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A SET OF SEMIGROUP n-VARIETIES

G. Cupona

Let S=(S;-) be a ‘semigroup and Q=(Q;[}) be an n-semigroup
such that Q€S and I.'.a1...an]=a1...an, for any a € Q. Then, Q is

called an n-subsemigroup of S. If | is a semigroup variety, then
we denote by V(n) the class Of n-semigroups that are n-subsemi-
groups of \/-semigroups, and it is well known that Y(n) is _a
guasivariety of n-semigroups. (See, for example [6; p.274], or
{3].) We say that V is an n-variety iff V(n) is a variety of n-
semigroups; otherwise, i.e. if \(n) is a proper quasivariety, Y
is called a quasi n-variety. (Clearly, V(2)=V for every semi-
group variety). It is well known that both the set of semigroup
n-varieties, and the set of semigroup quasi n-varieties are infi-
nite for any n 2 3. The same is true for the varieties of abelian
semigroups. (The corresponding results can be found in (1], [7],
18] and [2]). Here we establish a sufficient condition for a se-

migroup variety to be an n-variety. It is shown that almost all
the known n-varieties satisfy that condition, and some new exam-

ples are obtained.
0. PRELIMINARIES

0.1. Let X={x1,x2,...} be an infinite countable set, ele-
ments of which are called variables and let x+ be the free semi-
group on X. Elements of x+ are called semigroup terms, and if
E,n are semigroup terms, then (£,n) is said to be a semigroup
identity. A semigroup S=(S;-) satisfies a semigroup identity
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of S the following equation holds in S: a; **ra; = aj ---aj .
1 P 1
If A is a set of semigroup identities, then by Vari we denote
the variety of semigroups which satisfy all the semigroup identi-
ties belonging to A. The complete system <A> of semigroup identi-
ties which are consequences of A is the transitive extension of
“3' where:
-1
A= AVATV ((g,8) ] cexT,
+
Ay = (085 <=0y Eooweely )Xy cooxy %, coox. V@A, £ X,
i
1 A p’ J4 ]q i, ip : 5 ]q o k
= sae ks |
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(see also [4] or (5].)

3 j.) if for every sequence a ,az,... of elements
1
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1f tex’ and X;€ X, then we denote by |¢|; the number of
occurences of Xy in g, and thus €] = 5fili is the length of E£.

A semigroup term & is said to be (n,A)-irreducible iff
(g, 1) ¢ <A> implies |£|=|n| (mod n-1). Otherwise, i.e. if there
is a teX' such that (g,z) € <A> and ig[%ﬂ (mod n-1), then &
is (n,A)-reducible.

0.2. To every set j of semigroup ldentities we associate an
index r=ind A and a period m=perj. First, if [gli=|n[i for every
igf1,2,...} and for every semigroup ldentity (£.n) ¢ A, then we
write inda=1, perjp=0. (Namely, this is satisfied iff the variety
‘of abelian semigroups ABSEM is a subvariety of Var A ). Assume
now that there exists a semigroup identity (f,n) ¢ j and an inte=
ger i€ {1,2,...} such that |g| i#]n[i. Then, per A and ind) are
defined by:

pert = g.c.d.{[g|;~|n|;|(c/n)€ & 1€{1,2,...}},

indAr = min {|g] | Qn) (&n) &, |E]# |n]).
It can be easily seen that indA=ind <> and perji=per ¢;>, and thus
we can say that indA(perA) is the index (the period) of the va-
riety VarA. We notice that if m=perpa > 0 and r=indA, then
1:+m) & <.>, and moreover if (xﬁ,xfﬂ‘} &€ <A> where k > 1,
then s 2 r and m is a divisor of k.

]

r
X
(x1.

0.3. Let 0=(Q;1]) be an n-semigroup. Then the general
associative law holds, i.e. for any k > 1 and an,...,ak(n_i)ego,
the "product" [ao...ak(n_1}] is uniquelly determined in Q; we
also write [a] = a, for every ago.

1f (£,n) is a semigroup identity such that [&[z|n|z1 (mod n-1)
then it can be also interpreted as an n-semigroup identity. And,
if every semigroup identity (g,n)€ A is an n-semigroup identity,
then ve denote by Varnﬂ the variety of n-semigroups which satisfy
all the n-semigroup identities (g,n) & 4.

Assume now that A is a set of semigroup identities, and
denote by fn]:the set of n-semigroup identities belonging to
<A>, It is clear that if \/=Vara, Vn=Var Mn), then \/(n) < Vn'

n
Moreover: \ is an n-variety iff \/(n) = vn‘
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1. MAIN RESULT

Theorem. Let \/=VarA be a semigroup variety with a period m,
and let n =2 2 be such that the following condition is satisfied:

If £ is an (n,A)-reducible semigroup term, then there
(x) exist x,y€X such that (kaa B Y5 R ,Eykmje <A>, for
every positive integer k.

Then |/ is an n-variety.

The proof will be given in three steps, and the condition
(e) will be not assumed in the first two of them.

1.1. Let 9=(Q}L)) be an n-semigroup and let Q, be the free
semigroup in |/ with a basis Q. Thus, Q is a yeneraling subsel of

Qh' and if a @, ... is a set of different elements of Q then

a; ...ay =aj ---aj iff {xi KRS S xj erex. )& <A>. Define a
i+ P 1 q 1 P 1 q

relation |— in Q, by: ...a... |— seeBg ey 1y +-er where

a=\a ...a; . _ ] in Q. Let — be the symmetric extension of
— , and = be the transitive extension of — . The following

two propositions are obvious.
1l.1.1. = is a congruence on the semigroup QA'
1.1.2. Q €\ (n) iff the following statement is satisfied:
a,beQ =—> (a'z b =>a =Db).

1.2. Assume now that geVn=Varn:\[n}, and that QA' . .
: are defined as in 1.1. A partial mapping u + [u] from Q, in
Q can be defined in a usual way. Namely, u€Q, is in the domain
of [ ] ifs u=a a ceedp where a_€ Q, and then the "value"

[u] of u is defined by [u]=[aja,...a The assumption

(n-ﬂ]'
g€V, implies that [ ] is a well defined partial mapping.

Let a,,a,,... be different elements of Q, and let
=a; a; ---3; - We say that u is irreducible (reducible) iff the
¥ g P
semigroup term Xy eeeXg is (n,A)=irreducible ((n,A)-reducible).
1 P

The following three proposition can be easily shown.

1.2.1. If u€Q, is in the domain of [ ], then [u] F— u.
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1.2.2. Let u,v Q, be such that u v+ v, and u is irredu-
cible. If u is in the domain of [ ), then v is also in the domain
of |} and moreover (ul={v].

1.2.3. V is an n-variety iff every Q.G.Vn satisfies the fol-
lowing condition. If “'VE:QA are in the domain of L ]} and u = v,

then {u}=(v].

From 1.2.2 and 1.2.3 we obtain the following proposition.

1.2.4. If every semigroup term is (n,A)-irreducible, thon
V=variA is an n-variety.

1.3. The proof of Theorem will be completed here, by
assuming that the condition (a) is satisfied.

If m=0, then all the semigroup terms are (n,A)-irreducible,
and by 1.2.4 we obtain that V is an n-variety. Thus, we can
assume that m > 0.

Let gevn, and u,v€Q, be such that u = v and both 1 and v
are in the domain of[ ). By 1.2.3 we have to show that [y]=[y].

From u = v it follows that there existy a seguence
W,,...w, €0,such that k 2 0 and u —| w =l w, | ...
— Vi — v. If one of u,v is irreducible, then, by 1.2.2,
the sequence U W sees,W, ,V can be shortened in the case k > 0,
and we have {u)={v] in the case k=0. Thus we can assume that

both u and v are reducible.

Let s be such that w=w is reducible, and W is irreducible
for any t < s. (If w, is reducible, then w=w, 6, and w=v if all

the Woreee Wy are irreducible.)

The condition (a) implies that there exist a,bg Q such that
u=a1mu, w=wb3m, for any pair of positive integers i,j. The
assumption u to be in the domain of [ ]implies that i can be
chosen in such a way that all the members of the sequence

aimw1,...,aimws_1,aimw are in the domain of [ ]. Then we also
nave: u H a'™, ... 1 a'™, and this implies that
[u]l=[ai™] =...=[a'™w]. Let j be such that j(n-1)m 2 r, where r

is the index of V. Then we have: w=wbJ (P"1)M 3 (n-1)m+im_



63

=bj(n—1)m' and this implies that: aimubj(n—l)m;ubj(n-l)m+im.
Therefore we have:

Jim, - aimwbj(n—l)ml___| Ny 2 aimubj(n-l)m=ubj{n-l)m+im'
and: ) ) ) ) .

ubj{n-l)m+imk——{ w,bj{n-lim+nﬂk—ﬁ ...+*-[wbj{n-l}wbj{n-l)m+ighw
Finally, we obtain:

[u] = [aimw _ [aimubj(n-l)m] N [ubj{n-l)m+1m] x

=s ez [ij (n-l)m+jm] = [w] =

This completes the proof of Theorem.

2. COROLLARIES

Cor. 1. If ABSEM is a subvariety of a variety V{, then V 1is
an n-variety for any n > 2.

Proof. The assumption is equivalent to the statement that
perY=0, and then all the semigroup terms are (n,A)-irreducible for

every n 2 2.

Cor. 2. Let m be a non-negative integer andn 2 2 be such
that n-1 is a divisor of m. If | is a semigroup variety with a
period m, then | is an n-variety.

Proof. If \/=VarA, then every semigroup term is (n,A)-irredu-
cible. (Clearly Cor. 1 is a special case of Cor., 2.)

Cor. 3. If | is a semigroup variety with an index r=1,then
V is an n-variety for every n > 2.

Proof. Let m=perl. If m=0, then we can apply Cor. 1, and
thus we can assume that m > 0. If £=xi...xj, and k > 0, then we
have: (xtmE,E], {E,Exgm) € < A>, where \/=Vari. Thus, the condi-
tion (¢) is satisfied.

A semigroup variety \/=VarlA is a variety of periodic groups
iff indl{=1, peri=m = 1 and {x1xf,x1), (xsz,xz} € < A>. From
Cor. 3 we obtain the following one:

Cor. 4. A variety of periodic groups is an n-variety for
every n 2 2.
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Cor. 5. Let Y=Vara be a variety of abelian semigroups with
an index r, and let the following condition be satisfied:

(g) If (g,n) is a nontrivial semigroup-identity belonging
to A, i.e. (g,n) € A is such that [gli#[nli for some i > 1, then
there exist j,k 2 1 such that ]glj > r and ln[k 3 P

Then | is an n-variety for every n 2z 2.

Proof. We notice first that <A> also satisfies the condi-
tion (B). If r=1, then the conclusion follows from Cor. 3. Thus
we can assume that r > 1 and m > 0., Let £ be an (n,\)-reducible
semigroup-term. Then there is a semigroup term n such that
(£,n)& <A>, and |£| = |n| (mod n-1). Theretore, {g|i#}n|i for
some ig {1,2,...} and this implies that there is an x. € X such
that ]sij > r. Thus, we have (x?mg,g), (g,gxﬁm

k > 0, and we can apply Theorem.

) € <A>, for any

- r__E+m, ,
Cor. 5. Ar'm=Var{x1x2=x3x,. X,=X_ '} is an n-variety for

every n 2 2, r 2 1, m 2 0. (This is in fact Theorem 2 of [1].)

Cor. 6. Denote by Ak) the following set of semigroup
identities:

8eky = -ttx,...xk,x,...xixjxiﬂ...xk) | 2si<k-1, je {1,k}},

where k 2 3. Then Dk=Var;1k] is an n-variety for every n > 2.

Proof. First, it can be easily shown that if n > 3, and a

semigroup term £ is (n,;tki—reducible, then (£, 2 k. In this

case, if &=xny, then (x¢,f), (!.,-syi) € <5(k)> for any i > 0,

and thus the condition (a) is satisfied.

(We notice that it is shown in the paper [8] that J=]_ is
an n-variety for any n 2 2, and that the same proof can be
applied for the general case.)

Cor. 7. Dwn ABSEM is an n-variety for every k = 3, n = 2.
Proof. It is easy to show that (a) is satisfied.
(Coxr. 7 is also proved in [2]).

L ]
The following proposition is the main result of the paper

[7]-
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Prop. 8. If Lk=Var(x1...xk,x1...xkxk+1), &(=Var(x‘..-xk,

Xy o Xyoo o Xy )y Q<=Lkn Rk’ then Lk' I%c’ Okare n-varieties for
any k 21, n 2 2.

We note that Uk satisfies the condition (a), but neither

of the varieties Lk' Rk satisfies (a).

The above examples exhaust all the known semigroup n-
varieties. A list of the known semigroup quasi n-varieties will
be given below. (see (1], (7], L2]).

Prop. 9. If r > 1, and n-1 is not a dlivisor of m, then
=Var(xr,xk+m) is a quasi n-variety.
r,m 35 q

r
Prop. 10. If n = 3 and D£=Var(x1x3x3,x1x1x1x3),
ToVar (x, X_X,,X X,X_X ), then both D* and D are quasi n-varieties.
17273 17272 a

Prop. 11. Let s,m,n and k be positive integers such that:

n23, m=0 (mod n-1), m#2s+l, m#2s+2, s+2<m, k >m+2,

and let A be as in Cor, 6, and

(k)

. S _m-s s+2 m-s-1
ﬁ(k,s,m) - ‘-(k)u {(x‘lxz r x1 Xz }}-

Then both the wvarieties

var aq o, and ABSEM()Vvar K518

m)

are quasi n-varieties.
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