G. CUPONA

ON SEMIGROUPS OF OPERATIONS
Dedicated to Prof. Blagoj S. Popoy

Several abstract characterizations of algebras of operations can be
found in [1]—-—[5] and many other papers. Here we consider two kinds *of
normed semigroups, and we show that every such scmigroup is a subsemi-
group of a corresponding semigroup of operations, and of a semigroup of
sequences as well.

1. ADDITIVELY NORMED SEMIGROUPS

We say that (S; + ;) is an additively normed semigroup (a.n.s.)
iff (S; +) is a semigroup (not necessarily commutative), and x| x|is a
mapping from S into the set of positive integers, such that | x + y| = |x] +
+ |y|—1, for any x,y € S.

Example 1.1. Let 4 be a non-empty set, and let O, (4) be the set of
all n-ary operations on 4, and 0(4) = U{0s (4) :n=>1}. If € 0a(4),
then we write |f] = n.Det“mcabmuyOpuanon”+“on0(A)by

f+8{x1:‘ .. xﬂ+-—1) =f(8(xp- . ',xﬂ)sxl-l-).:‘ . ‘skd-;—].)s

where | f| = n, | g| = m. Then, (0(4); + ; ||)I.S gn a.n.s. An arbm'ary a.n.s.
(5; +; | called an additively normed semigroup of operauons (a.n.s.0.)
if it i isomorphic to a subsemigroup of (0(4); + ; [)), for some A4 %6,

Example 1.2. Let(B;- ) be a semigroup and S (B) ={(bo, by - *, bg)
b,eB n>1}bethesetot‘sequ:meson-8 with lengths > 2. Then,
(S(.B), ;) is sn a.n.s., where:

a8 = (G, Gy, ...,8y), b=(bpby,...;bm)
implies that (@] =n, |b] = m, and:
a+b=(_aobmb:u---:bh-—pbﬂ"hags---a“n)-

The notien of an ”additively normed semigroup of sequences™ (a.n.s.s.)
is clear.
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THEOREM 1. Every a.n.s. is an a.n.s.o. and an a.n.s.s. as well.
Proof. Let (S; + ;|) be an ans., and a € S, |a| = n. Define an
n-ary operation @ on S in the following way:

(VX15...5%s € S)B(Xy,. . .sXg) =G+ X+ %+ ...+ x,.
It is clear that @+~ @ is a homomorphism from (S; + ; [) into (0 (S); + ; ).
This homomorphism is injective iff the following implication is satisfied:
a,b€ S, lal=I|bl=nand [(Vx5,....% € S)a+x+... +% =

=b4+x+...+x]=>a=0b.

If this condition is not satisfied, then we can extend the given a.n.s. to an
a.n.s. which does satisfy it. Namely, we can add a new element ¢ as an iden-
tity and put |e| = 1. Thus, we obtain an a.n.s. (8% + ;|) which satisfies
the above implication, and contains (S; +;)) as a subsemigroup.

This shows that every a.n.s. is an a.n.s.o.

(Certainly, the given proof is an obvious generalization of the well-
known proof of the statement that every semiigroup can be embedded into
a semigroup of transformations.)

It remains to be shown that (S; +;|)) is an a.n.s.s.
First we consider a subset §ofS><N(Nis the set of nonnegative
integers) defined by:
§={@i0<i<]al}.

(Instead of (a,#) we will write a;.) Denote by (a, b; ¢) the following set of
»semigroup defining relations”:
{ﬂ.b.=c.:b1=cn—--:b-—1=¢-_pb-al=cg,a.=(.‘-+1,...,a. =

= cI'l---l.}-’

where |a| =n, |b]| =m, and @ + b = c. Let (B,-) be the semigroup with
the following presentation: '

< S;U{(@b;0):a+b=c}>
The mapping: " )
ara” = (85 ay...,0,), With |a| =n,
is a homomorphism from (S; + ;) into (S (B); +; -
Assume that @~ = b~. Then we have a, = b, in B. But it is not diffi-
cult to show that if

ap=aap... a%y in B
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then

st

'=i"=...=i®»=0 and a=d 4 ... +a® in S

Thus, @, = by in B = a = b in S, and therefore the mapping @ +» a~ is an
injective homomorphism.
This completes the proof of Theorem.

2. MULTIPLICATIVELY NORMED SEMIGROUPS

By a multiplicatively normed semigroup (m.n.s.) we mean a struc-
ture (S;* ; |[) such that (S;*)is a semigroup and x| x| is a homomor-
phism from (S;*) into the multiplicative semigroup of positive integers.

Example 2.1. If a binary operation * is defined on 0 (4) by:
fr8Gn s X)) =f@ s s Xm)s g (msrs - - -, Xam)s .., 8 (. 0, %)),

where 40, |f| = n, |g| = m, then a m.ns. (0(4) . * ;) is obrained,

Example 2.2. Let (B,.) be a scmigroup and let an operation * be de-

fined on S (B) as follows:
(@03815 - . . 583) * (Bos bys - . - 5 byy) =

=(@obosbrs- - < bm_1,6m a1 b by, . . by, sOmln_y Bosbys - . . sbm_s, Bmay).
Then (S(B):*:l) is an m.n.s.

The meanings of "m.n.s.0° and "m.n.s.s.“ are clear.

THEOREM 2. Every m.ns. is an m.n.s.o. and an m.n.s.5. as well.

Proof. First we will show the second part of Theorem.

Let (S;* ;) be an m.ns. and let S be defined as in the proof of
the second part of Theorem 1.
Define by [a, b; c] the following set of semigroup defining relations:

{a, bo=cop by =1¢3,- - -, bm_, =Cm_y, bm a:,bo = Cpp> b= Cmi1s c s b=
= Com_15 bma@sbo= Coms+ -+, b @y, by= cn—vyms by= Cop—pmins: * s bm_y =
= Com—1 Om ap= nm}’

where a* b = ¢, |al =n, |b| = m. Consider the semigroup (C;.) deter-
mined by the following presentation:

< S;Ufla, b za*b=c} >.

It can be shown in the same way as in the proof of the second part of Theo-
rem 1, that if @, = by in ¢ then @ = b in S, and this implies that the mapping

a(ag, ay, . . ., ay) (la|l =n)
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is an injective homomorphism from (S;*; [) into (S(C);*; [). This
proves that (S;*; [) is an m.ns.s.

Now we will find an injective homomorphism from (S;*; |) into
(O(C): *: |)), and thus the proof of Theorem will be complete.

Let a € S, |a| = n, and let a €0, (C) be defined by:

A (%3 X5 - . 5 Xy) =@ X @1 Xy .0 Ay Xpdy -

Clearly a+>a is a homomorphism from (S;*; [) into (0 (C): *: [)).

Assume that @, b ¢ S are such that @ — b. Then we have:

dgayay . . 4“5_1010.“:3(“], - ,ax) = b_—(al,- . ,01) =
= boasby ... by ya, b,
in C. But, it can ecasily be seen that if aa,u = bya,v in C, then a, = b,,

and therefore a = b.
This completes the proof.

3. POSITION ALGEBRAS

The class of position algebras is introduced in [1], and position al-
gebras of operations are considered first in [4]. (See also [3] and [5].) Namely,
(S; {.,‘,:f:} 1};1) is a position algebra (p.a.) if {! ti>1} is a set of
partial binary operations on S, and x> |x| is a mapping from § into the
set of positive integers, such that the following statements are satisfied:

(D ab€ES,i>l=>@ibc Ssi<lal);

(I 1<i<|al=>|aibl=|al+|b|—1;

I 1<i<lah1<j<|bl=2al®io =@in)' e
(V) I<j<i<lal>@ib)ic=@io™<s.

Example 3.1. Let A £6, f€ 0,(4), 2 € Om(4),and 1<i < n.
Then h=f!g = Omin_y(4) is defined by:

h(xy ooy Xmin—a) = (X0 .o s X8 (X5 - - - Mg g Jooiles Xmtn—1)
Thus we obtain a p.a. (0 (4); {i c1 2> 15D

Example 3.2. Let (B,-) be a semigroup. A p.a. (S (B); {i i =1}10D
can be defined as follows:

aib=(ﬂ°,---:ﬂc_gsal.-1bo:b1:---sbut_-pbma(sa{+1s---aan)’

where
a=1(a0ay.-.,8p), b= (b, by;...,bp), and 1 <i<n,
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The meanings of "position algebras of operations® and of ”position
algebras of sequences“ are clear.

THEOREM 3. Every position algebra is a position algebra of operationss
and the class of position algebras of sequences is a proper subclass of the elas,
of position algebras.

Proof. The first part of Theorem is shown in [5; p.p. 18, 23], The se.
cond part of Theorem is a consequence of the fact that in the position alge-
bras of sequences there hold some implications ("quasiidentities*) which
are not true in the class of all position algebras. For example, if (S; [ :i >

> 1}:])) is a position algebra of sequences, and if g, b, sl . &d" € 8
are such that 3 < |al=|b| and aic¢ =blc",ald'=b2 3", then a= b,
But, if A has at least two elements, this implication does not hold in
0(4); £;i = 1};1).

This completes the proof of Theorem 3,

Remark. It is clear that if (5; {! tiz1};0) is a position algebra,
then (S: + ;) is an ans. and (S;*;[) is an m.n.s., where:

a*b=(..(@+0)("1'9)... )"V, |al=n [b]=m.
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I'. YVITIOHA
MONYTPYIIM HA OIEPALIMMU
Pezume
TMo3waTi ce noseke ancTPAKTHI KAPAKTEPHCTHKH Ha amreGpHTe Ha onepamn:, OBxe

C€ pAasT/ICAYBAaT ABE KIACH HOPMUDPAHM MOAYTPYIM H CE TIOKAXKYBA Jeka CCKOja TAKBA MOTy-
TPyna MOXKe Ia Ce CMECTi{ BO COONBETHA MOJYTPYNA O ONEPAIDMK.
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