107

Algebraic conference
NOVI sSAD 1981

COMPATIBLE SUBASSOCIATIVES
N. Celakoski

The notion of compatible n-subsemigroup of an n-semigroup,
introduced in [1], and almost all the results on compatibility
obtained there, can be generalized for J-subassociatives of a
J-associative in a straightforward way. In this paper we shall
consider these questions for J-associatives in some details.

§1. Preliminaries

Let A = (A;F) be an algebra with the carrier A and a nonempty
set of finitary operations, F = Fz u F3 I Fn\J seey where

Fn consists of the n-ary operations of F. If f € Fn+1 and
f:(xo,xl,...,xnlh* ¥, then it is written y = fxoxl see Xpo
The semigroup A~ with a presentation
<Az;{a = aoal...ania = faoal...an in A}>

is called the universal semigroup for A. Denoting by a- the ele-

ment of A- determined by a € A and putting -:a - a“, we obtain a

if the mapping -~ is injective.

If ¢:A > A" is a homomorphism, then there exists a unique
homororphism ¢~:A~ + A”" such that ¢~ (a") = §(a) for any a€ A.
Clearly, if ¢ is an epimorphism (isomorphism), then ¢~ is also an
epimorphism (isomorphism), but it may happen 4 to be a monomorphism
and ¢° not to be such one (Ex. 1), §3). A monomorphism $:A + A" is
said to be compatible if ¢~ :A" + A°" is also a monomorphism. And,

a subalgebra B of A is said to be compatible in A if the embedding

monomorphism ¢:B + A is compatible.
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The subject of this paper are compatible subassociatives of
an associative. Namely, an F-algebra A = (A;F) is called an
F-associative if it satisfies all the identities that hold in the
class of semigroup F-algebras, i.e. if the general associative
law holds in A. An F-associative is called an F-group if (A,f) is
an n-group for each f & F,- It is well known that any F-group is
a semigroup F-algebra ([2]}.

In studying associatives, it is convenient to consider the
submonoid J = JF of the additive monoid of nonnegative integers
generated by the set {n-1|F_# #}. If d, is the greatest common
divisor of the elements of Tpr then the following result holds:
Every F-associative is a semigroup associative if and only if
dF € JF' and then an F-associative is in fact a (dF+1}-semigroup.
We note also that the associative law implies that for each n € Jp
we have an "associative product"

[ ]: (xo,xl,...,xn} - fxoxl...xn]

in an F-associative A, where [xo] = X,. This is the reason why an

a J-dssociative have usual meaning.

A J-associative is said to be cyclic if it is generated by

one of its elements. The structure of cyclic J-associatives is
described in [5].

§2 Properties of. compatible subassociatives

Denote by (&) the set of all J-subassociatives of a
J-associative A and by <C(A) the set of all compatible J-subasso-
ciatives of A. The following statements hold:

2.1. B € C(A) & B~ is a subsemigroup of A~.[
2.2. BE &) = LB N €M) c €m®.0
2.3. B € €M) = B c «m.0

2.4. %(a) is inductive, i.e. if {By| i€ 1} is a chain in
C(a), then B = LiJBi € «“m) .0
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2.5. If ‘P€ AutA, B € &(A) and C = < (B), then

BE LM ¢ Cce €m.0
2.6. B € & (A), A\B is an ideal in A => B € ¥ ().

Note that the sufficient condition in 2.6 is not necessary
(Ex. 4), 83).0

2.7. If G is a J-subgroup of a semigroup J-associative A,
then G € «£(a).0

If A = <a> = {a™}|n € J} is an infinite cyclic J-associative,
then A* is the free semigroup generated by a (3.1 in [5]). The
theorem 4.1 od [1] is true for J-associatives too:

2.8. A J-subassociative B of an infinite cyclic J-associative
A is compatible in A if and only if B is cyr.:liu‘.:.l:I

Using the fact that every J-subassociative C of a finite
J-group G is a J-subgroup of G,as wecll ac 2.7 and 2.8 it can be
proved the following proposition: -

2.9. Let A = {a® }|ne& J} be a finite cyclic J-associative,
let P be its periodic part and C be a J-subassociative of A.

i) Ifcc P, then CE Tia).

ii) Let C g-_ P and let k be the least integer such that
b = ak+le C. If there exists g € J such that C = aq+1€ C,
k+1{g+l and g < s, then c § £(a).
(Here, s=min{n € J| (2m € J) m#n, a“” = am+1}, and the peri-
n+l

odic part of A is P = {X|X€ A, x = a for infinitely many n € J}.

§3. Examples

Below we give four examples which can be also found in [1],
p-p. 26, 28. Ternary associatives, i.e. J-associatives with
J = {2k|k 2 0} in all of them are considered.

1) Let A = {a,b,c}, B = {a,b} and a ternary operation
be defined on A by:

[cce] = b and [xyz] = a if {a,b} N {x,y,z} # @.

)
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Then A is a J-associative and B is a J-subassociative of A. The
free coverings A" and B" are given by the following multiplication

tables:

Atz albjclal Bl ¥ B3 alblulw
alalalalalal a ajujufala
bla| a ala|a bju|v]a]a
clal B alalb ujalalu|u
ajlalalalalal a viajajulu
Bla|la|ala]al] a
yjala|bla|a| B |a“|=6, |B°|= 4.

The extension e€” of the embedding monomorphism e€:B = A is not a
monomorphism, for e (u) = e"(v) = « but u ¥ v. Thus B¢ ¢o(a).

2) Let A = {a,b,c,d,e} and a ternary operation [ Jbpe defined
on A by:

{x,¥,2} N {c,d,e} # @, (er:z) # (e,e,e) == [xyz] = c,

x,y,z €{a,b} = [xyz] = a

and [eee] = d. Then A is a J-associative, B = {a,b} and C = {c,d}
are two isomorphic J-subassociatives and

A* = {a,b,c,d,e,aa,bb,cc,ee,be,eb,de}, |A-| = 12,
(aa=ab=ba, cc=ac=ca=ad=da=ae=ea=bc=cb=cd=dc=dd=ec=ce, de=ed);
B~ = {a,b,aa=ab=ba,bb}, B~ = &;
C* = {c,d,cc=cd=bc,dd}, c*| = 4.
Therefore B € ¥(A) and C¢ ©(A), for cc=dd in A~ but cc#dd in C".
Thus isomorphism, in general, do not Dreserve the compati-
bility.

3) The set A = {17,1",3,5,7,...} with the ternary operation
[xyz] = y(x) + ¥(y) + v(z), where the mapping §:A + N is defined
by (17) =1 = y(1"), ¥(a) = a for all a # 17,1", is a ternary
semigroup, i.e. J-associative and B = {1°,3,5,...}, C = [ 2 A £ N
are J-subassociatives. The free coverings A", B", C" of A,B,C,
respectively, are given by:
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A” SRR LR, N (1% Y TR 13544506 s vy
TR i b B SN 10 (T T UL R SRR

Crm L A, 1), 35405,6, wvaky

where

1terd e 1ty ateadieky e s e (13,8500,
(1,13 % (24k) = a4k = (2#k)*(1%,19),
114 (24k) = 34k = (24k)*11.

Thus B,C € C(a).

The intersection D = BN C is also a subassociative of A,
but it is not compatible in A; namely, €°(3*5) = ¢*(5*3) = §,
but 3*5 # 5*3 in D.

4) Consider the additive semigroup of positive integers,
N(+), as a ternary semigroup A, [xyz] = x+y+z. The set
B = {2k+1/k=0,1,2,...} is a ternary subsemigroup of A and
B* = A" £ N(4). Thus the extension e":B* » A" of the embed-
ding €:B » A is a monomorphism, i.e. BE<2(A), but AN = 2N is
not an ideal in A.
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