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n-SUBSEMIGROUPS OF CANCELLATIVE SEMIGROUPS
Smile Markovski

We show in this paper that any cancellative n-semigro-
up is an n-subsemigroup of a cancellative semigroup. Furthe-
rmore, for any cancellative n-semigroup S there exists a
universal covering cancellative semigroup S$* . It is shown
that S~ is very useful in the investigation of the class of
n-subsemigroups of groups; we prove that a cancellative
n-semigroup is an n-subsemigroup of a group iff its univer-
sal covering cancellative semigroup is a subsemigroup of a
group.

1. Cancellative n-semigroups. An algebra § = (S,f) with

an n+l-ary operation f is called an n-semigroup if it sati-
sfies the following identities

(1.1) f(f(xo,...,xn],xn+1,....x2n)

f{xo....,xi_l,f(xi,...,xi+n),...,x2n)
for all i=1,2,...,n.

Suppose that S = (S,f) is an n-semigroup and consider
any two derived products nltao,...,ap) and nztao,...,ap) on
the same sequence ao,...,ap of elements of S. Then, by (1.1),
we have that n, =n, is a valid equality in S. Thus, any
n-semigroup S can be considered as a kn-semigroup, where
k=1,2,... . From now on an n-semigroup S = (S,f) will be
denoted by S[ ], where [a_...a ] denotes the value of the
corresponding products in § on the sequence a_,...,3,, of
elements of S. In this notation we will put [a] = a and

[an+1] = [a...al. We will use also a shorter notation [a],
n+l
where 3 = ag+++3gn-
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quasiidentities of the form

£1.2) [xo...xi_lyxi+1...xn]=;xo...xi_lzxi+1...xn];:}y=z,
vhare i = 0,1,2,...,0.

1.1. The following conditions are equivalent for an
n-semigroup S| | (n22):

(1) s{ | is cancellative;

(ii) S| ] satisfies (1.2) for some i:15i=<n-1;
(iii) Sl | satisfies (1.2) for i=0 and i=n;
(iv) the quasiidentity

[xiyxn_i] = [xizx?1

=2y =2
is valid in 8! | for some i:1<4i <n-1;
(v} the implication
[x"y] = [ x"z2V[yx"] = [2x"] — y =2
is valid in S|
Proof. It is clear that (i)= (ii) = (iv), (i) = (iii)= (V).
(iv) = (1) : Let [xo...xj_lyxj+1...xn]=[xo...xj_lzxj+l...xn].

If i=j, then by multiplying to the left-hand side and to the right-

hand side, we obtain:

[xi+l...xnxxo...xi_lyxi+1...xnxxo...xi_ltn_zl =
- [xi+1...xnxxo...xi_lzxi+1...xnxxo...xi_ltn_z],
i.e.
[[xi+1...xnxxo...xi_1]y1x1+l...xnxxo...xi_lltn'z] =
= [[xi+l,..xnxxo...xi_llzixi+1...xnxxo...xi_lltn-zl.
Now letting t = [xi+1...xnxxo...xi_1] from the last equation

and (iv) we have y = z.
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If j < i (and similarly if i < j), then we have

i-3 n-i+j =
e A Sy ¥Xggg e i SSEPRIY ¢ SIPPREERL 1

i=1
[x xo"‘xj—lzxj+1'"xn-i+j—1ixn-i+j"'xnx il -

Hence, we can apply the above considerations again, i.e. we
conclude that y = z in any case.

(v) = (iv): Let [xiyx"" %] = (xtzx™ 1], Then we have
[xn'if_xiyxn"i]xi] - [xn'iExizx“-i]xi],
i.e.
[Ix"y1x™) = J[x"23x"],
which implies y = z.1

The following property will be very useful in the
further considerations.

1.2, Let x~ = XyeooXyy x"

xi+1-..kn_k, 1’: - tll‘lti'
LN = tipreeotnoks X = Youoo¥gr 2= ZgeooZge where
0 <i, jsn-k, 0<k <n. Then the quasiidentity

[x7yx"] = [x72x" | =>[LYt"] = [£72t"]

is valid in any cancellative n-semigroup.

Proof. ix7yx"| = [x7zx"1 =

X" ixyxtxt ] = [x" 3x ‘zxrxt | =

B e T B e S e R A S R EE g
[eX (P37 ke yyxmxd] = (X2 3% e 21t ] =
[tnltn-j_kg’zlg"xi+kl L [tn[tn"j"kgf_lg“xi+k] s
(737K oy = €773 K2y 2 [ePeyet) = Tl a1

ifyt"l1=1tzt")1.8

—_—— —

2. Universal covering cancellative semigroup of a
cancellative n-semigroup. An n-semigroup S[ ] is said to be

=it B
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all a8 reensdn. S

[ao...an] = a *...%a .

o

Let S[ ] be a cancellative n-semigroup and denote by
F = (F,*) the free semigroup generated by the set S. We can
assume that the elements of F are all nonempty finite sequ-
ences of elements of the set S and that the operation in F
is the usual concatenation of sequences. If ue F, then we
denote by |u| the length of u. If u€F and |u| = kn+l for
some k 20, then we denote by [u] the product in the n-semi-
group S| | , corresponding to the sequence u.

Define a relation ~~ in the set F by
(2.1) u,veFP=>(u~vv e (JweF) uwl= [vw]).
2.1. The relation ~ is a congruence on the semigroup F.

Proof. First we note that the existential quantifier in
(2.1) can be replaced by the universal one, according to 1.2.
(In that case Vw € F means that the length of w should be
good for the sign [ 1 .) We also have that u~v implies
[u] = |v| (mod n). Now it is easy to prove that ~ is a con-
gruence on F. (For instance, if u,v,weF and u~v, then there
is some t€F such that [uwt] = [vwt] and [wut] = [wvt!. This
implies that uw~ vw and wu~wv.)ll

Denote by ¥ = (S~ ,e) the quotient semigroup E/~
and denote by u” (ueF) the corresponding equivalence class.
Then 8~ = F/~ = {u~” |ueF}.

2.2. The semigroup S~ is cancellative.

Proof. Let wu~wv for some u,v,wecF. Then, there is
some t&F such that [wut] = [wvt], and 1.2 implies that u~wv.

In the same manner one can prove that uw~vw = u~v.

2.3. The mapping ¢:S5 + s~ defined by ¢(a) = a™ is

injective and for all a_,...,a €S

o
(2.2) M[ao...anjl = ¢(ao)...¢(an}.
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‘A mapping of an n-semigroup vo a semigroup is said to
be an n~homomorf15m if it satisfies (2.2). An injective n-

Proof. If a,bES and a~b, then there is some u«-F
such that [(ual = [ub], but this implies a=b.f

As a consequence of 2.2 and 2.3 we have that every
cancellative n-semigroup is an n-subsemigroup of a cancella-
tive semigroup, i.e.

2.4. The class of n-subsemigroups of cancellative se=

migroups is equal to the guasivariety of cancellative n-se-
migroups. i

The cancellative semigroup S~ is called the upiversal
covering cancellative semigroup of the n-semigroup S[ ]. The
reason for this is the following theorem:

2.5. Let S' | be a cancellative n-semigroup, P = (P,#)
be a cancellative semigroup and ¢:S : P be an n—honwmorphlism
of 8! ] to P. If ¢ is the n-monomorphism defined as in 2.3,
then there is a homomorphism 6 of S~ to P such that y=64.

Proof. Suppose that u=a,...a; € F, where Ayreeesdy € S,
and define s by

g(u™ ) = wtal}*...w(aii.

It is enocugh to show that v is a well defined mapping. If

bl,...,b eS, v—bl...b EF and u~v, than there is some

c« S, such that I'al...aic ] = [b ...h c®1 ana :L+k_3+k

(mod n), k=0. This implies tha.t wtal}*...*ttai)w(c)
v.{b])*...*wtb )ﬂ-(c) is a valid equality in P, i.e.

vl(a ]*...*'P(Eli] = ¢(b ]t...t*(bj).i

We can give a better description of the semigroup s”
We identity a with a for ac S, and so we have S—S™ . If
u = ao...akcf‘, k 2n and fao...an] = b, then u~v, where
v = ban“...ak. So we can write
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s~ = 85U S ...usY,

where S* contains all the products on S~ of the form
ai...i.ai = @je..8y (al,...,aie.s). Aiso i # 3 implies
SN s- = ¢ and if a,...a;, b;...b;cS", then a,...a; =
= bl“‘hi in 8™ iff there is some c& S such that

cn-i+1 n-i+1

!al...ai 1=1b;...bsc S R N

3. n-subsemigroups of groups. In what follows we will

use the universal covering cancellative semigroup S~ of a
cancellative n-semigroup S[ ]in investigating the class of
n-subsemigroups of groups. We note at first that any n-sub-
semigroup of a group should be cancellative.

e TP

sfies the identity

Ix ...xnl = {

5 xp(O)"‘xp(n)J

for any permutation p of the set {0,1,...,n}.

3.1, If S[ ]is a cancellative commutative n-semigroup,
then its universal cancellative covering semigroup S is also
commutative.

Proof. Assume that S[ ] is a cancellative commutative
n-semigroup and Ayee-dyr bl"'bj"'-SH . Then there is a c& S8
such that
2n-i-j+11 =

2n=1-—j+1°
Ebl"‘bﬁal"'aic

[al"'aibl"'bjc
which implies that 8™ is commutative. @
We will generalize the following result (2], p. 58):

3.2. If a cancellative semigroup P = (P,-) satisfies
the condition PanPb # ¢ for any a,bc P, then P is a subse-
migroup of a group.l

Namely, we have:
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3.3. Let S ibe a cancellative n-semigroup which sa-
tisfies the condition [Sn-iao...ai](\;sn-jbo...bjj £ ¢ for
any ao,...,ai,bo,...,bje;s. Then S{ | is an n~-subsemigroup
of a group.

Proof. It is clear that if 8° is a subsemigroup of a
group G, then S! ] is an n-subsemigroup of G as well. So, by
3.2 and the definition of §7 , it is enough to be shown that
for any Agesedyy bo“”bje §™ there are integers p,qg:1<p,q<n,
pt+l = g+j (mod n), such that SPcao...aih sq-bo...bj#ﬂ. But,
this is satisfied by the hypothesis of the proposition.l

As a consequence of 3,1 and 3.3, we have

3.4. Any cancellative commutative n-semigroup is an
n-subsemigroup of a group.ll

We already noted that if the universal covering cance-
llative semigroup of a cancellative n-semigroup Sl )is a
subsemigroup of a group, then S[ | is also an n-subsemiyroup
of a group. Next we proceed to the opposite implication.

Let Sl 1 be an n~semigroup and let Fgu g-1 = F, be the
free monoid generated by the set sug t, Define a congruence
= in F, by u=v iff v is obtained from u by using the follo-
wing transformations:

replace a by aye-.2 (ao...an by a), where

n
a = [ao...anT inst-T

h

replace aa ' and a la by 1,

replace 1 by aa~ ! or a la.

Then Gg = Flﬁ& is the group generated by the set §
with the set of defining relation {a=ao...anla =[a°...an!
in 8175},

k k

If u = 2,y 1...a pGEGS, where ayse0.,a

P 5, then we

P
write
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Lmiton
u P i

It is clear that if u=v in ES' then

(3.1) du = dv (mod n).

3.5. A cancellative n-semigroup SI 1 is an n-subsemi-
group of a group iff S~ is a subsemigroup of a group.

Proof. Let the cancellative n-semigroup S[ ] be an n-
subsemigroup of a group G. Concider the group Gg = <S;
{a=a_...a la = la ...a ] in 5)) .+ Then SCCg and
a= !ao...ani in sl ] implies a = a_...a  1in Gg. in such a
way the mapping a~ a (a &S) induces a homomorphism of Gg
into G. Hence, we can conclude that S[ ] is an n-subsemi-
group of the group ES as well.

We can regard the group Gg as a cancellative semigroup
and by 2.5 it follows that there is a homomorphism 6 of
8~ to Gg such that for any a,...a;€ g

e(al. ..ai) = @ye.eye

if e(al...ai) = e(bl...bj), then we have a;...a; = bl...bj
in gs. Now (3.1) implies i .= j, and as a consequence we have
that for any c €S the equality

=i+l _ n-i+l
ay...a4¢ - bl"'bic
is valid in Gg, i.e.

[al...aicn-i+1] = [b]...bicn-i+1]

holds in S[ ]. Thus a,...a;=b;...b; in S and @ is injective.l
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