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n-SUBSEMIGROUPS OF SEMIGROUPS WITH NEUTRAL PROPERTIES
Smile Markovski

In the paper [1] (this volume), G.Cupona give a sufficient
condition the class of n-subsemigroups of semigroups belonging
to a semigroup variety to be also a variety of n-semigroups.
Here we consider some varieties of semigroups which do not sa-
tisfy the mentioned condition, but Lhe class ot their n=subse-
migroups are varieties of n-semigroups as well.

1. THE VARIETY OF SEMIGROUPS Ok ;- The variety of semi-
r
groups Ok ; is defined by the semigroup identity
’

(1.1) KyowoXp = XooooXy YX oKy,

where X and y are variables, k and i are integers such that
k=20, 0<sic<k+l1.

1.1. The semigroup equality

(1.2) XgeooX = Yoooo¥,

is a nontrivial identity in Dk i £f£f s, x>k, W CURTRYS P, £ o
is 2 g === =
Xo-k+i Yr-x4ir-=rXg = ¥p-

It follows an easy description of the free semigroup

Fy = (Fy,-) in Ok . generated by the set A. Namely, F, consists
2 o1

A
of all nonempty seguences of elements of the set A with lengths

not greater than k+1, and with an cperation defined by

i <
3,--03_y if s=k

ety ¥E 8K,

3 2 a .
3i-12g-k+i s

o
1f (is a class of semigroups, then by ((n) we denote the
class of n-semigroups which are n-subsemigroups of semigroups in
C. (see [1].) Here we show that the class of n-semigroups
Ok,i(n} is a variety, which is finitely axiomatizable. We denote
by L.J the n-ary operation of the n-semigroups, and x's and y's
are variables.

1.2. The class of n+l-semigroups Ok,i(n+1) is a variety
defined by the identity
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(3:3) . [x;.. ST ARTES AR SER %] = [xo ceeXy_ Z e
“eoZpgox¥Xyce .xk]

where p,q are the least positive integers such that np-k 20,

ng-k > 0.
Proof: As a consequence of 1.1 we have that (1.3) is sa-
tisfied in any n+l-subsemigroup of a semigroup in Ok ; and,
’

furthermore,

(1.4) [xo...xsn] = [YO'“an]
is a nontrivial identity in the variety of n-semigroups defined
by (1.3) 1ff Xo=F¥oreeesX; =¥ L oXpo 1eii™VnrKkei’ """ R oy
Now, let A = (A,[...]) be a given nt+l-semigroup which sa-
tisfy the identity (1.3). We will construct a semigroup
A€ Ok,i such that A will be an n+l-subsemigroup of &h_
Let EA be the free semigroup in Ok i generated by the set
r
A. Define a relation — in FA by u=-—-a-~-- }._ e e ey
(u,VEF,), where a = [a ...a ] in A, and let | |= |- U}-"".
Then, the transitive extension = of || is a congruence an Fa
(see [1]). It is enough to show that : separates the elements
of the set A, i.e. a,bEA => (a:b => a=b), because in that

case we can take A" = F,/..

An element ue FA is said to be irreducible (reducible) if
its length is less than k+1 (bigger than k). Using (1.4) we de-
fine a partial mapping [ ] of F, into A as follows: [u] = a if
u=a...a in F, and [a,---2,,] =2 in A. Note that all redu-

cible elements of F, are in the domain of [ ]
Let u,v,w € Fp. It is easy to check this properties:

(1) u |- v, u is in the domain of [ ] => [v] = [v] -
(ii) ui4w, HHw,~ ... 4w Vv, u and v are reducible,

Wy s-..,Wg are irreducible —> [v] = [v].
We will prove only the last implication. Namely, as
W,s...,w  are irreducible, we have that jw, | =..0 = |w5| (mod n),

and so there exist W€ F, such that 2|wi| + |w| = 1(mod n), i.e.
W, WW is in the domain of [ ], for i=1,2,...,s. Thus we have:

ub—w, ... HWSHV => u=uwu [—w, wul—w wwl... I——{wswws

Hvwwg Hvwy = v =>[u]=[uwa]=[w,ww,]=...=[www_]=[vwv]=[v].
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Now, let a,b& A and a *b. Then there exist u,,...,u.€ FA
such that aF—4u1L—4ua...}_4ur}-4b, and (i) and (ii) implies
that a=b.

2. VARIETY OF SEMIGROUPS 0k i3 The variety of semigroups
r r
Ok .1 3 is defined by the identity
r r

KoeooXy = XoeooXy  Yyeoo¥i. XyeooXp,
where k20, 0 =1 <j sk+l.
2.1. The semigroup equality
RoeeoX, = Voouo¥,
is an identity in the variety Uk'i’j iff it is trivial or
szk, rzk and x°=y°,...,xi_1=yi_1,xs_k*j=yr_k+j,...,xs=yr.
As a consequence of 1.1 and 2.1 we obtain:

22,1 €4 => Oktin Uk'j - Gk,i.j'

In the same manner as in 1.2 one can prove that Gk,i,j(“)

is a variety, i.e. we have:

2.3. The class of n+l-semigroups 0, , 5(n+1) is a yariety
r r
defined by the identity

(%o« X5-a¥5- - -Ypnk+i-r X5 %] =
= [xn..‘xi_1zi.-.zqn_k+j_1xj...xk]
where p,qg are the least integers (p,g2 0) such that pn-k+j-120
gn-k+3j-1>0.

3. REMARKS.

1) We note that the condition (a) of [1] is not satis-
i,3° In fact, the
condition (1) can be made a little more complicated such that

fied in either of the varieties Dk ; and Dk
r r

the above varieties are in its scope, but that will not give
the best posible generalization.

2) One can investigate varieties of semigroups similar
to Dk,i and Ok.i,j‘ Namely, let p be a permutation of the set
{0,1,2,...,k}, x's and y’s are variables, and consider the
semigroup identities

(3.1) Xg vn oKy =K(g)* " p(i-quxp{i}"'xp(k)’

r
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(3.2) xo...xksxp{O)...xp(i1_1)yi1xp(i1+1}"'

. .xp(ir_1}yirxp(ir+1) . .xp(k) .

Then one can prove that either of the varieties of semigroups
defined by (3.1) or (3.2) is equal to the variety Ok,m,M for
some m and M. (We assume that p(s) # s for some s in (3.1).)
Namely, let g be the least integer such that p(q) # g, and t

be the biggest integer with the property p(t) # t. Then we have
m=min{i,s} and M=max{i,t+1} for (3.1), and m=min{q,1i,},
M=max[ir*l,t+1} for: (3.2)s

3) The resulte of thie paper arc gencralisationo of the
results obtained in [2].
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