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PROCEEDINGS OJOKAALH

SOME PROPER QUASIVARIETIES OF SUBALGEBRAS OF SEMIGROUPS

S5.KalajdZievski

Abstract. The well known Cohn-Rebane’s. Theorem t[l]} states that

every universal algebra A = <A;®> can be ambadded in a semigroup
S = <8;+> in such a way that the operations of the algebra j are res-
trictions of inner left translations in the semigroup S. Then we say
t? f [ is a subalgebra of §, the concept being introduced by Kuro$

71). If K is a variety of semigroups then the class of f-algebras
(algebras in a signatiure 0) that are subalgebras of semigroups in K,
denoted b¥ F(Ht is a quasivariety ([8] , pg. 274) and need not to be
variety ([2 3]). In this article we f£ind a necessary condition for
a set of varieties of semigroups K such that K(2) is a proper quasi-
variety for every K K and @ containing at least two non-constant ope-
ratgor not th unar ones, generalizing a part of the results obtained

T&T and 5

1. PRELIMINARIES

Say that an f-algebra ] = <A;n> is a subalgebra of a semigroup
S = <83-> 4f ACS and there is a mapping y:% +S such that for every
n~ary operator w belonging to 2 and for every a,,...,a € A

"(a”""an‘ oy "(W)a'-----l (1,

The set of n-ary operators helonging te an arbltrary signature @
will be denoted by f(n) {n=0,1,...). .

.

Let K be a variety of semigroups and # an arbitrary signature. As
we have already mentioned, the problem is to determine whether K(2) is
a variety and that is independent of the constants in 2. Thus we can
suppose that 2(0) = §.

Before passing on we give necessary denotations and definitions.

Let u stand for a word in an arbitrary alphabeth. Then denote by:
c(u} - the set of symbols occuring in u (content of u); d{u) - the num-

e

from left to right, occuring in u; u(i) - the i-th symbol from right to
left, occuring in u.

.
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Let ¢ be an (-formula, i.e. a formula in a first <idzr Tanguage
defined by a signature 2. Let f be a mapping from the set of operaters
occuring in $ in to the set of variables not occuring in ¢. Iflwe sub-
mit every occurence of an operator w in ¢ by the variable f(w), we ob-
tain a sequence of variables and eventually logical symbols and brac-
kets. This sequence can be easyly interpreted as a formula in the mul-
tiplicative operator signature, with respect to a class of semigroups.

a term with respect to the mapping f.

The following lemma is, in a sence, natural and expectable. We
shall omit the proof for the sake of compactness and shortness of the
exposition.

LEMMA 1.1. ([6]) Let K'be a class of semigroups and @ be a signa-
ture. An open f-formula ¢ is valid ir the class K(f) if and only if

any SEM-instance of ¢ is walid in K. ::
2. RESULTS

We shall take in to a consideration the varieties of semigroups

any variable in u and v are equal.

For a class of semigroups K and an arbitrary signature @ denote by
VK(®) the variety of @i-algebras defined by the all identities valid in
K(a). obviously, K(u) is a variety iff K(u) = VK(u).

LEMMA 2.1. Let K be a variety of semigroups axiomatizable by re-
gular identities and ,8” be two signatures such that <7, Then every
.2 SRR L S e SRSl BYS

algebra belonging to VYK(2) is a subalgebra of an a-restriction of an
u"-algebra belonging to VK(a-).

Proof. Let A = <A;0> belong to YK(4) and a{JL Define an 2 ~alge-

bra A = <Aulaj;u"> by
m,ta1,...,an) if wett, a ,a,,...0a ch

WAI{31;.-."3:1) "'{ v

a otherwise,

whereas a,,....,8, are arbitrary elemcnts in Au{a).
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Let ¢ be an identity valid in VK(0°). Thus ¢ is valid in K(8~) and
according to Lemma 1.1., every SEM-instance os of ¢ is valid in K, which
implies regularity of ¢s. We conclude that ¢ is a regular 0 "-identity,
l:e. ¢ is of the tipe u=v whereas c(u)=c(v).

If ¢ is an Q-formula then the fact that ‘S 1;-va11d in K implies
that ¢ is valid in K(a). Thereby ¢ is valid in A and moreover ¢ is va-
1id in A”. .

Otherwise, both the terms u and v are equal to a in A". ::
As a consequence of the previoﬁs lemma we have this useful theorem:

THEOREM 2.2. Let K be a variety of semigroups axiomatizable by re=-
gular identities,,n” be two signatures and aga”. If K(27) is a varie-
¢y then K(a) is a variety.

Proof. Let K(2~) be a variety and A = <A;0> belong to the variety
VK(n). By Lemma 2.1. A is a subalgebra of a restriction of an 0°-al-
gebra J* belonging to VK(27). Thus AgK(2") and if |~ is a subalgebra
of a semigroup S, S € K, then A is a subalgebra of § too. Thexeby,
AeKta) and Vl((m = K(a). sz

Now we turn on the ends-preserving varieties of semigroups expo-
sing a necessary condition for the class K(r) to be a proper .quasiva-
riety.

THEOREM 2.3. Let K be an ends-preserving variety of semigroups and
2 = {w,7)} be a signature (we¢ f(n), 1 e 0(m), w#t). If there .exist N~terms
t,.t,,t,,t, and a variable-word w such that Z -

1) (Dt,=e, (Dt =7, t,(1) #W(1) # £, (1)

ii) 1f_uimi§'a SEH—iﬁst%ﬁé&ubi-Ei with respectlko.a mapﬁing £
(i=1,2,3,4) then u w = u_ and u a%W = u, are identities vnlid in K.

then K(a) is a proper ggasivarietx

Proof. Consider the f-quasiidentity ¢: t =t » t =t,. It is valid
in K(R) because its SEM-instance u,=u, »u,=u, is valid in K (Lemma 1.1.).
It remains to prove that ¢ is not a consequence of the identities wvalid
in K(2), i.e. to find an f-algebra A belonging to YK(9) and not satis-
fying the quasiidentity $e

Let A = <A;a> be the algebra generated in VK(2) by the set {a,,a,}
(a,#a,) and with one defining relation between the generators:
t,(a,,a;)=t,(a,,a,;), whereas t, (a,,a;) is the ,continued product”, i.e.
it is obtained from ty by subgtituting every occurence of the variable
w(l) in t, by a, and the occurencesof the other variables by a, (i=1,2,3,4).
Now it is enough to prove that t,(a,,a,) is not equal in A to t, (a,,a,).
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First notice that (1)t =, (1)t = and that both t,(a,,a,) and
t,(a ,a ) end on the element a, (utilize Lemma 1.1., the fact that K is
ends-preserving and the condition ii) of this theorem).

Suppose that t,(a,,a,) = t, (a,,a,) in A. That means that there

exists a sequence qf continued products v,(a‘,a:},...,vk(a‘,a,) such

1 "Vi4) 08
identity valid in K(2) or there are subwords vi(a,,a,) and v’ (a,,a,)
of vi(at,az} and v1+1(a,,aa) respectively such that v/(a,,a;) =
= Vi (@:,82) is exactly the defining relation t,(a,,a,) = t,(a,,a,)
(i=1,2,...,k-1). Because of the ends-preserving identities in K and ,
Lemma 1.1. the second possibility must be applied for some minimal j
{1 SH<k)yIE vi(a,,a,) is a proper subword of vj(a,,a,) then the ends
of vj(a,,a,) are equal to those of vj+1(a‘,a=). Thus, for some minimail
b Jii 35 vy, (@,02;) coincides with t,(a,,2,). But this is imposible

that v, (vk) graphically coincides with t, (t, resp.) and: v =v

because they end on diferent elementz. ::

An atempt to utilize the last theorem leads us to the following
corollary. :

COROLLARY 2.4. Let a = {w,7} be a signature containing two diferent
operators, not both unar ones. Let K be an ends-preserving variety of
semigroups such that there exists an identity of the following type,

valid in K:

a) u = v, whereas d(u) # d(v)

b) nonbalanced identity (specialy, nonregular identity)

C) XyeureaXp Xy geennak = AyoooooXy Xy ounnXy x, , k21,
q ; S

ig‘ {1,2,...,k+1}, 1‘,13,.--.15 e

Then K(2) is a proper quasivaricty.

Commentary. If K is a regular variety then an analog assertion is
valid for every sidnature containing at least two operators, not both
unar ones (Theorem 2.2. and this corollary). 3

Proof. We take over the notation of Theorem 2.3. . Thus we are to
find the terms t_,t_,t, and t, and the variable-word w. Let u,,u,,u,
and u, be SEM-instonce of t,,t,,t, and t, respectively, with respect
to the mapping fi:w » x, v » y. Let wef(n), t€2(m). We can suppose
that nz2.

a) Let u and v be i wreea¥y and 2, .....%; Trespectively,
1 L j1 o
2] q
p<q and x,xdclvluc(v), Choose t,,t,,t,,t, and w as follows:
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°Jrtrxf(n+m—2)+1--qxj IR

Trwrxr(n+m-2}+1-qx o
1 . 3
1 q d

r

-i r

: g i <Lt | -q

mrTrxf(n+m—2)+1-qxl S N usxitn-1)+q—p'
. 1

trwrxf(n+m-2)+1~qxi S Nsx:tn-1)+q~p and xsx:(n—1}+q—p resp. .
1 ~ 3

It is obvious that_the conditions of Theorem 2.3. are fulfilled.

by If there is a nonbalanced identity valid in K then obviously,
there is an identity u=v valid in K such that d(u)#d(v). So we are back
on the case a). .

e) If x; #_c(xk+2.....xq) then we ace on thelcase b). bﬁherwise,

1 ¥
let w be obtained from xk+2.....qug (i >qg) by substituting every

occurence of x; by Xyr v>1i, Take t_,t,,t, and t_ as follows:
1 L %iig ? » : .

r r r(ntm-2)-k r r r{ntm-2)=k

wotTX Xy XpeeoneXy qe LR KyXgeoeaaXp 0

r r rin+tm-2)-k r r ri{ntm=2)-k
w X X Xy ook uxt, I—-ruxit )

x‘xz.....xkuxg.

whereas u is obtained from xi,""‘xi by substiduting the variable Xy
: s 1
by w9 ana P is a nonnegative integer such that the last two words are

terms. Now apply Theorxem 2.3. . ::
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