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COMMUTATIVE SEMIGROUPS WITH n-PROPERTY
B.Trpenovski

A semigroup S posseses the n iff Qcs, QnﬂgQ::ngQ('.Z]}.
A structure description is given in [ 2] only for unipotent semigroups
with n-property. In this paper we give a structure description fur
commutative semigroups with n—property when they have more than one
idempotent. >
First we recall some of the properties of semigroups with
n-property stated in [2].

Theorem 1. (i) Every semigroup S with n-property is periodic;
the index of <a>, for every a €8, is not yiredater than Z and the
period of <a> is relatively prime with n.

(ii) If S is a group, then S posseses the n-property iff
the order of every element of S is relatively prime with n.

{iii) Let H be a group with n-property, P a set, HNP = §,
and ¢:P + H a mapping. Extend ¢ to a mapping from § = HUP onto
H by #(x) = x for all x€H and define an operation on S by

xoy = ¢(x)e(y).

Then S =[S H,P,4] will be a unipotent semigroup with n-property.
Conversely, every unipotent semigroup with n-property can be
obtained in that way.ll

e

n-property, n=2, E - the subsemigroup of S consisting of all

S = {x€s | (ImeN)x" = e), @EE,

“e - the maximal subgroup of § containing the idempotent e,
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Ie = Se\He,

B=U{H, |e€E}, I=U{I, | ecE}.
It is easily seen that
Lemma 1. H is a subsemigroup of S. 1
Let us define A &I, by
Ae={xexeiufc3hdexh
A =U{A, | ee E}, ~8* = S\A.

Lemma 2. S* is a subsemigroup of S such that, for every
X,y €S5*, Xy cH.

Proof. Let x,y € S* and xese, Y€ sf, ef = g, Since x €5*% it
follows that xfe Hg and similarly eyel—lg. Let Q = {x,y}lv Hg and
9= g Qyeaed quQ.

(i) If some 5 belongs to Hg, then 95 = 949 = qjef and every
x in the representation of g can be substituted by xe, every y in
q can be substituted by yf. Su, since xe ene, yfcug we will havo

'HeH <H_,

that ge€ HerHggHg. Here we use the properties HerQH g G

g
Hngc_:H ({11 , §1.6, Example 4).

g
(ii) If none qj belongs to Hg, then at least one of x? and
y2 will appear in g; if x2 appears in g, since x2=32e and eye Hg,

we will have that ququc_ Hg; similarly if y2 appears in g.
We have proved that Q is an n-subsemigroup of S and, as S
posseses the n-property, Q is a subsemigroup of S, too. So, Xye Q;

since xy € S_ it follows that xyeHg. i

g
We call S* a reduced subsemigroup of S with n-property. Now

we are ready to give a structure description for S*.

If S* is a reduced commutative semigroup with n-property then:

(a) H is an inverse commutative periodic semigroup which is a
union of groups and the order of each element of H is relatively
prime with n, n2 2.



(b) Let B = I\A; then B is a set such that HB = f#.

(c) If we put y(x) = Xe, xe Sk = S_\A,, then ¢ will be a
mapping from S* onto H such that ¢|H=1H' and the operation in
S* can be expresed as follows:

(1) xy = ()9 ly),

since according to Lemma 2, xye H and, if xi-_S;, yeS%, ef=g,
then xyezﬂg and so

Xy = xyo = xeyf = ¢ (x)ply).

Conversely, let H be an inverse commutative periodic semigroup
which is a union of groups and the order of cach element of H is
relatively prime with n (n2>2); let B be a set, HnB = @, and ¢ he
a mapping from S* = H'.B onto H such that wrﬂ=lﬂ- If in S* we
define an operation by (1), then S* will turn out to be a comm ta-
tive semigroup (which 1s easily seen). Let Q be an n-subsemigroup
of S* and x< Q; then +(x}tEHe (for some e €E) has an order, say m,
which is relatively prime with n, and so, sm = rn+l, s,r - inte-
gers, from which it follows that

e = [$(x)]5™ = [y()] ¥R = FOFL L o,

according to the definition of the operation in S*. Now, if x,yc Q,
since e€Q, we have that xy=¢(x)y(y) = e"'lq;(x) ¢ (y) €Q which
shows that Q is a subsemigroup of S*, too, i.e. 85* is a commutative
semigroup with n-property. It follows py the definition of the

operation in S8* that S* is reduced.

Denoting the above constructed semigroup S* by S* = (H,B,y],
we have:

Theorem 2. A semigroup S* is a reduced commutative semigroup
with n-property iff S* = [H,B,y], where H is as in (a), B a set
such that HNB = @ and ¢:HUB +H a mapping such that ¢|H=IH.

If we combine, now, Theorem 2 and Theorem 4.11 of [1], we
can give another description of a reduced commutative semigroup
with n-property which we will make use of in describing the structure
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of a non-reduced semigroup of this type. Namely, let E be a semi-
lattice and, for each e€ E, let be given a commutative group Ge
with n-property and a set B, such that G NB, = § for all e,f€E
and G NG, = B,NB; = § for e # f. Let us denote &= (G | e€El,
H = {Be |e E}, G =U{Ge |e€E}, B =U{Be | e€E E} and let

$:S = GUB+G be a mapping such that q"[G=1G' Let ¢ = {¢_¢ | e, fEE}
be a family of homomorphisms between the groups from E’{defined

as follows: if e, f€E and ef=fe=e, then $of 15 @ homomorphism from

Ge into G, and, if ef=e, fg=g then $eater = Yog’ Pee=| & By
putting Vof = $o¢¥ we define a family of mappings ¥ = “’ef | e,£€E}
from § into G. We define an operation in S by

X0y = “‘eg“" -bfg(y}

if x€ Se i %0 1 Be’ yesf and ef=g. Lel us denute thie semlyroup we

have now constructed by § = [S"’,J?,@,?]. From Theorem 2 and Theorem
4.11 of [1] it follows that: '

Theorem 3. A semigroup S is a reduced commutative semigroup
with n-property iff s =[%, 5 ,¢,v].1

We now turn to the non-reduced case.

Lemma 3. Let S be a commutative semigroup with n-property,

let e,f,g€E, ef=g and Y €S.. Then one and only one of the follo-
wing statements holds:

(a) s ye Hg; (b) SeygAg.
Proof. Let uy Hg for some u Se' Then:
uy = uyg = uy-ge = uyg.e = uye = ue-y.
Since ye EHE, there exists VéHe such that v.ue=e and then
ey=v.ub.y=v-uey=v-uy e HeHg c Hg i

so, eyeH _,

g
Let x€S_ is arbitrary chosen and let R = {x,y,xny,xzny,...,
r-e-JUH UHg. Let x = ror ...r . r €R.
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(i) If some ry belongs to Hg, then erg as in Lemma 2,

(ii) If in r y apears two or more times, then yke Hg, k=2
and we will have the case (i).

k

{iii) It remains, now, the case r=x yr, where r=0,1; if r=0

then re H, and then r€R, and if r=1, again reR.

We have shown that R is an n-subsemigroup of S; now R is a
subsemigroup, too, since S posseses the n-property. So, xy€ R.
For xy we have two possibilities: xycH_ or xy = x"Uy since xye S
If xyaxkny then (k=1) xy=exkn-y=e-xk“yge-xy=xey=xe-eye HeH <H y
since eye Hg. In any case we have that xye Hg' [ | . '

Lemma 4. Let S be a commutative semigroup with n-property,
x€S_, YeES, and xy€ A. Then one and only one of the following is
true:

{a) xy = xe.y; (b) xy = xyf.

Proof. As in the proof of Lemma 3 we can show that
Q= 1%,7:2°7: X2y, .o o2y, xy?®, ..., U H UH UH_ is an n-subsemi-
group of S, ef=g. If xy€ A then xy=xkny=exk“y=e3y or xy=xy' =
=xy' "f=xyf. It is not possible to hold (a) and (b) together since

in that case we would have that
Xy = €.Xy = f = fesS H c
Y Y exy Xye gig S Hg
which is a contradiction. ||

Let us, now, define a function p:ExA -+ {0,1} as follows:
ple,x) = 0 iff eXx €G and p(e,x) = 1 iff ex€Ajx.

(1) Let p(e,x) =0, yese. xesf, ef=g. According to Lemma 3
we have that yxEGg. If we put X(u)=uh where u esh, we can define
a mapping x:S » G and express the product xy in the following way:

xy = xy-g = xy-ef = xf-ye = x(x)x(y).

Observe that x,.,=¢, where y is defined as is Theorem 2.

807



122

(2) Let p(e,x) = 1; then to each yeS we can correspond a
partial mapping Xy :A-+ A which is defined on x by putting 1% (x]-xy
In this way we obtain a family A = | ecE,yeS_} of part:.al
mappings from A to A which eatisfy the following properties:

{2a) If xese, y(—_Sf, ef=g then

2 g = 2%f . ,9

xy Xy yx'
which follows from (xy)z=x(yz) and,. lg is defined on z iff Ai is
defined on z,and A; is defined on ¢ (z} iff 15 is defined on z

and X is defined on A (z)

(2b) If xe be' yeSf, Xy€ A then, according to Lemma 4,

one and only one of the following statemente is satisfied:

e _ ,e,e e f
l\x_ Ae)‘x or J\y- .\fly

(3) A is a partial semigroup such that, if X,y belong to the
same Ae. then xy is not defined in A.

Conversely, let S%* =[‘\?f, A ,%,¥] Pe a reduced commutative
semigroup with n-property and let aﬂ.:{Ae | e€ E} be a family of
disjoint sets such that Aan Gf = Aen By = @ for all e,fe€ E, where
E is as in Theorem 2. Let A =LA, | e€E} and let a partial ope-
ration be defined in A so that A will become a partial commutative
semigroup with the property: if x,y(—.Ae for some e €E, then xy is
not defined in A.

Let p:EXA +~ {0,1} be a function ind A = {AS | e€E, YeS_},

where S -S U A » be a family of partial mappings from A lntO A which
satlsfles the follow:.ng conditions:

(i) If p(e,x) = 1 then for all yESe’As_ is defined for x.

G A3 =8 A)f, : A3, where xe S, yve S¢, ef=g and 13, i
deflned for z€ A ifE AY is defined for z and ?\ is defined for
(z) $EL le is defined for z and \}f, is defined for J«i{z) . Here,
xy is the proddct in A if x,y€A and xy is defined in A, or xy is
the product in S* 1f X, yE 8%, oF xy = (y} if xes*, YEAg, or,

similarly, xy = {x} if xF.A ; YE sf.
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(1ii) Let x€5_, ye S¢ and xy is defined in A or one of the
following conditions is satisfied: ple,y) = 1 or p(f,x) = 1. Then
one and only one of the following assertions is true:

e = yeye

)‘X‘Y} - ’leAx{Y};
. %
fky

Let S = S*U A and x:S > G be a mapping such that xls*=ﬂn, v de-
find before Theorem 2. We define in S an operation "o" by:

x;tx) = XIR-ly).

1) %oy = xy as in 8% if x,y€ S*,

2) %oy = xy as in A if x,y€A and xy is defined in A,
3) xoy = x(x)x(y) if p(e,y) = 0, X€S .,
4) xoy = yox = AJ(y) if p(e,y) = 1, X€S_.

Then 5(0) will be a commutative semigroup. To prove this it is
enough to show that (xoy)oz = Xo(yoz) only in the case when not
all x,y and z are in S* or in A and when one of the elements (xoy)oz,
xo(yoz) is in A, since for the other cases the associativity is
easily seen. Let, for example, (xoy)oz is in A where xl—.Se,YE Sf,
ef=g. Then p(f,z) = 1 and according to (ii) we will have that
o(£,2) =1 and p(e,xi(zx} = 1. So, by the definition of "o" we
will have that xolifr(z) = xo{yoz) is in A and,

=50 e _ ,€ 2!
{xoy)oz Axy(z) = kxlyiz) = A (yoz) = xolyoz, .

Let us prove, now, that S(o) posseses the n-property; let Q be
an n-subsemigroup of S and x,y€ Q. If x,y€S*, then as in the
proof of Theorem 2 we will have that xoye€ Q. Let p(e,y) = 0 or
s(£,x) = 0 and xoy = x(x)x{y) and again as in Theorem 2 we will
have that xoye Q. Finally, if xoy €A, according to (iii) we have
that

X0y = Z-i{y'.i = izliiy] = EOX0y =...= €0...080X0y €Q
n=-1
or
X0y = ‘.f,(x} = i;‘«;{x} = foyox =...= Mfoyoxe{)
i n-1
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since in the first case e€(Q and in the second one f € Q which
can be proved as in Theorem 2.

Let us denote the semigroup S$(o) which we constructed abeove
by [?,.}3, i¢,¥,Nip]. We have proved the following:

Theorem 4. A semigroup S is a commutative semigroup with
n-property iff S is isomorphic with a semigroup [;(‘/' By A0,%,0507.8
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