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ON A QUASIIDENTITY IN n-ARY QUASIGROUPS

J.USan, K.Stojmenovski

Abstract. A generalization of the Reidemeister condition
for n-ary quasigroups is considered. (A generalization of this
condition for ternary nets is given in [1].)

First we will give some definitions.

Let Q be a nonempty set, Q" the Cartesian n-th power of Q
and A: 0" + 0 a mapping. The ordered pair (Q,A) is called an
n-quagigroup if for amy (a,,...,a,_,,a,, +...,3, ,b)€ 0" and

i€ {1,...,n} the equation

A{a1,...,ai__1,x,ai+1,-«-,an) = b (1)

has a unique solution.

Further on we will denote the sequence (a,r...0a )€ Q"
shirtly by a, and the sequence (d,,...,31_1,ai+1,...,an} by
i(a).

If a is any fixed element of Q" and i€ {1,...,n}, then
the mapping
X,

Li(gl:x + A(a,se..,a ,....an]

a.
i=3" 1+1

is called a tranmslation of the n-quasigroup (Q,A) [2]. We note
that any translation of (Q,A) is a permutation of the set Q.
The n-ary operation B on 0O, defined by:

-1

-1
B[x‘,...,xn)==A{L1 {5)x1,...,Ln(§jxn), (2)

the n-guasigroup (Q,A). So, any fixed element (a1,...,an)e Q"
determines an LP-isotop of (Q,A) by (2).

It can be shown that (Q,B) is an n-quasigroup with an
identity element e = A(a1,...,an), i.e. (Q,B) is an n-loop.

We can write the equality (2) in the following form:
R(X1,...,an = B(L1{E)x,.....Ln(3)xn). (27)

We will investigate some properties of LP-isotops when
the n-quasigroup (Q,A) satisfies a special condition.
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Let (Q,A) be an n-quasigroup. Consider the quasiidentity

1 1 3 3
A(x1,...,xn) = A(X[ .00 X))
n

1 1 2 1 1

A Alx EEERE SR S pueagRe) 2
i=1 1 - h S +4 n (3}
- 3 3 4 3 3
B A(x“'...’xi-“'xi'xi*"‘"-"xn)

m
ERS Aﬂxf,...,x;) = A(x1,...,x;),

where x,,...,x are variables. If n=2, i.e. A is a binary ope-
ration, then (3) is the Reidemeister condition [1].

THEOREM. The condition (3) in an n-quasigroup (Q,A) holds
if and only if any two LP-isotops of (Q,A) with a (given in
advance) common identity element are equal.

Proof. Let (Q,C) and (Q,D) be LP-isotops of an n-quasi-
group (Q,A). By (27) we obtain

A(x1,...,xn) = C(L‘(;)x1,...,Ln(§)xn}, (4)
A(x-‘:---rxn} = D(L‘{‘i)x1r---1Ln{§}xn)a (5)
where x = (x:,...,x;) and y = (xf,...,x;} are fixed elements

of Q", A(X) adn A(y) are identity elements of (Q,C) and (Q,D)
respeétively.

Let the following condition

ec=eD=>C=D (6)

be satisfied. By the hypothesis e =ep it follows that
3
A(XyreearXx]) = A(xf,...,xn).

Substituing x,=x3,...,X =x? in (4), x =x:,...,xn=x; in (5) and

n n 1
using the assumption that the condition on the left-hand side

of the implication (3) holds and C=D, we obtain
2 2
A{X1,...,xn) = A{x:,..;x;},
which means that (3) is satisfied.

Conversely, suppose that (3) holds in an n-quasigroup
(Q,A) and let ec=ep be an identity element of the LP-isotops
of (Q,A), defined by (4) and (5). It is necessary to show that
C=D. By the equalities
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3

2 1 1 1 = o 3 3 s
A(X1 'xﬂ'xa"”'xn) - A(X1 :xztxst--orxn) = t1.r

- | 2 1 1 o 3 L 3 3 o
?(x,,xa,xa,...,xn) = A(x,,xz,xs,...,xn) = ta, (7)
.

1 1 2 3 ] W=
A{x',...,xn_1,xn} = A(x1,...,xn_1,xn) - tn,

where t,,...,t are arbitrarily chosen elements of Q, we con-
clude that the elements xf,....x;,x:,...,x; are uniquele deter-
mined. By (3), (4), (5) it follows that

Cltyrreerty) = A(x3,...,x2) = A(X],0000sX]) = D(t,,...,t,),
i.e. C=D. The proof of the Theorem is cumplelLed.

COROLLARY 1. If an n-guasigroup (0,A) satisfies pondition
(3), then the number of their LP-isotops is not greater than
lol.

Namely, let aé€ Q. For any solution of the equation
A(x,,...,x ) = a we obtain an LpP-isotop of (Q,A), determined

by (2). All of them have a common identity element e=a, and
thus they are equal.

Let (Q,A) be an n-quasigroup. If we substitute the vari-

ables i opeearXy by arbitrary fixed elements of Q, then we
1 n-z
will obtain a binary gquasigroup (a binary retract) (Q,+) of

the n-quasigroup (Q,3).

COROCLLARY 2. If an n-guasigroup (Q,A) satisfies (3) then
any of its binary retracts is isotopic with a group.

Namely, if n-2 variables in (3) are fixed, then the Reide-
meister condition for the binary retracts of the n-quasigroup
(Q,n) is satisfied, and thus any binary retract is isotopic
with a group [3].
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