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Abstract. Here we characterize assocxativies and
L-unars as subalgebras of semigroups and we also show
that the class of weak associatives as well as the
classes of associatives and Q-unars satisfy the cor-
responding condition of compatibility.

1. Preliminaries and main results

A universal algebra A = (Aj;R) (i.e. .an fi-algebra") is
called an f-subsemigroup of a semigroup S iff ACS and

wfa,.a,...-,a }o=moaa il a (1.1)

n
for every men » Nn20 and Byrene,a EJ\ (where 2 is the set of
n~ary Operal:ors belonging to a). By a more general result

t[7, p. 274] or [5]) the class of 2-subsemigroups of semigroups
is a quasivariety. The following set of identities (1.2), (1.3)
and (1.4) is an axiom system for the var.i.et.y generated by this

quas.tvariety :
wt(x“...,xmﬂ ) o= tu(x,,...,xm+n_‘}, : (1..2)
w (x',....xk oot (xk,...,xk,,,p_ )"""%-ra-- =w’T (x1,:._.,xp‘q_‘} : (1.3)
m1w=...mr(x1,...,xt)— r‘rz...-rs.(x”...-,xt), (1.4)

for any meﬁn, TER, wEa, ten,, mn,q2l, p=0,
1<k<q, and for any w €, r.e®_  such.that
R he A m, ;

' Nyt.odn, - ril =t = m,+....+mé—s+‘1 =0 (1.5)
: :1.|+...+n‘i =431 2 8, m1+"'+mj-j+1 =0
for any isr, f<s.
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Associatives are investicated in several papers of authors,
anq a'survey of results can be found in [2] We note that, in
general ), the class ¢f g-subsemigroups of semigroups is a
proper subguasivariety of the variety of g-associatives, and
if |n] 22, then the variety of n-associatives is a proper subva-
riety of the variety of 0-weak associatives ([2]).

A unarv Q-algebra A = (A;9) (i.e. an g-algebra with
Q= a ) is called an i-subunar of a unar B = (B;f) if AcB and

ola) = £419) (), (1.6)
for any w&€fd and a€A, where ft:u++ 2{w) is a mapping from Q
into the set of positive integers. '

Unary fA-algebras belonging to the variety of unary g-alge-
bras generated by the quasivariety of s-subunars of unars are

of the following form.

u‘...hr(x) - t‘..-ts‘X,, ; .(1.?}'
where , ; '

!.[m }+...+l‘.[u ) = !.('l' )-I'...'H!.l'!‘ ¥ (1.8)
The quasivariety of L-subunars of unars 18, in ganeral 8) i a

proper subguasivariety of the variety of i-unars. ([3]}.

By the well known Cohn Rebane’s theorem {[1], [6]), if

A = (A;0) is an 0-algebra, then there is a semigroup S --(s,-}
and a’ mapping w & of @ in’ 8 such that h"—'s and ;

: W(a,:.--;a ’ g Na,-.'an il ‘: \.. ’ ll 9’

for any uen v n>0 and a, ,....a eh Then we say that 3 i,s

If we allow a, in (1.9) to be arbitrary elements of S, ;
then we obtain an 9-algebra s(n) = (S; n}, containing the ~given
Q-algebra A as a subalgebra.-

") rhe cldrs'of n-subssmigroups of semigroups is a variety
iff de J, where d is the greatest common divisqx of the ele-
ments of the set J = {n-=1 ﬂ F o 0 ; :

2) The class of -subunars of unars is a varxdty fi.e.
the class of lL-unars coincides with the class of -suvbunars of
unars) iff there ex;sts ‘a 1€ Q such that i(t) is a divisor of
L(w) for all wée€ fQ. ;
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A class .5 of f-algebras is said to be compatible with SEM

(the class of semigroups) if for any A€.d there is a CR-semi-
group § such that $(2)é 9 . The problem of compatibility is
investigated in [9], and there can be found classes which sa-
tisfy the condition of compatibility and classes which do not
satisfy that condition.

Now we can state the main results of the paper.

-

THEOREM 1. If A is an 0o-weak assoelative, then there is

x wER.

If, moreover, A is an f-associative, then

m‘...mr =7 Ty (1.10)

for any w, G Q T, €0, such that (1.5) hold.
A

n L

ZOBOREM 2. If A = (A;@) is an t~unar, then there is a

CR-semigroup S for A such that w is in the center of § for anx'

w€&n, and (1.10) hold for any w,, rkeilsuch that (1.8) is
satisfied.

TUEOREM 3. Any of the varieties: a) 9-weak associatives,
b) f-associatives, c) f-unars, is compatible with SEM.

2. Commutative semiqroups of operations

n
Let A be a nonempty set, let ﬁ7 (A) = AN be the set of
all n-ary operations on A (n>1) and let {J(a) =U{ (’,’ (A) |n 21}

be the set of all nonnullary finitary operations on A. @(n) is

a semigroup with respect to the usual superposition "o" of mapp-

ings, i.e.

wert {x "“'xm*n-) = wir(x ,..,xm ""”ﬁmn-' (2.1)

where we () (A) and v & () (M), with an identity element 1
Lixe x (aec also [4]).

A'

A subsemigroup T of @(A) ie called a commutative semi-
group of operations on A iff [ |y commutative as a semigroup
and if it satisfies the following identity equality
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PR SN [ COPPOR DR (¢ SPRUDYE SRS PEISTE SPPS) V@)
for all WET 7= Onm}n fe TETH and i=1,2,...,n. An element
ecA is said to be in the center of I iff the following identi-
ty is satisfied

PYC SRS SPPT T FURTEUL Py B wlesX, peeerX )y (2.3)
for any .uern and L €{1,...;n}s

The first two theorems are easy consequences of the follo-
wihg v

LEMMA. Let I be a commutative semigroup of operations on A,
and let E< A be in the center of 7. Then there exists a semi-
group S with the following properties:

(1) TVACS; :
(ii) r is a subsemiqroup of the center of §;
(iii) E is in the center of S;
(v} fla,,. ...an) = fa,...a, For any tery, and a e A.

PROOF. First, it is clear that nothing will be changed if
one suppose that Lerer. g 2

Let B = ANE and let ES he the commutative monoid freely
generated by E,and B* the monoid frecly generated by B. Con-
sider the monoid

T = rxECxB.

Any element u = (f,e,b) of T {(f&r, ec Ec,bes*) can be
represented in the form fa,...a , i.e. fa, where fer, aea?*
(A* being the free monoid generated by A); here, fa = fia I Eh
f = £, and a” can be obtained from a by displacing the ‘ele-
ments of E. i a

Note that rxEC is in the center of T. (Namely, rxEC is
the center of T whenever |B| =22 or ¢ = f#.) Also we can assume
that B*c T.

gome clements of 0 will he called r-words. Namely,
u = faaz...a, ds a revord if FCT and ayc A. Then
fu] = fta,,...,a)) is called the yaluc of u. (If aca, then

a = 1,(a), and thus a iz a f-word and [a] = aJ)



ey
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Clearly, if fa = fa“”, then fa is a r-word iff fa” is a
r-word, and then [fa] = [fa“].

pefine a relation ~ in T by:
u=ga‘aa", a=fla,...,a) —=>u~ gfa“a ...a a".

Let = be the equivalence in T generated by ta,elidel B = W LEL
there exist u,.u,,....upe'r such that

u, = u, \;p=v and W e O e -

for each ie{1,...,pl.

It is clear that = is a congruence on T satisfying the follo-

wing propositions:

lO

.a= f{a,,...,an! - ﬂlfa1...an.
2%, fer, he® => (f = u <=>u = f).

3°. If u ~ v and one of u,v is a r-word, then the other
is a r-word too and [u] = [v].

As a coreollary of }_o we obtain:

o

4°. If acA, ueT, then

a:u iff u is a r-word and {u] = a.
Therefore:
5%, a,beA =>(a : b w> a=b).

The conclusion of Lemma is obtained by 1°9,2%,5° and the
fact that TUE is in the center of T, since the semigroup
S =T/: has the desired property.

3. Proofs of the theorems

Let A = (A;R) be an f-weak associative. Clearly, we can

assume that distinct elements of # define distinct operations

on A, and so we may assume that the elements of Q are opera-
tions on A.

Note that if f is an n-ary operation on A for n21, and

ec A is a fixed element of A, then fe is an (n-1)-ary operation

on A defined by
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).

If we assume the superposition of operations in this more gene-

fe(x,.-...xn_1) = f{e,x1,...,xn_1

ral sence, then
@°®) = U7, @) |nz20} (where (Oom = A)

is a partial semigroup in the following sence: if f(gh) exists,
then (fg)h exists too and f(gh) = (fg)h. (Note that fg does
not exists only if fe‘_([)a (A) )

Denote by r° the partial subsemigroup of ©°(a) genera-
ted by 2. It is easy to show that I = (Z(A)n r° is a commuta-
tive semigroup of operation on A as well as E = Gl(n!nr° is
in the center of T.

This and Lemma of the previous section give the conclusion
of the first part of Theorem 1. '

By this disgussion and the Lemma again, we proved in fact
the second part as well.

Namely, if A = (A;q) is an n-associative and if © and
E are obtained as abave, then the equality

w1m3...mr = 1112...1

)
holds in the semigroup ' whenever (1.5) holds, where
ul,IvEfi.

Suppose now that A = (A;4) is an s-unar. Let n*

semigroup freely generated by . If we put

be the

+
w(¥) = w, frua ety (x)), and £ (u) =3 (m1 YH.. ot (ur) .
for any w = m1...mr(5u+, then we obtain an 1+-unar A= (A;n+).

Let I' bo the semigroup of operations (i.e. transformations)
on A generated by the operations which are induced by 2", The
fact that A” is an 2'-unar implies that r is a commutative se-
migroup of transformations and we can apply again the Lemma to
obtain the validity of Theorem 2.

Clearly, Theorem 3 is a direct eonsequence of the previous
two theorcas.



4. Remarks

4.1. As a corollary of the proved Lemma one obtains a
description of the class of subalgebras of commutative semi-
groups, and namely this is the class of f-weak associatives
(A;0) such that every element a¢ A is the ,value" of some
nullary operator we f,. (In fact, this is the main result of
- the paper [8]; see also [5].)

4.2. In the definition of an n-associative given in [2]
and [10] it is assumed that a_un, = g.

We point out that the assumption 2(1) = @ is not essential,
because it is easy to see that if a(1) # #, then all the ele-
ments of 4(l) induce the identity unary operation 1&‘ Also, if
2(0) # #, then all the elements of 0(0) determine exactly one
element e€ A and, if 2 # R(0)U a(1) and if te a(k), k22, then
putting ;

AR Xy = t(x,y,e57?)
we thain:a-semigronp (A,+) such that
, u(x,,...,x D L BT RS

ifor anymeu(n). mn>2, XyEA. _ i _ﬁ.-,-l.*:--'

_ 4. 3 The results of the first two theoremk snggest the
. following probl.em._ : : SR i

; Let A ‘be an~9—algehra and n 5 1. Assume that A satisfies
-any identity £ B n, where g,n are f-terms such that’ the sequen=-
ces of symbols from (o\a Ju X (X is the set of variables) that
occu}'in both € and n are equal, and the sequence of symbols
.fzom 7 that occur in £ and n are permucations of each other;

Is it true “that there exists a CR—semigroup for A sueh that
‘is in the center o: S for anyu'€n’? °
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Pe3wMme
KapakTepu3aMpyiTCH acCconUaTHBH M L-yHape Kak noganrebpu
NoAYyrpynn ¥ yTEepRiaeTcd YTo Kaace cnabhx acCouMaTHBOB, KNacc
AcCOU¥ATHBOE ¥ KJacc L-yHapoB YIAOBJSTEOPANT COOTBETCTBYIWEMY
VCAOBHIS COTTIACHOBAHOCTH.
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