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SEMILATTICES OF SIMPLE n-SEMIGROUPS
P. Krzovski

The purpose of this paper is to show that the well known characteri-
stic of semilattices of simple semigroups ([1],[2]) could be generalized for
the class of n-semigroups for n>2.

1. SOME DEFINITIONS AND RESULTS

Let S be on n-semigroup, i.e. an algebra with an associattive n-ary op-

if S is commutative, idempotent and satissies the sollowing identity
iy i 19
1.2 k.o STSe k
XQ Xg eeaXp = Xy XpTaelXp,
where i,+i 4. 41 =j 4ot gy =n, B, , 0y, >0,

A congruence on an n-semigroup S is called a semilattice congruence

aEs, xies imply Xyeee X5 axi...anA for every i=1.2,....n.
An ideal J of S is said to be completely prime iff x;x,...x €J
x]EJ or xEGJ or ... or anJ.

An ideal A of an n-semigroup S is completely semiprime if for any x€S,
x"E A implies x€A.

An characterisation of all semilattice decompositions of an n-semigroup
S in terms of completely prime ideals is given in [3]. The least semilattice

congruence is denated by 7. The minimal filtre in § which contains x is deno-
ted by N(x), i.e. N(x) is the filtre generated by x. The classes of the congru-



84

ence 7 are called N-classes. If x€S, then the N-class which contains x is
denated by Nx' The class Nx is the largest n-subsemigroup of S containing x
and containing no proper completely prime ideals.

The principal left, right two sided ideals and ideal of a semigroup S
generated by an element x €S have the following form:
L(x) = xus"Tx, R(x) = xuxs™',

n-lx O xSn-] =3 Sn-lxsn-l

=1, uS"'ZxS U...uxs"

I(x)
J(x)

xus

-IU Sn-1xsn-1.

X us

An n-semigroup S is left (right) simple if S is its only left (right)
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is simple iff S=(U, s""Tasi 1) us™as™! for all acs.
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is partial ordered set.

2. A SEMIGROUP AND ITS N-CLASSES
Now we shalt establish some equivalent Statements on the N-classes, when

they are left simple, and certain properties of S in terms of either elements
of S or some tipes of ideals of S. ([2], I1.4.9 for the binary case).
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2.1 The following conditions on an n-semigroup S are equivalent.

e =l ————

i) Every n-class is a left simple n-semigroup.
ii) Every left ideal of S is completely semiprime and ideal

i11) For every x€S, x&s" 1xn and x5! & sh=ly,

iv) For every x€S, N =L .

v) For every x€S, N = fy€s | xGSn'lyleanx]

vi) Every left ideal is a union of 5 -classes.

Proof. i) = ii) Let L be a left ideal. If x"€ L, then x"€LnN,; hence
LN Nx is a leftideal of Nx and we must have Ln NX=NX. But then x€L and thus
L is completely semiprime. If x€L and ¥ ,yz,...,ynqes, then y]yz...yn_lxe

ELNN X. Hence LnN X is a left ideal of N and
Y1¥2+++¥n Y1¥2+Yp YYaer¥paX

we have that LnN =N ‘o
V¥ e ¥n ty1y2“'yi-1xyi'“yn=1 for every i=1,2,...,n-1.

But then y]yz...yi_]xyi...ynqé Ny]yZ"'yn-lx for every i=1,2,...,n-1. This

implies y]...yiqui..yn_lzl., which means that L is an ideal of §.
ii) = iii) For any x =S, Sn"]x" is a left ideal of S and thus it is comple-
tely semiprime. Since xzn'1€S"']x", we have x €SN 1y" gs"'1x. The set s"'x
is a left ideal and thus an ideal of S and contains x, so that xs"~' < J(x)gsn'1x.
iii) = iv) First we will prove that L, € N,. By the hypothesis, xes"in
< S"_lx. Then L(x) = sh-1y for every x€S. If yELx. then L(x) = L(y) and thus
X=2185...2, 1Y, y=b;by...b . x for some 3153ps-0058p 15 Dybyseni,b (€S, Therefo
re N =N =N np-1 =N, n-1=N =N and thus yEN_, that
X Ta335...3 GY Xy yx bybp--euby x Y X

5L SN,
Now we will prove that the relatation £, defined by xLy & L(x)=L(y)

is a semilattice congruence. Since 7 1is the least semilattice congruence we
have that NxE Lx'

By the hypothesis we have that uES"'lu"=L(u"}. Thus L(u)SL(u"), L(u™)=
sh=lyh g g1y, - L(u), i.e. L(u)=L(u").

We show next that for any x],xz,...,xne 5%

L(XyXp. e o) = L(xq) nL(xy)n...nL(x,) (1)

n . n=1 n-1
) Xy Xpe e X ST © ST Xg kX

Since (x1x2...xn = XqXoe X

n-1

X Xpee Xy 1 € Sn_]xnx]xz...xn_1 = L(xnx]xz...xn_]), we have that x;X,....
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Xn€ L(xnx‘_..

)5

Xpq) i.e. LlxqXpeeoXy qXp) = LIXXq0ux ) 4
Similarly

Lx Xy eeeaXyq) € L(Xp_1XpX] -+ +Xp-2) and so
L(xyXgeooXp) € LG X eax 1) € oee € L(xyXp...x,). Thus
L(xyXg.+2x) € L{x) OL(xp) Ao 0Lx ).

Let z€ L{xl)nL{xz} n...nL{xn), then z=ajqja p...8y, 1%ys 258903550

ApXpseeessZT8 48 00ee i@ 0 (X for some a5 €S, where i=1,2,....,n; j=1,2,...,
n-1 and consequently

n ) €
z EL(aﬂau“'aln-]xl”“an1an2“'ann—1xn -

c L(xnxlaZIaZZ"'aZn-'IxZ""an—m-]“n-]) C .o € R(xgxpeex)
From the equality (1) follows that
L -L s AR ™ et S e
xi_lxiz...xin xj1xj2...xjn Xy Xp eeeaXy X] Xp e Xy

where (i.l,iz,....,im}, {‘jl‘jZ""’jm) are some permutation of the numbres
(152, ... ) 72nd i]+i2+...+1‘k=j1+32+...+jk=n.

jy) = v) Let x be any element of S. Since xne Nx’ then x"z Lx' But
L= V€S |L(x)=L(y)}. So, we obtain L(x)=L(x"). From this it follows that

xEL(xM=x"u sP-1n, ¢ x=x", then x=x"€ AR L T xESn—]x", we have
that x€S" 'x. Thus L(x)=s""1. Then we can write

N =L =lyes|Lx)=Liy)idy=sly es" Y, xes"yi.

v) = v) If L is a left ideal of S, x an element of L, and y an element
of N, then yESn'1x C L, that is vi) holds

vi) = i) It suffices to show that Nx c qu y for all yENx. For y,z&€ Nx'

the hypothesis implies N € L(yzn'lj . Since z€N, EL(yZ"'])=y2“'] U sn-}yZnJ

we have that z=a,....a y2n—}

w for some 2, ,az,....,an_]—;s. Hence Nx:Nz =

2n-1

N 2n-1= N

a-eqpq ¥ 3182-++%n
2n

= -3 n-1 : c yn=1
= Aq....d VY y ENK y, and this proves that l‘{>< < Nx Y.

and ay...3, qY S Nx which implies Z=ay....8, Y

A similar proposition holds for right simple N-classes.
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By a simple modification of the proof of /.1, one can prove the following
theorem:

i1) Every two-sided ideal of S is completely semiprime and ideal.

i11) For every x €S, x=sn-Ixngn-1

iv) For every x€s, N =1 .

v) For_every x€§S, Nx={yESfxESn"1ySn—1, ye Snﬁlxsn_]}

vi) Every two-sided ideal is union of 7 -classes.

3. Yg IS LINEARLY ORDERED

In this section we perform an analysis simplar to that of section two.
Here we suppose that Ys is linearly ordered, where Y5=S/r} is the set of 7-clas-
ses of S which constitutes the greatest semilattice decomposition of S.

----------------------------------------------
----------------

iii) For every Xp9Xgseee s X €S, fXq5XppennnsX

23 o gt
Proof. i) = ii) Let L be a left ideal of S. Since every N-class is

left simple, by 2.1, L is a union of N-classes. If x.lxz....an L, then

Nx o L. By hypothesis YS is linearly ordered, which means that
EAtRE

inf Nizg... QNX , where (1'],1'2,...,,1'“) is some permutation of the numbers
n

(1,2,....,n). We have that

in =Nx?-—] s =Nx?-1x?—]xi =....Nx?—}x?_}-“xin_] K,' - le;—'| r-:-]
T 2 - '3 .52 n-1 'n 2
= N n-1 n-1 N =N
o n=1x" ) XM x X. X Xs °?
n-1 Ty 1" ]2 "n -1 'n Yesta n

ana tous L is completely prme.
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Let x],xz,...,xn_165 and yEL, then Xy Xoe X Y ENXIXZ"'xn—-'I =t

Since N , we have that XKoo oXj 1Y% eee

=N
X1Xpe e Xp 1Y X Xpe o X q¥XqeeeXy
xne L and thus L is ideal of S.

n-1

ii) = iii) For any x1,x2,...,xnes, S XqXpe e o Xy is a left ideal of S

and completely prime ideal. Since (x.lxz...xn]"ESn_]x]xz...xn, we have that

X Xge Xy S"_1x1x2...xn and thus either x]E S"—-lexz...xn or x,<S

n-1x

n-1
Xy X
n-1 c L

X, or ...or anS 1X00 Xy From 2.1 it foollows that xS

n-1_n-1

iii) = i) Let x,y€S and suppose that x€S  'xy ; the case yES"-]xy ¥

: s L n-1 =
is treated similarly. Then X=8185...3, (XY for some A1585500058) 4 €S, and

=N n-2 n =

1 =N n-2
18,0 .a80 XYY Taga,e..d Xy Y

thus N_=N n-
X Taq35...3, (XY

| n-1 n-1 = Nx

ayagsneac o™ Ny n-1, that is NXQ Ny and therefore Y_ is linearly

y

peee

ordered. Left simplicity of each Nx follows immediately form 2.1 since xESn_lxn

for all xES.

3.1.

i) Every n- class is two-sided simple and Y. is linearly ordered

ii) Every ideal of S is completely prime and ideal

iii) For every xl,xz,...,anS,{xl,xz,...,xn; ns x]xz...xns
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A proof of the next theorem can be given by a modificaticn of the proof of
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