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A NOTE ON INVARIANT n-SUBGROUPS OF n-GROUPS

Naum Celakoski, Sne¥ana Ilié

Invariant n-subgroups of n-groups are considered here,
and the so called "indirect method" for proving theorems
on polyadic groups is used.

0. PRELIMINARIES

Invariant n-subgroups of n-groups are considered in Rusakov
[3], [4] and some properties are investigated there by "direct
technics" (which are used in most papers on n-groups). An "indi-
rect method" which uses binary groups for proving theorems on
polyadic groups is proposed in Cupona, Celakoski [2].

We use this method here to give an analogy of the well
known result of the binary case that all normal subgroups of a
group are exhausted by the kernels of homomorphisms, giving fir-
stly some characterizations of normal n-subgroups of an n-group
by the universal covering grouo.

We will use some definitions and notations as in [1] - [4].

An algebra Q = (Q,[ ]) with the carrier Q and an n-ary ass-
ociative operation on Q, [ J:(x ,...,x ) [x1...xn] (n being
addition, all the equations [a,...a _;x] =b, [ya,...a ;] =D
on x and y are solvable in Q. The semigroup @~ = (Q",*) gene-
rated by the set Q with the set of defining relations:

a =a, ...a, for every equality a = [a,...a ] in Q, i.e.

Q" =<Q; {a =a,...a |a=1[a;...a)] in Q}>
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o* = U g™, where Q" = {a,.c.ay | a, €Q} can be written
1

in the form ([1; p.25], [2; p.136]):
Q" = QUQ?U...uo™ !, where o'nol =g if i#4.

An n-semigroup Q can be considered as an n-subsemigroup of its
universal covering semigroup Q. If Q is an n-group, then Q" is
a group and vice versa.

1. INVARIANT n-SUBGROUPS AND THE UNIVERSAL COVERING GROUP

Let Q be an n-group. An n-subgroup H of _Q") is said to be

(vx€Q) Wi €(2,...,n}) [xu""1] = [Hi-lxﬂn-i]. (1.1)
This is equivalent to the statement ([4; p.104])

060, 1o v 0 rX,_, €Q) (VL E(2,000m11) [E71H] = [ 'Y (1.2)
(Here, for example, [H 7 !xH""1] is the set {[hfﬁlxhg‘-l]]hve H},

m
where hk stands for hkhk+1“‘hm if k <m, or for the empty symbol
if k>m.)

The following Lemma gives a charactgrization of invariant
n-subgroups in terms of the universal covering group.

1.1. LEMMA. An n-subgroup H of an n-group Q is invariant in
Q iff

(Yx€Q) xH = Hx in Q.

Proof. If H is invariant in Q and x €Q, then by (1.2)
[x""1H] = [xn-zl{x], which becomes x" 'H = x" ?Hx in Q" and thus

D=2 in the group Q") xH = Hx.

(by cancelling x
Conversely, let xH = Hx in Q* for every x €Q. Then
[xE"71]) = i) = a2 =, .= B ha? ™ = e
for every i€{2,...,n}. Thus, H is invariant in Q. 0

If H is an n-subgroup of an n-group Q, then H" is a sub-
group of @* ([1; 3.2, 3.9]) and H* = HUH?U...UH" !, Therefo-
re, by using Lemma 1.1, we have the following

1) Throughout the paper Q will denote an n-group and H
an n-subgroup of Q.
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1.2. THEOREM. An n-subgroup H of an n-group Q is invariant
in Q iff the subgroup H" is invariant in Q-.
Proof. Let H be invariant in Q. Then, for every x€Q,
XH = Hx in Q" and
|

XxH* = x(HUH*U...UHE"™ ) = xHUxH?U...UxH®"
1

HXUH?XU...UE" !x = (HUH?U... U

|
-
»

Ix =

If a€Q”, i.e. a = a,...a;, a,€0Q, then

aH" = a,...ai(HuH’u..-an"l) = a,...ai_ltaiHU...Uail‘-f‘“n

L}

= ~1 S =1
=a,...a;_;(Ha,U conlt B a;) = a.,...:.=.i_1(l-lu...u'l-ln Ja,
=...= (Hu...an-l)a1...ai = Ha.

Thus, H® is invariant in Q~.

Conversely, let H® be invariant in Q". Then

(¥x€Q) xH” = BH"x, i.e.
XHUXH2U...UxE*" ! = mxUB?xU. ..U  Ix;

this is equivalent to the following sequence of equalities in Q~:
xH = Hx, xH2 = H’x,...,xﬂn—l = Hn-lx;

by Lemma 1.1, H is invariant in Q. ]

An n-group Q is called a Dedekind n-group ([3; p.89]) iff

every n-subgroup of Q is invariant in Q.

1.3. PROPOSITION. If Q is an n-group and Q" is a Dedekind
group, then Q is a Dedekind n-group.

Proof. Let H be any n-subgroup of Q. Since Q* is a Dedekind
group, it follows that H" is invariant in Q" and by Th. 1.2, H
is invariant in Q. Thus Q is a Dedekind n-group.[]

The question for the converse of Prop. 1.3:
P.1. Is Q" a Dedekind group when Q is a Dedekind n-group?
remains here without an answer.
The set of all elements x of Q such that
[x~1] & [E*"1e8?L] 1) - 1€62,...00 3} (1.3)

([3; p.111])) and it is denoted by Ny (H) or shortly N(H).
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Clearly, N(H) # @ since HCN(H). If x‘,...,xnen(ﬂ), then

[%yeoox JH = X, X H =X 00X HR =...= BX,.oX = H[x,...x ]
in Q*, by which follows that [x,...x ] EN(H). It is easy to ve-
rify that any equation [a,...a _;x] = a on x and [vase..a ;] =
=a ony in N(H) is solvable in N(H) and thus N(H) is an n-sub-
group of Q. By the definition of N(H), H is invariant in N(H)
and there is no element x € Q\N(H) which satisfies the condition
(1.3). Thus:

1.4. PROPOSITION. The normalizer N(H) of an n-subgroup H of

o ttecst

riant in N(H). [
We note that the universal covering group (N(H))"~ of N(H)

is contained in

N(H") = {x,...%,€E0Q" %, scux HE = H*x,...xi},

i
i.e.
(N(H)) "~ C N(H"). (1.4)
Namely, if x_ ... xiE{N(H}]“. where x €N(H), then by 1.4 and 1.1
XyoeoX H" = x1...xi(HuH=U...Uﬂn_1) = x,...xi_l(xiﬂu...uxiﬂnvlk

= X,eeeX_ (BX U ...Uﬂn-lxi) =...=

i n-1 =
= HX;...X; U... UH "X ...xy =

n-=1 i
(Hygs s o \UH )x1...xi=Hx1...xi,
that is x,...xieN{H“}. Thus (1.5).
P.2. Does (or under what conditions) equality hold in (1.4)?

The indirect method can be used in obtaining shorter proofs
of other results as well as of the following three:

1) If H and K are n-subgroups of an n-group Q such that
M =HNK # @, and H is invariant in Q, then M is invariant in K
[4; p.107] and M* = H~NK".

2) If X and H are invariant n-subgroups of an n-group Q
such that [x#""!] = [E"7!X], then the n-subgroup B = [xa""!] is
invariant in Q@ ([4; p.107]) and B" = X"H".

3) The center of Q, i.e. the set
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Z(Q) = {z€0 | (¥xEQ) [xzn'l] = [zi-lxzn_i], 82,5y}

is a commutative invariant n-subgroup of Q if it is not empty;
in that case (Z(Q))" = Z(Q").

(We note that the condition of "non-emptiness" above is
omited in [4; p.106], which is a mistake. For example, Z(Q) of
the 3-group Q = {o|o is an odd permutation of {1,2,3}} with
[xyz] = Xoyoz, is empty and thus it is not an n-subgroup of Q.)

2. HOMOMORPHISMS AND INVARIANT n-SUBGROUPS

The notion of homomorphisms of n-groups one defines in a
usual way. The well known properties of the surjective homomor-
phisms (i.e. epimorphisms) of groups that the homomorphic image

of a normal subgroup is a normal subgroup one proves easily for

the n-ary case directly or indirectly. But the fact that an n-
group might have more than one identities or no identity element

a homomorphism one can not translate in a usual way.

Therefore we will consider the case when ¢:0 + Q0”7 is a
surjective homomorphism of n-groups, where Q° is an n-group with
at least one identity. In this case, for every identity e"€Q~”
there exists a kernel

Rer_.¢ = {x€Q | ¢(x) =e"}. (2.1)

An analogous relation between the invariant n-subgroups of
an n-group and kernels of homomorphisms (of n-groups) can be
stated as in the binary case. We note that every homomorphism
$:Q + Q° of n-groups induces a homomorphism ¢~:0° + Q°" between
their universal covering groups, defined by ([1; p.26])

$° (X, 0uxy) = ¢(x,).0.0(xy), 1<is<n-1, x€EQ. (2.2)

If ¢ is an epimorphism (monomorphism) of n-groups, then ¢° is
an epimorphism (a monomorphism) too ([1; 2.2,2.3]). We will pro-
ve first the following

2.1. TEHOREM. If ¢:Q - Q" is an epimorphism of n-groups and
H” is an invariant n-subgroup of Q”, then the complete

inverse image of H”,
H=¢ "(H") = {h€Q | ¢(h) EH"}

is an invariant n-subgroup of Q.
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Proof. Clearly, H=¢-1(H') is an n-subgroup of Q0 (as a com-
plete inverse image of the n-subgroup H” of Q7).

Since H” is invariant n-subgroup of Q°, it follows by Th.
1.2 that the group H°* is invariant in Q°*; thus H" = ¢° ' (H"")
is invariant in Q“ which again by Th. 1.2 implies that H is
invariant in Q.[]

Now we consider the epimorphisms and invariant n-subgroups
of an n-group.
Let ¢:Q » Q° be an epimorphism from an n-group Q onto an
n-group Q” with at least one identity e~ and let
Ker_.¢ = {a€Q | $(a) = e’} = K.

Clearly, K is an n-subgroup of Q. Since {e”} is an inva-
riant n-subgroup of Q°, it follows by Th. 2.1 that K = ¢~ (e ))
is an invariant n-subgroup of Q.

Now let H be an invariant n-subgroup of an n-group Q. Defi-
ne an n-ary operation / / on the set

Q/H = {[xn“'l] |er}
5 /[x1Hn—1]...[ann-1]/ = [[x1...xn]Hn-1]. (2:3)

by H) with an identity H. The n-subgroup {H} of Q is the kernel
of the natural homomorphism ¢:Q + Q/H, ¢(x) = [an-l], since

-1
H=2¢ {H}.

So, we have the following theorem:

2.2. THEOREM. An n-subgroup H of an n-group Q is invariant

$:Q + Q°, where Q7 is an n-group with at least ocne

identity element.[]

Invariant n-subgroups of an n-group can be characterized
also as kernels of homomorphisms of the n-group into (binary)
groups. Namely, if Q is an n-group and G a group, then a mapping
¢:Q -+ G is a homomorphism iff

(¥ X, peeerx) ¢([x1...xn]) = ¢(x,)..u0(x)). (2.4)
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Suppose that Q7 = (Q‘,[ ]) is an n-group with an identity

e” and ¢:Q + Q° a surjective homomorphism. Putting

(¥x7,y°€Q) x".y” = [xye?]

(2:5)
we obtain a group (Q7,:) with the identity e”. Moreover, if
x,,...,xne'Q and x; = ¢(xv], then

-

¢([x1...xn]) = x:-...-xn

and thus ¢ is a homomorphism of the n-group (Q,[ ]) onto the
group (Q°,-). Also Ker_.¢ = {x€Q | (%) = e”} is an invariant
n-subgroup in Q. Therefore the following property is true:

2.3. THEOREM. An n-subgroup H of an n-group Q is invariant

in Q iff H is a kernel of a homomorphism from Q onto a

(binary) groug.ﬂ
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