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BI - AND QUASI-IDEAL SEMIGROUPS WITH n-PROPERTY
S.Bogdanovi¢, P.KrZovski, P.Proti¢, B.Trpenovski

We give a structure description for each semigroup belonging to
the classes in the title which we define in a similar way as itwasdone in
/3/ for left-ideal semigroups with n-property.

1. SOME PRELIMINARY RESULTS

Let S be a semigroup. We shall denote by Eg the set of idempotents
of S.

THEOREM 1. A semigroup S is periodic and the mapping 5 - Es’ E’.’
fined by 9(x)=e, where e, is the idempotent in <x >, is a homomorphism iff
f_m: every a,b =S5, neN there exists reM such that {ab)r—(awgds.

Proof.Let S be a periodic semigroup and 9 a homomorphism,where ¢ is
defined as above. Then ker® 1is a congruence with the congruence classes

Ke={x €S [(nEN) x"=e}, eck

which are power joined semigroups. Hence, according to Theorem 1 /7/, it
follows that for every a,BES, nEN there exists reN such that (ab)"=(a"b")
Furthermore since § is an epimorphism, we have that S/ker%= Es which impli-
es that E§=Es a

Conversely, for every 2,bcS, nc N let there be on rEN such that
(ab}r=(anbn}r; then a?rzaan and S is periodic. If we put

def
3pb = (3n=N) a"=b"

then p will turn out to be a band congruence and the congruence classes
mod © will be periodic unipotent power joined semigroups (/7/ Theorem 1),
and then the mapping % defined by ‘E(x)=ex will be an epimorphism from S
onto Es'

COROLLARY 17, A semigroup S is periodic, Es;‘. rectangular band
and ©:5 E. (¥(x)=e,) a homomorphism iff for every a,b,c=S, nGN there
exists an rEN such that (abc)"=(ac)"", Esz:E;

Proof. Follows from (/7/ Theorem 3) and (/7/,Theorem 1).
Let S be a semigroup with zero 0; we call S a nil-semigroup iff
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for every a<S there is an nEN such that a"=0,

LEMMA 1. A semigroup S is a nil-semigroup iff for every a,b:=S the-
re is an neN such that a"=b™7.

Proof. If S is a nil-semigroup then the statement in the Lemma 1 is
obvious.

Conversely, for every a,b&S let there be an n= N such that a“=l:‘"+1 ¢
Then for a=b we have that z|n=a:nﬂ which implies that a" is an idempotent; fur-
thermore, from a"=a“+1 it follows that an is the zero in <a>> . Let us show
that a" is zero in S; let b&S is an arbitrary element. From the above discus-
sion it follows that for same k&N, bk is zero in <b.> ., Now, there exists
an mEN such that (a")m=(bk)'r|+1 and, since a",bk are idempotents we have that
an=bk which means that a"is zero for b. So, S has a zero and is a nil-semigroup.
properties are satisfied: 3 S

1. (¥es)(FreN) x"=x

2. (¥x,y€S) (¥neN)( 3reN) (xy)"=(x"y")",

Proof. Let S be a band Y of nil-semigroups S,, *€Y. Then according to
Lemma 1 we have that 1 is satisfied. Sinre every nil-semigroup is a power joi-
ned semigroup, if follows that 2 is satisfied too /7, Th.1/.

Conversely, let the conditions 1 and 2 be satisfied. Then S will be
a band Y of periodic power joined semigroups S,, €Y /7, Th.1/. So, for
a,b €S,, a€Y, we have that an=bn, bkr-bkﬂ for some n,kcd and,

a“k=b"k= nk-kbk > t)nk+l

r+1

b
which, according to Lemma 1, implies that S, is a nil-semigroup.

Let E be a band, P a partial semigroup, EnP=f, and §:P = E a parti-
al homomorphism, Let us extend § to a mapping ¥:S=EUP ~ E by ¥(x)=F(x) if
xe P andy(e)=e for all e<E. Let us define an operation on S by

xy as in P ,if x,yeP and xy is defined in P
{ Y (xW(y),otherwise

Then S will become a semigroup with E an ideal and ¥ an epimorphism. In what
follows we shall denote the semigroup S constructed above by S=(E,P,?).
A partial semigroup P is said to be a power breaking partial semi-
group iff for every x€P there exists a k€N such that x is not defined
in P.
THEOREM 3. The following conditions on a semigroup S are equivalent:
(i) s is periodic, 9:5 - Es {‘P(x}=ex) is a homomorphism and (¥x €S)
(vee Es) xe,ex€ E 3
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(i1) (va,b€S)(¥neN)(3rcN) (ab)"=(a"b")" and (¥x €S)(Ve€ E) xe,ex€E;

(iii) S ¥ (E,P,9) where P is a power breaking partial semigroup.

Proof. From Theorem 1 it follows that (i) = (ii). If (ii) is true,
from the proof of Theorem 1 it follows that S is periodic and, since xe,ex €k
for every xS, e€ Es’ we have that Es is an ideal in S. So, if we put P=S\E,
we will have that P is a partial power breaking semigroup. According to Theo-
rem 1, the mapping ‘Plp(ﬂxkex) will be a partial homomorphism from P to Eg

suchthat 9(e) = for all e€E,. So, we have that S=(E,P, %) and we have proved

that (ii) = (iii). It is obvious that (iii) = (i).

2. BI-IDEAL SEMIGROUPS WITH n-PROPERTIES

A subsemigroup B of a semigroup S is said to be a bi-ideal iff B SB cB.
The principal bi-ideal B{a] of a semigroup S generated by a ¢S i¢ B[a]-a uazunSa.

A semigroup S is said to be a c-bi-ideal semigroup iff every cyclic
subsemigroup <a> of S is a bi-ideal of S,

THEOREM 4. The following conditions on a Semigroup S are equivalent:

(i) S is a c-bi-ideal semigroup;

(i1) (va€s) asa c <a>;

(iii) (vae5s) B[a] = <a>.

Proof. From aSa c<a>S<a> c<a> it follows that (i) = (ii). It is
obvious that (ii) = (iii). Let (iii) be satisfied and let <b> be a cyclic
subsemigroup of S. Then for b' ,b‘Je <b> we have that
i-1

bisb=p' Tosoe? ™! < b' M b 637 -

= b <e>e T c <>,
and so, <b>S<b> c <b> which means that S is a c-bi-ideal semigroup.

Let us recall that S is a bi-ideal semigroup iff every subsemigroup
of S is a bi-ideal in S ([2]) and that the biideal B[C] generated by the non-
empty subset C of the semigroup S is B(C]= CutzuCSC. In a2 simmilar way as
in the case of Theorem 4, the following can be proved:

THEOREM 5. The following conditions on a s.emigroup S are equivalent:

(i) S is a bi-ideal semigroup;

(ii) €SC €<C>.for every non-empty subset C of S;

(iii) BlClc<C>.

A partial subsemigroup R of a partial semigroup P is a bi-ideal in
P iff ryPrs is defined in P,r‘1,r2-ER, p<=P implies errzeR. If every partial
subsemigroup of a partial semigroup P is a bi-ideal in P, we call P a parti-
al bi-ideal semigroup.
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THEOREM 6 [2]. A semigroup S is a bi-ideal semigroup iff SZ(E,P,9)
where E is a rectangular band and P a partial power breaking bi-ideal semi-
group.

We call partial semigroup P a partial c-bi-ideal semigroup iff whe-
never apa is defined in P, apa €<a > where <a > consists of all powers a"
which are defined in P. In a similar way as Theorem 6, the following can be
proved:

THEOREM 7, A semigroup S is a c-bi-ideal semigroup iff S=(E,P, ¢) whe-
re E is a rectangular band and P a partial power breaking c-bi-ideal semigroup.

It is obvious that the class of c-bi-ideal semigroups is more gene-
ral than the class of bi-ideal semigroup.

Let S be a semigroup and Q a subset of S. We call S a

(i) ﬂ" - semigroup iff Q €S, Q"H Q -050 Qs

(n}ﬁ“ - semigroup iff Q € S, Q 05n~10'~3 0:
(iii) ﬁ‘g - semigroup iff Qc S, Q C Q- QSHWIQ Q.

n+1

Observe that for n=1 ﬁ: -y ,62 - semigroups are simply biideal semigroups., It
is easily seen that:

LEMMA 2. Every subsemigroup and every homomorphic_image of a_ﬁ
ﬁ']‘ - semigroup is also gﬁo > ﬁ1 £ 52 semigroup, respectively.

LEMMA 3. (i) Every g -semlgroup is a g - semigroup;

(i1) every £ - semigroup is a ,62- emigroup;

(iii) everyﬁ]-semgroupis a ,62 - semigroup,
where g- semigroup stands for bi-ideal semigroup.

LEMMA 4. LetSbeasemgmup IfSlsaﬁ-ﬁ g p_then aSac
c<a> for every aEs; 1f S 1s a "1 . 52 semigroup ther then a i acga> for
every aES.
~ LEMMA 5. Let S be a -, 5]-semigroup. Then:

(i) S is periodic; and for every a €S the periodic_part H, of <a>
_a_trivia]Mp of S;

XES, exe=e;
(iii) if xyx=x_for some y =S, then x€EE.
LEMMA 6. (i) If S is a pB-semigroup, then |[<a>] <5 for every a€S;
(ii) if S is a B"-semigroup, then | <a> | <3 for every a€S;
(iii) if S is apy-,By-semigroup, then | <a>|<n+3 for every a s.
Proof. “Let, for example, S be a ﬁmmroup, a€S and let < a> =
fa,a"" 2“” ...} be the n-subsemigroup of S generated by a. Since

a"%-a.0%.a" % ae<a >nSn'1< a> c<a>,
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we have that a"+2=akm'] for some k€ N, which means that the index T of a is
< n+2 and, since the periodic part of <a> consists of one element (Lemma 5
(i)), we have that | <a>| <n+3.

Let P be a partial semigroup. Then P is said to be a: (i) d‘-semig-
roup iff for every Q C P which posseses the property qoq].. qnqeq, a3 EQ
whenewer q 0919 is defined in P we have that, if q1pq2 is defined 1n P,
then quq €q, q!",q €Q, peP; (ii) Brsemgroup iff for every Q C P which
possesses the property mentioned in (i), q1p1pz...pn_‘q defined in P implies
QfP1Pp++Pp195€0Q5 (ii1) ﬁz-semgroup iff for every Q C P such that whenever
19, is defined in P, if q,q,=Q then the following is true if q7Pyppes.
pn_.[q§ is defined in P then q?p]pz....pn 195€Q, qi',qi €Q, p

THEOREM 8. A semigroup S is a ,e“-semgmup iff S 7 gp »E, §)where L
is a rectangular band and P a part1a1 power breaking ) A" o-Semigroup.

Proof, Let S be a B“_semigroup From ‘Lemma 5 1t follows that S=Eu P
(P=S\E) where E is a rectangu]ar band and ideal in S, and P is a power brea=
king partial semigroup. Let Q C P possess the property g 09150y &() whenever
9,9;---Q, is defined in P, q; CQ and let Q*=Q UE. Then Q*"*] <Q*; since $
is a ﬁ"-semgroup. it follows that Q*sQ* c Q*. If af ,a%5 €Q, qypqs € E. we
conclude that q]pqzeq which proves that P is a partial ﬂn-semgroup. Finally,
if we put G(x]=ex, e, is the idempotent in <x >, we can easﬂy show that
9:P = £ is 2 homomorphism (as in [2) and by Theorem 3 we have that SS(E,P,¢) .

Conversely, let S=(E,P, §)=T with E,P as stated in the Theorem and
let8CT, Bnﬂ C B. Then B*=B\: posseses the property bobi...bnEB* whene-
ver bob\"'bn is defined in P, so, if D,c€B*, pE€P, then bpc €B* C B. Let
for b,c €B, tET, btc=E. If bc € B*, then b.c is not defined in P and,

bte=%(b)9(t)%(c)=5(b)(c)=[¥(b) ]"¥(c)=¥(b") Hc)=b"c <B.

If bc EP then (bc}ke E since P is a power breaking partial semigroup. Let
(bc}k=e. then
bte= 9(b) At)F(c)=5(b) #(c)=F(bc)=P[(bc)“I=e
On the other hand we have that
e=0(b))c)=F(b " ¢) = b"ce 8 ™! c B

if bk"EE. Now, from bc £P it follows that b EP and there exists an mE€N such
that b™ is not defined in P; then for k€ N, kn>m we have that bk"e E since E

'is an ideal in T. So, we have proved that btc€ B for every b,c €B, t €T, which

completes the proof.
In a similar way thg following can be proved:

€ e
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THEOREM 9. A semigroup S is a ﬁ']'—s igroup iff S = (E,P,§) where E
is a rectangular band, P a partial power breakmg ﬁ] -semigroup.

THEOREM 10. _A_semigroup S is a ,62- emigroup iff S = (E,P,4) where E
is a rectangular band and P a partial power breaking ﬁz-semgroup.

3. QUASIIDEAL SEMIGROUPS WITH n-PROPERTY

In a similar way as in part 2 we can introduce the following classes
of semigroups: We call a semigroup S:
(i) qg-semigroup iff Q 5, g™ cQ = QSNSQ < Q;

(i1) q-semigroup iff Q C S, 02 CQ=0nasSc u;
n+1 cq -»QS"ﬂS"Q < Qs
(iv) q)-semigroup iff Q =5, 0% c Q= 0s"n s"g <@

(iii) q']'—semigr'oup iff Q <8, Q

We are not going to reformulate all the results for the semigroups de

fined above; these results are similar to those in 2. We shall do this only
for some of these semigraups, including the theorems which give a structure
description for each of these semigroups.

LEMMA 7. Let S be a semigroup.
(i) If S is a g-semigroup, then |<a>|<3 for every a =S;
(ii) 1fSlsaq-semg , then < a><2 for every acs;
(iii) if S is a qf- ,qz- emigroup, then | <a>|<n+2 for every a<s.

THEOREM 11. _A semigroup 5_1_S_a qo—sauigroupi_ff S = (E,P,§) where E
is a rectangular band, P a nonempty set and 9:P - E a mapping.
Proof. Since every quasiidea] of a semigroup is a bi-ideal tool, it

follows that a q sem1group isa B" —sem1group too. So, we can use all the pro-
perties which a ﬁ —semtgroup possesses Let S be a q" -semigroup, x,yE S and
let Q={x,y,e %28y 28y ey.ey exg. We shall show that Q"* € Q. For n=2 we have
the following possibilities: (i) if in q=abc all of a,b and ¢ are idempotents,
then (E is a rectangular band and ex,xe €E by Lemma 5) q'exey’ eyex,ex,ey
g=ac=e e, if a=e , c=e . (ii) if one of a,b and ¢ is idempotent, for example

if b is idempote:t then ab and bc will be idempotents also and g=abc=a.bcb=
ab.cbc=abe=abab. e.=e,be =e_e_ and again qe€Q; (iii) since xz-e L yz-ey (Lemma
7 (i1)), the product g=abc doesn't contain any idempotent in the following two
cases: g=xyx=e and q-—yxy--ey since from xyx € < x> if follows that xyx=x (and
then x 1s 1dempotent} if xXyx=e and similar for yxy. So, if n=2 we have proved
that Q <. Now, let n>2; then according to previous considerations, in any

product of n+l1 elements from Q, the product of any three elements, as we have
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shown above, will be equal to an idempotent and, accordingly, in a similar
way we can prove that all the product is equal to an idempotent which belongs
to Q. So, Q will be an n-subsemigroup of S, i.e. l)"‘cl € Q. From this it follows
that Q is a quasiideal in S which implies that Q is a subsemigroup of S; we
have proved that xy Q. If xy=y then y=xy=x2y=exy=exy=exey which is impossible
if we take x and y not to be idempotents. Similarly for xy=x. So, xy must be
an idempotent:

Xy=XyX.y = e y=e yey—exey

Now, if we put P=S\E, we have that for every x,ySP, xy€EE. Further
more, with ‘P(x)=ex, x =P and e, the idempotent in <x> we can define a mapping
from P to E which can be considered as a partial homomorphism from P to E and
Theorem 3 concludes the proof.

Conversely, let Q€ T = EUP where E is a rectangular band, P a set
such that En P=P and let %:P - E be a mapping, and let Cp""’lI € Q. If xEQT nTQ,
i.e. X=q1X1 X205 G119 =Q, X19%€ T, we have that xC € and. according to the
definition of operation in (E,P,¥), we have that

x=x2=q2x2x]q]= §(a)9(x,)¥x )9(c)=%(a,) (a; )= (a3) ¥ay) =

=%a%9;) = G €Q
which shows that Q is a gquasi-ideal in T.

Let P be a partial semigroup. Then P is said to be a: (i) g-semigroup
iff for every Q € P which posseses the property q1q250 whenever 9,9, is defi-
ned in P, ql,qz-:{}, we have that, if pg is defined in P, pE P, q€EQ and, for
some p'E€P, q¢'€ Q pg=q'p'=x, then x€g; (ii) q?-se-igmup iff for every Qc P
which posseses the property qoq]...anQ whenever 9% +--9, is defined in P,
qiEQ we have that, if P1Pp---P 0 is defined in P for pi‘—_’P, ge<Q and for so-
me pi€ P, 9'€Q, PyPp---P,4=a'P}P;-- P, = X then x=Q; (iii) qg—semigroup iff
for every Q € P which posseses the property 99,50, 94,9,€0Q, whenever 9,9,
is defined in P we have that if p,p,...p,q is defined in P, p; €P, q€Q and
for some pieP, 9'€Q, P]lﬁa...pnq=q'pipé...pr‘1 = x then x<=Q.

Using a similar procedure as for Theorem 8, and using also Theorem 9
and 10, the following can be proved:

THEOREM 12. A semigroup S is a g-semigroup iff S= (E,P,¥) where E is
a rectangular band and Pa part1a1 power breakmg q-semgroup.

THEOREM 13. A semigroup S is a q.l semigroup 1ff S £ (E,P.9) where E
is a rectangular band and P a partial power breakmg q1-sem1group.
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THEOREM 14. A semigroup S is a qy-semigroup iff S = (E,P,9) where E
is a rectangular band and P_a partial power breaking qg-semigrgyp.
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