Smile MARKOVSKI
n-SUBGROUPOIDS OF COMMUTATIVE GROUTOIDS
Dedicated to Prof. Blagoj S. Popov

A description of the classes of n-groupoids which can be embedded
in corresponding ways into commutative groupoids is given in this paper.
Tt is shown that these classes are varieties of n-groupoids, and axiom systcms
for these varieties are obtained.

1. Binary terms and commutativity. Let X = {xy, Xg,..., Xy, ...} be
a set of variables, and let # be a binary operator symbol. Define the set T
of =-terms (or, briefly, of terms) as the minimal subset of the set of all finite
strings on X J{=}, which satisfies the properties

(i) x € T, for every x¢ X,
(ii) if w,v €T, then «uv € T.

Let 1, f,, 15, & T. Then 1, is said to be a subterm of t, iff 1, is a substring
of t,. We denote by 7(y,,.. ., ) that the set of variables which occur in

the term ¢ is {yy. ..., ¥}
Let (yy..... ) € T and a,,...,a; be clements of aset A. Then
by 1y, vg lay, - . . . @) we denote the string on the set A1U{*} obtained

-----

from 7 in such a way that every occurrence of a variable y; in 1 is changed
by ag, for i =1,2,...,k. In that case we say that 7, v las ... al
is an A-word, which is an instance of 1. (Sometimes, when the set of va-
riables {yy, ..., %} is known, we write simply ¢ [a,,...,a] instead of
ty, . % [ay, - . . ag).) Denote the set of all A-words by W(A). It can easily
be proved that T = W (X) and 4 C W(A4). An A-word u issaid to be a
subword of an A-word v iff u is a substring of v.
Consider a groupoid A = (4; o) and an A-word u. We denote by wu,
the "value® of uin A, i.e. the product in A obtained from # when every occur-
rence o f * in u is replaced by O.
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By the commutative law we mean the law *xp = »px. If
u,vy € T and if as a consequence of the commutative law we have an iden-
tity u = v, then we denote it by # = v. A term ¢ = 1,1, is 'said to be com-

mutatively invariant iff t, o= 1,. For a term t, define C (1) = {t'|t = t',#' ¢ T}.

!
Using an induction on the number of occurrences of the sign=in u term,
one can_prove

L.1. Let a term 7 contain r subterms of forms ##, #,, such that s of them
be commutatively invariant. Then |C(f)] = 2r—s,

L2, 1,4y lay 1y € T (#1305 € C(atgty) <ty € Clty)y o€ C(ty) or
(EC), 1u€ Clrg). - i

As a consequence of L1 and 1.2 we can give the following descrip-
tion of the free commutative groupoid F,, generated by aset 4. Let u & W (A)
and define C (u)= {v [u=v, v€ W(A)}. Then 1.1 and 1.2 are true

when words are regarded instead of terms. Now, let F,.={C‘(u) | ué W (A4)}
and define an operation. on F, by

- C(1).C (v) = C (suv).

Then it follows from 1.2 that - is well defined, and Fy— (F4;-)

2. t-subgroupoids of commutative groupoids. A universal algebra
A = (4;f) with one m-ary operation f is said to be an n-groupoid. (We
assume that n > 2.)
Let £ (X, . . - ; Xa) be a s-term (with n distinct variables). An n-groupoid
(A;f) is said to be a t-subgroupoid of a groupoid G = (G; o) iff
G and for every @,,...,a, € A

-

A
4

Nl

|

In@y,...;a)=tay...,a.c. 2.1
The principal result of this is
THEOREM 2.1. Let A = (4: f) be an n-groupoid and ¢ (xy,. .., x,)

be a term. Then A is a f-subgroupoid of a commutative groupoid iff A sa-
tisfies all the identities

S (ysoiis%0) =1 (xila T xi,.)a (2'2) b
where vei, is a permutation of the set ' {i,2,. ..on) such that
r(x,,...,x,,)?-_t,i____.zl[x,l,...,x,u], :

Proof. If A is a t-subgroupoid of a commutative groupoid, then it
is clear that A satisfies the identities (2.2). |

Now, suppose that A satisfies all the identities (2.2). Let F, be the
free commutative groupoid generated by the carrier 4 of the n-groupoid A.
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An element C(u) € F,, where u € W(A), is said to be reduced iff each
v € C(u) does not contain a subword w such that w is an instance of 7. De-
note by R the set of reduced elements of F,, and define a binary operation
o on R as follows: i

If

C(),C(»), -C(u)C(v)=C(+uv) € R,
OC(u) C(v) = C (suv).

If C(u),C(")ER, C(swv) & R, then there is w € C(suv) such that w
has a subword which is an instance of r. But, as a consequence of 1.2. it fol-
lows that w itself is an instance of 7. Thus, w— tlay, ..., ap] for some
@y...,8; € A, and in this case we put

then

OC(u) C(v) = C(a) = {a},

where a = f (ay,. . . , ay).

The operation© is well defincd. Namely, if w,, w, € C (suv) and
W1, W are instances of ¢, then we have wy =t [ay, . . ., a,], wa=t[ay ,...,a
where a,,...,a, € A and v—i, is a permutation of {1,2,1. S L
Since w, = wy, it follows by (2.2) that fo (@y,...,a,) = fA(a,l, R

It is clear that the 'groupoid R = (R; 0) is commutative.

We can suppose that 4 C R, identifying C (a) and a, for a € A. Also,
the equation (2.1) is satisfied for the groupoid R:

@@y ..,8)=C(f(@...,a,)=C(tay...,a]) =
=’[01:---:0n]n-
for every a;,...,an € A. :
This completes the proof that A is a r-subgroupoid of the commuta-
tive groupoid R.
We note that the above Theorem is a generalization of a result of

G. Cupona’s [1]. Further to this, we can give a generalization of another
definition and result of that paper.

An n-groupoid A =(4;f) is said to be commutative iff it satisfies
the equations

fA(al!- --;an) zfA(ail 3. ‘-:ai.)

for every permutation v~>i, of the set {1,2,...,n}, and every
4y, ...,a, € A.

Let #(x,,...,x,;) be a s-term with n distinct variables n=2).A
groupoid (G;.O) is said to be t-commutative iff the n-groupoid (G; f)
is commutative.

7 Hpurosn
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THEOREM 2.2 The class of r-subgroupoids of r-commutative
groupoids and the class of commutative n-groupoids are equal.

Proof. It is clear that every r-subgroupoid of a r-commutative grou-
poid is a commutative r-groupoid.

Let A=(4;f) be a commutative n-groupoid and let S={ugc W(A4)|u
has no subword which is an instance of t}. Define an operation o on
S as follows:

If

U, vy uy € S,
then
Ouy = *uv.

If uyv,€S, +uv & S, then suv =t[a,,...,a,] for some a,,...,an € 4,
and we put in this case

Quy zfil(ab vee an]

In such a way we get a groupoid § = (§;0), and 4 C S

Define a congruence B on S as follows: Let uy,...,u, € Sand v — i,
be a permutation of the set {1,2,...,n}. Then, we put

f[t{‘,...,u,.]af[ﬂ;l,.-.,ﬂg"],

and B is the minimal congruence generated by «.

The quotient groupoid G = S/f is r-commutative.

Note that for @ € A, 4,,...,u, €S we have af1(u,,...,u,) iff
By ... 4y € A, and in that case @ = fy (¥, . . -, uy). It follows that if
a,b€ A and aB b, then a = b, i.e. we can suppose that A C G. Also, since
fa@y ..., an) Bt [ay...,a4) fOT Gy,...,a, € A, we have that A is a
r-subgroupoid of G as well. '
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Cmuse MAPKOBCKH

n-IMIOATPYIIOUAN OO KOMYTATUBHM TI'PYIIOMIU
Pe3snme

Ce nmaBa OIMC HA KJacaTa n-PyNoWIH 1ITO MOXAT [Ja Ce CMECTaT BO KOMYTATHBHH
TPYIOMOM Taka IITO ONEPAllMWTe HA A-TPYNOWIWTE CE& PECTPHKLUMA ON COOJBETHH UOJIM-
HOMHH IpynougHy onepauun. Ce Moxaxysa, MMEHO, JeKa 3a CeKoja MNOIMHOMHA TPYIMOHIHA
0aepaudja Co)T133TA4Ta Kiaata A-TPYNOALH € MHOTYKPATHOCT.
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