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SOME CONNECTICNS BETWEEN FINITE SEPARABILITY
PROPERTIES OF AN n-SEMIGROUP AND ITS UNIVERSAL
COVERING

Biljana Janeva

Abstract. It is known that for any n-semigroup there
exists a universal covering semigroup, and there is a con-
nection between some properties of an n-semigroup and its
universal covering. In this paper such a connection for fi-
nite separsbility properties is studied. It is proved that:

l. If a covering semigroup @’ of an n-semigroup
is residually finite, then Q is residually finite as well.

2. If a cancellative n-semigroup Q is residually
finite, then the cancellative universal covering semigroup
Q™ is residually finite as well.

3. 1If the universal covering group Q" of an n-group
Q has the finite separability property , so does Q.

As a consequence of these results, the results given
in (3] , some known results for n-semigroups, and the fact
that finite separability properties imply solvability of al-
gorithmic problems, some n-semigroup classes with solvable
algorithmic problems are obtained.

l. Preliminary definitions

An n-semigroup is an algebra (Q,[] ) with an associ-
ative n-ary operation [7:(xy,X5yeee,X )" [xy%X5e0.%, ]+ Then
the semigroup Q" given by the following presentation (in the
class of all semigroups)

(Q; 1&-&132-.-%l a-ﬁlaa...&‘;l in 2} ) (1)
is called the universal covering semigroup of Q. It can be
assumed that Q € Q°, moreover, Q is a generating subset of
Q" and any element ueQ” has a form u=a,a,...a;, where
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l¢ic<n, a,eQ, and i=|ul is uniquely determined by u. If EF is
an n-subsemigroup of Q then there is a (unique) homomorphism

A :P"»Q" such that A(p)=p, for any peP. P is said to be com-
patible in Q if ) is injective, and then we can assume P"to be
a subsemigroup of Q" ([11).

A cancellative n-semigroup is an n-semigroup which satisfy
the cancellative laws. Then the semigroup Q~ given by the pre-
sentation (1) (in the class of cancellative semigroups) is called
the universal cancellative covering semigroup of Q. We note that
8)85...8;=bybye.by in 9 iff[a®a)...a) = 8" Ib ..0b) in g,
for each a€Q.

An n-semigroup (Q, [ ]) is called an n-group if
(Valsﬂ *18,€ Q(Ix,yeQ) [xal'"an-l] =an» [31' '%_17]“5\“1
or equivalently, if Q" is a group. An n-group Q is a cancella-
tive n-semigroup and Q™ =Q7

We note that every n-subgroup P of an n-semigroup Q
is compatible in Q ([1]).

2. Some connections between finite separability
properties of an n-semigroup and its universal covering

Let K be a class of n-semigroups and geK .

DEFINITION 1. Q is said to be residually finite in 'K if
for each x,ye€ Q,x#Ay, there is a surjective homomorphism ‘f from
Q to a finite n-semigroup of XK such that W(X)AP (7).

DEFINITION 2. @ is said to have the finite separability
property in JKif for each x &0, and n-subsemigroup P of Q, X ¢ P,
there is a surjective homoumorphism ¢ from § to a finite n-semi-
group of j{,such that ((x)¢ 1 (B).

Replaceing the words "n-semigroup","n-subsemigroup" by
"prgroup", "n-subgroup" respectively, we obtain the correspon-

ding classes of n-groups.

Remark In the propositions below by a residually finite
n-semigroup we will always mean a residually finite n-semigroup
in a class of n-semigroups. The cinsidered class of n-senigroups
will be clearly understood by the context.

YROPOSITION 2.1. I1f a covering semigroup g’1}2£ an n-se-

— — ——

migroup 7 is residually finite, then 3 is resicnally finite as well.

1) (:" is a covering sel vipgroup of an n-senigroup g is Q is a
generatlng subset of (;"and _xl...rn--xl...xn for any xy & (.
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Proof: Let a,b be two distinct elements of Q. Then
agb in Q°, and, by the assumtion, there is a surjective
homomorphism ¥ :9°— S, such that S is a finite semigroup
and ‘Y(a)#¥ ‘P(b). If we put Mv-\PQ and T= VY(Q), then (T,[])
is a finite n-semigroup where [xl...xn] = Xj...X;, and, thus,
Y :@ » T is a surjective homomorphism such that W(a) # (b).,

It is not known whether the residual finitness of an
n-semigroup Q induces the corresponding property for its uni-
versal covering. We will show, now, that we have the positive
answer if we consider the class of cancellative n-semigroups
and its cancellative universal covering semigroup.

PROFOSITION 2.2. If a cancellative n-semigroup Q is
residually finite, then the cancellative universal covering
semigroup Q is residually finite as well.

Proof: Let agb, a=9‘1"'ai'b'bl"'bj € Q% , a,,bheQ,
l<i<jcn. If i#j then ||:crs> \c| is a surjective homo-
morphism from Q™ to (Z§,+) such that |al#|bl. Assume, now,

that i=j. Then a’= [&] " a;...a,] # [al_lbl...bi]-b', and,

thus, there is a surjective homomorphism ¥ from Q into a
finite cancellative n-semigroup S, such that ‘Y (a’)# Y (b").
Then Y induces a surjective homomorphism W":Q"— _S_” s Where
8~ is a finite cancellative semigroup. Moreover, we have
Y™ (a)# W(b), for if ¥~ (a)= Y”(b), then ¥ (a’)= W(a’{'lal...an)-
= ¥(a))"™ W(ageeeay)= Y (8" WT(byeeeby)= W (D )eg
As a consequence of these two properties we obtain:
COROLLARY 2.3. The universal covering group Q"of an
n-group Q is residually finite iff Q is residually finite. .

As for the finite separability properties we have the
following results.

PROPOSITION 2.4, If the universal covering group Q°
of an n-group Q has the finite separability property, then
Q also has the finite separability property.

Proof: Let P be an n-subgroup of Q and x € Q \P. Then
P" is a subgroup of Q" and x ¢ P". Therefore, if Q" has the
finite separability property then there is a finite group G
and a surjective homomorphism “f :Q* — G such that P(x) ¢ Y(P").
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The restriction \PQ-‘¥ of Pon Q is a surjective homomor-
phism from Q into a finite n-group W(Q)=G" and WY(x) € Y(®)
C.._I' \P (2“)00

PROPOSITION 2.5. If each n-subsemigroup of ap n-semi-
group Q is compatible in Q, and the universal coveripg semi-
group Q" has the finite separability property, then Q also
has the finite separability property.

‘Proof: The proof is the same as the proof of 2.4.4

3. Some n-semigroup classes with solvable
algorithmic problems

Certain connections between the finite separability
properties and solvability of algorithmic problems are gi-
ven in [3] .To be able to state them for n-semigroup classes,
let me note that if Pis a property for n-semigroups, then
a class K of n-semigroups is a P-class if each finitely
presented member of X has the property 9 . Now, if a class
K of n-gsmigroups is residually finite (has the finite se-
parability property), then X has a solvable word problem
(has a solvable generalized word problem).

Also, a table of some varieties and classes with
solvable algorithmiec problems and with some finite separa-
bility properties is given in [3). Among others, the follo-
wing results are given:

(i) The variety of commutative groups (commutative
semigroups) is residually finite.

(ii) The class of free groups ( free semigroups, free
commutative semigroups) has the finite separability property.

Using these results, the results given in 2., as well
as known results for n-semigroups and n-groups, some corolla-
ries are obtained.

COROLLARY 3.l1. The variety of commutative n-groups
is residually finite.,

COROLLARY 3.2. The variety of commutative n-semigroups
is residually finite.

Proof: Let Q be a finitely presented n-semigroup.

The semigroup Q° given by the presentation (1)(in the class of
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commutative semigroups) is the universal commutative covering
semigroup of Q ([71). Q" is finitely generated commutative
semigroup, so ([5],Th 9.28, pg.172, II) it is finitely pre-
sented and is residually finite. Now, by 2.1, Q is residually
finite as well.q

COROLLARY 3.3. The class of free n-groups has the
finite separability prope:;y.u

Using the connections between finite separability
properties and solvability of algorithmic problems, it follows
immediately that:

1) The variety of commutative n-groups (commutative
n-semigroups) has a solvable word problem.

2) The class of free n-groups has a solvable genera-
lized word problem.

Remark: The result 1) could be obtained as a direct
consequence of the results in {2] for connections between
solvability of the word problem in n-semigroups (n-groups)
and their universal covering. It could be proved that:
if Q" is the universal covering group of an n-group Q with
solvable generalized word problem, them Q has a solvable
generalized word problem as well.The proof of this last pro-
perty essentially uses the fact that each n-subgroup of Q
is compatible in Q, so this result could be proved for n-se-
migroups in which each n-subsemigroup is compatible.
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