for
each i 6{1,...,111—1} \Pi(x?)—_-[em" xl elj
e (em‘i,x%)a(x';*_l,ei) (xl +1° 1
Por example, if m= 4, the order of ‘/"2 is 2 and the
order of ‘P3 is 4. In meneral, the order of 'ioi is
m/g.c.d.(m,i) .

1 If (6,0 1) is a (2m,n)-group and if we set
(3) xim] = ([':cam_'[l, [xin]g, e ,rxla_mjm ) ,
then we get an algebra (G; [ 'Jl,. oy E 3m) with m
2m-ary operations. This algebra satisfies the following
conditions: _

(i) For each p E{l 2,...,m} and each (x%m) € g
[ r§m++1p-]1' “[ gma-*ipj x2m +D+ l—Ji

= l_-[}?‘njl' ..[x " x2m +J 3 and
(ii) (-%a -(bm)éGm)(ax, €Gm)()9li e{l,...,m})
(2x);=1 =[x2) .

And converselly, if an algebrz (G:,Ell,..., E:Im)

with m 2m-ary operations satisfies the conditions (i) and

(ii), then (G,C1) is a (2m,m)-group with C ] defined by

(3).

In the case of a trivial (2m,m)-group (G,C 31
[-xfm] = X%, .3 » i.e. all of the operations [ 1. are
essentially binary and are gotten from the operation of the
group (G, ) .

PROFOSITION 1, Let (6,C1) be a (2m,m)-group,

: 2m
such that for ie{l,..,m} ]:)c1 ) = X; ¥, Xp .4 » Where
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*i:Ga —+ G is a binary operation. Then (G,[ 1) is a
trivial (2m,m)-group.
Proof. It is easy to show that for each i G{l,..,m}

(G, * \ is a group with identity element e . Next,

[xl[xgm+ 1_]:2]“_2 - [[xi“]x%:+11 implies that for each
i €11l,0004m-1%

(%501 ™ %pai+1)% 01 %ms ie1
= (%41 ¥5141 Tnei+1) ¥i41 Toneiel °
Using this and the fact that (G, *i) is a group for each
ied{l,...,m} it follows that T PRIk N
Hence, (G,C3) is a trivial (2m,m)-group. W
5 m 5

REMARK. Since [x] ¢"] = (x]) = [e" x]] , it

follows that in every (2m,m)-group , [xl ; depends on

x. and x for each i €{l,...,m} .

i m+i?

Suppose that (G,[ 1) is a trivial (2m,m) ~gTroup.
Then (G,[ 1) satisfies the following conditions for each
L €N omt

(@)[el ! x o™t y er"'j“_-];j = e for j+1i; and

m-i ¢

(v) [e x‘{ et ] = (xl_‘_l,xl)

PROPOSITION 2. If (G,C1) is 2 (2m,m)-group
satisfying the conditions (a) and (b), then (G,[ 1) is a
trivial (2m,m)-group. |

Proof. Let xxy = [x " m-1 v em']']l JiTiek (x’{)e o
and (yi‘) € Gl for some i €{lye..ym} . Then

o e i-1 i
[ 51 "] = [ x(xfy g 9170 5y) o]
% fxl“ X3 [em' s :|.+1 yl e]em"":l

= [xll"lfxi o1 m'lje x1+1 31 ~1l gi-it 1_'[
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= [xi'l (x5 % yi) ™1 o xg_1+ 1 yi‘l el-i+ 1

i-1 i-1 m-i+1
=[x (xgx7) Ky 7T e ]
implies that
-1 -1
[ 71) =97 (myx3,) A7 o]
=072 (%1 % Tao)) (% %7) 7372 2]
Ao -.-[(xlxyl) (xexye) (xmxym] e™]
= (%) ®Fys Xp*Tps eee 5 X %5, ) -
This shows that (G,C3) is a trivial (2m,m)-group. B
I."li. Let (G,£1) and (X,CL1) be (m,m)-groups.
Amap f£:6—»K is called (2m,m) ~homomorphism if
£ = T2E) 2fx0) o0 Bt ]

where ffm) 16" is the mth

product of f, i.e,
f(mJ(yJ{l) = (f {yl) 9 f{ya) 4 :o .y f(ym)) . It is clear that : o
is a (2m,m) ~homomorphism iff f(m) 2 (Gm, 0) —_— (Km,o) is

a group homomorphism.

Let £:(G%,C3) —» (x".c ]) be a (2m,m)-homomorphism,

(") the identity in (G,C 1), (k™) the identity in (K,[ J)
and H = ker(f)={x|x€G, £(x) =k} = £71(k). ILet us
examine some properties of H. First of all, H® is a
normal subgroup of (Gm,o) « Moreover, H satisfies the

following conditions for each i € {1,2, eea,yll ]- :

(4) xi-l i xﬁ] = [xt]r_l B'] ; and
(5) [ ] =[] 8" ™ "] =[(zp" "] .

Above, [—xi"l H" x; | stands for the set

i-1 .m
{7 o] 27 |el) e 8% .
For m=1, the condition (5) is trivial, and the

condition (4) is equivalent to H being a normal subgroup,
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provided that H is a subgroup.

Let us show (4). Because e € H, it follows that
[el ™ e®3] - & for each i ¢{0,1,...,n}. Since BT
is normal in (G",°) it follows that [x] "] = [8" x]].
vow, [~ E"E )= [xd"1 B o0 ] = [B-1gm [l -1 i
= [x:jL"l s el nall i 1‘] =[x ol [
This shows that (4) follows only from the fact that H"
is a normal subgroup of (Gm, 0) .

The condition (5) is a consequence of the
following equivalences:

[x’; Hm] -‘-l__yg_l Hm] ¢=> ¢ (@ (xi’) = f(m)(yt{)

<=y f(xi) - f(yi) for each i E{l,...,m;—

<= f(mﬁfxgm) = r{m)((y%m) for each i €{1,..,m}
<= [(=xJ" B"] =[Gz H"] for esch i €{1,...,m}.
We say that a subset H of a given (2m,m)-group
(c,C ]) is a (Em,m)—subgoup if H® is a subgroup of (Gm,o).
A (2m,m)-subgroup H of (G,L1) is called normal (2m,m)-
subgroup if it satisfies the condition (5) and H™ is
a normal subgroup of (Gm,o) .
Hence ker(f) is a normal (2m,m)-subgroup of a
given (2m,m)-group (G,C1) for any (2m,m)-homomorphism
t from (G,{1) to some (2m,m)-group (k,r 1).
5_,( Let (H,LJ) be a normal (2m,m)-subgroup of
(G,01). We define a relation ~ on G by
() a~b < [a" 8] =™ 5] .
It is easy to check that ~ 4is an equivalence on G.
We denote the facltor set G/~ by G/H, and its elements
by aH . Next we define [ ] on G/H Dby:
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(7) [, B) (x8) ... . (xp®)] = (2218, ..., [x2%] &) .
PROPOSITION 3. (i) (G/H,C1) is a (2m,m)-group.
(ii) The patural map T:6 —> G/H defined by %i(x) = xH
is a (2m,m)-homomorphism.
(iii) ker(fi) =H .
Proof. (i) Supposé that xa.H = yJH for each
3255 2nr Bk, [(xj)“‘ HP ] =[@)" H"] . Then
(5) implies that [x] H"] =[y’{ H"] and
(=21 B"1 =[8% 1 ] . wow, [64™] #°] = [2n | &)
> I-xT[yu%mi-l HmJ] =[q " Vﬂl] = [y B -"rﬁl] =[[yfm]HmJ'
This, and (5) imply that for each i €4{1l,...,m}
["l8 = [¥2=)# , i.ec € 1 is well @etined.
The associativity and the condition 0. ii) for
C1:(a/m)™® —s (G/E)™ follow divectly from the sssocisti-
vity and the condition 0. ii) for ¢ 1:6°® —s g

(i1) FOYE™)) = g™ {20, sk =7 o

=([—:\c:%':l 1Hy eee ,[x%u.]mﬂ) = [le ..... xEmH]
= [905) FEeee T(xop)] o

(iii) ker (1) = {x |F(x) = eH} = {x | xH = eH}

=4x|xeH} =H. B

The (2m,m)-group (G/H,C 1) is called
(2m,m)-factor group of G by H .

PROPOSITION 4. Let (H,C3) be a normal (2am,m)-
subgroup of a given (2m,m)-group (6,C 1). Then (G"/E",0)
is isomorphic to the group ((6/H)™,°) via an isomorphism
g defined by g((xl{')Hm) = (‘x]_H,... ,xmﬂ) = j}‘(m((x?)) s

Proof. g is well defined because ['xT Hmjz['yrf ]

implies that 7™ ((x])) = 7™ ((+7)). since FT®™ is an
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epimorphism it follows that g is an epimorphism . If
g((x?)ﬂm) = (eE)™ , then gi(m)((x’;n = (eH)™ , which implies
that [(x'f}ﬂm] = H" . Hence, g is a monomorphism. W

@ Suppose that (G,L1) is a trivial (2m,m)-group
gotten from a group (G,*). Let H be a normal subgroup of
(6,+) . Then H"™ 4is a normal subgroup of (G",e) . To
show that H satisfies (5), let (xg_l), (y’{) € G® . Then
[ &) =[y] B"] <> x;H = y;H for each ied{l,eeoom}

> ['(xiam ] = [(yi)m "] for each ie{l,...,m}.

Hence, (H,C 1) is a normal (2m,m)-subgroup of (G,L ).
Converselly, suppose that H is a normal (2m,m)-

subgroup of a trivial (2m,m)-group (G,C3) . If b, ,h, € H,
then [h, o1 h, " | =(h1h2,em"1) € B", and
(hl,em'l)'l = (hl‘l,em"l) € H™ . Hence, H is a subgroup
of (G,*) . Because H™ is a normal subgroup of (G",°) ,
it follows that  (x,e™ D) E® = H'(x,e™ ) i.e. xH =Hx
for each x € G. Hence, H is a normal subgroup of (G,*).
i The above discussion shows that the notion of
normal (2m,m)-subgroups makes sense only for “pure"
(2m,m)-groups, i.e. for (2m,m)-groups that are not trivial
(2m,m)-groups. Otherwise, it is the same as the notion of

normal subgroups.

A (2m,m)-group can be thought of as an
algebre (G,e; {E ]i’ r\]i’ [/]i}i=l,...,m) where
€l ) [/)i are 2m-ary operations , e is a constant,
and the following identities are satisfied for each

i G{l,u.,m}:

—

P P+ 2m P+ 2m Zm
[xlfxp-a-l Jl S [xp-i-l ]m *p 4—21:1.a-1_‘l i
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..[[xgm]l T [xl = X2m+1_] ]

BXn a1 o0 Xop =% «os :ﬁn—]i = x; ,

(X) eee x, / Xn4l *°° x2m]i = X; , and

[e™ xT]i = x; = [xl]]_1 em]i.

Hence, the class of (2m,m)-groups is a variety of
algebras. So, for better understanding of the (2m,m)-groupa
it is needed to obtain canonical forms for the elements in
free (2m,m)-groups.

We note that free (2m,m)- groups are not trivial
(2m,m) -groups.
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