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ON COMMUTATIVE n-SEMIGROUPS
Pano Krzovski

The purpose of this paper is to show that the well known
characteristic of commtative semigroups [1] could be gene-
ralized for the class of n-semigroups, for n> 2.

1. Some definitions

An algebra S with an associative n-ary operation
(xl.xz,...,xn} * X Xge. X
is said to be an n-semigroup. An n-semigroup S is said tc be
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12 n i,7, in
holds for every permutation (i,,i,,...,i ) of the integers
1,2,...,n. S is said to be idempotent if x'=x for all X€S.

lattice if the following identity equalities, hold:
i, i i i; 3 3
32 % ; B Il n
Ry Xg eeeXp = X Xp"aunXy o 1,3 >0,
TS : e i : sl
where Liti 4.4y = ]l+32+...+jk = n. Putting (x<y&xy "=x),
one cobtains that § is a partialy ordered set.

If a and b are elements of a commutative n-semigroup S, we
say that a divides b, and write alb, if there exist Uy Uy, ...,u (€S
such that uuy...u_sa = b.

It is easy to see that the following statements for a commuta-

tive n-semigroup are true:
1.1. (i) If a|b and blc, then alc.

(i |
{ii) If a 'b_ then aa

132+ ++8y (no1)+1 PP By (n 1y 4
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(iii) If b!cr(n-l)+{ then bk(n-11+1i(Cr(n—1)+1)k(n—1)+1_

'g. Decomposition of commutative n-semigroups

We define a relation p on any commutative n-semigroup as

follows:

anb ¢» each of the elements a and b (1)
devides some power of the other

2.1. The relation  defined by (1) on a commutative n-semi=-
group S is the least n-semilattice congruence.

Proof. Obviosly, the relation n is reflexive and symmetric.
Let anb and bnc; then, there exist integers r,s and elements
Upreeaslp s Vyseeo, v, €5 such that

Uyesoly_ja = hr(n-1)+1’ Vi v b = Sin=1)+1 (2)

By the second equality, using the first one, we obtain

la,érs (n=1)+r+s)}(n-1) +1
n

r(n—1)+1u1)u2_..u %

r(n-1)+1
(vl "'vn-l

Similarly, c divides some power of a, and thus a nc.

Now we will show that n is the least n-semilattice congruence.

Let anb, i.e. !.:1...u.“_latbr(n-'”’\1 for some r€N and seme

Uypenasuy €S, and let Zyr-e-sZ,_, be any elements of S. Then
’ _ . r(n=1)+1
uyeeeu G (azy...z 1) =D 2y Zp 0o
i.e.
1r(n=1)+1
azy...z b ZyeeaZp g (3)
Therefore
rin-1)+1_, r(n-1)+1 . (r=1) (n=1)+1 r(n-1)
(hzl...zn_l) =(b Z)eeez ) (2 }...(zn_l z,)
and thus we have
r(n=1)+1 r(n-1)+1
b Zyeeozy g l(bzyeiiz 1) s (4)

From (3) and (4), as a consequence of 1,1, we obtain

| r(n-1)+1 )
az .zn_l,{hzl...zn_l) for some r & N;

1

1 s(n-1)+1
Euﬂlaﬁurbzl...zn_l,(azl...zn_lj

for some s¢ N,
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from what follows:
azy.eez, ynbzy...z .

Obviously, the congruence n is idempotent and commutative. Since

i i 3 i ni,-j ni, -
g T 1 k =71 k “k
(al ey ) = a) ..eay (al ey )
it follows that
39 Ik A3 g
a, ...a | (a ceed )
Similarly:
i

L, TR S /s
a; ...ay f{al “eedy )

It remains to show that n is contained in any n-semilattice
congruence.

Let p be any n-semilattice congruence on S and let anb,
i.e. (2). Then

r(n-1)+1 :
bob G Uy...up a3, i.e. bpu,...u _a.
Similarly we get that apvy...v, (b. Thus we obtain
n - n-1 n=l
ap (vi...vy_(b)e(bvy...v 1) = bvy...v ;b “pab” o
n-1 n-1 n
p(a” "b)e(a” "au;...uy_j)e(auy...u _j)e(auy...u_ )b
Thus a ¢ b, and we conclude that ngop.

We shall say that a commutative n-semigroup S is archimedean
if, for any two elements of S, each of them divides some power of
the other.

2.2. Every commutative semigroup S is an n-semilattice Y of
archimedean semigroups S, (a€Y).

Proof. Let S be a commutative semigroup and let n be the re-
lation on S defined by (1). By 2.1, S/n is a maximal n-semilattice
decomposition on S. We shall show that every class S, (a €Y) is
archimedean.

If a,bes,, then anb, which means that the equalities (2)
hold.
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Thus we obtain

n-1 = (r+l)in=3) +1

b Upeealp qa@ = b
and

bn—luv|b{r+1}(n~1)+1 for every v=1,2,...,n-1.

Since b]bn-luv, we conclude that br]bn_luv for every
v=1,2,...,n-1, and we have
n-1 n-1, _ . (r+n-1) (n-1)+1
T M L e .

Similarly we can show that

(s+n-1) (n-

bla D+1 £5r some seN.

3. Commutative and separative n-semigroups

—— e

identities

XpeooXy 18X qe0eX) = xl"Jﬁylbxi+l"'xn = a=Dh,
hold for all i=1,2,...,n. S is said to be separative if for any
X,YE S,

20 5 B P e i o ey

for all i=1,2,...,n. ([7]). A congruence p on a commutative

Define a relation o in S by

aocb if and only if there exists an integer r such that
& L SEas =3 (5)
abr(n T br(n 1)+1’ bax(n L) ar(n 1) +1

3.1. If there existintegers r,s such that

aprin=1) - br{n-l)+l' pas (n=1) as(n-1}+1'

“hen a ob.

s(n-1) s(n=1)+1

Proof. Let s <r. Multiplying the identity ab
by piE=aEE-1) o eain apt A7) o prin=1)42

=b

3.2. The relation ¢ defined by (5) in a commutative n-semi-
group S is a minimal separative congruence in S.
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Proof. Evidently, ¢ is reflexive and symmetric. Let agb
and boc (a,b,c€8), then there exist integers s and r such that
apf (n=1) _ br(“'1)+1, paf (n-1) _ r(n-1)+1

bcs(n-l} = csl{n-l)+1'r cbs(n-l] bS(n_1]+l.

Denote by k the integer r+s+rs(n-1). Then
ack(n*l)zac(r+s+r$(n~l)){n—l)zabr(n—l)(cs{n-1)+l)r(n-l)cs(n-l}=

a(bcs {n-]-) +1) {n_l)cstn'1}=abr(n-1! (Cs {n"lj )r(n"l) +1___

I

= bS(n-1}+1(CS(n-l}}r(n-I)*1=(bcs(n—l)}r(n-1}+1=
(cs(n—l)+l}r(n—1}+1=ck(n-1}+1.

Similarly we prove that caXk (Pl k(n=1)+1 o = = will

prove that o is a congruence. Let aob, i.e. abf (N~1)r(n-1)
paf (P=1) ,r(n-1)+1

for some re N and let zl,...,zn_1 be arbitrary
elements of S; then _
r{n-1)__.r{n-1)_  r(n-1)+1 r(n=-1)+1_

{azl"‘zn—l)(bzl"'zn—l) =ab z, S =
_ 2r(n=-1)+1_ r(n-1)+1 r(n-1)+1_ rin-1)+1
=} z, ceeZp g —(bzl...zn_f

Similarly we prove that
rin-1)_ r(n-1)+1
(bzl...zn_l)(azl...zn_l) —(azl...zn_l)

and we obtain

az, ...z _, cbzl...zn_l.

It remains to prove that o is separative. Let bnnla aanhlb g
oanabn; then there exist integers r and s such that
B=lp) (@) T (2-1)

nr(n-1)+1 (™" La) (pN)S(1=1)_(pnys(n=1) +1

(a =(a .

which implies that
ba[nr+l}(n-l)=a(nr+1}(n-l)+1' ab{ns+1){n—1}=b(ns+1)(n—1)+1.

According to 3.1 we obtain aob.

The proof will be completed when we show that o is contained

in every separative congruence o on S.
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Let aob, say abr{n—1)=br(n-1)+1' bar(n-1)=ar{n-l}+1. Let k
be any positive integer such that

We will show by induction that (6) holds for k=1.

(ab(k—l)(n—l))n - (ab(k'll(n-ll-l)n—labk(n-l)'(ab(k-ll(n-l)-lln-1'

bk(n—1}+1 (k-l){n—ll)n—lh{k—l}[n—1)+1’

= (ab
(b (k-1) (n—1)+1)n = bk(n-l}*l (b (k-1) (n-l)}n-lp

I:“ahk(l'l.--l){b(k'-].){n"l,))lfl-l = ah{k-l)(n-l}(b(k-ll(n-l)+l)n-l

- b(k—l){n-l)+1

Putting apk-1) (n=1) _ = y, we have

n n-1 1

o x™ 1y, yexy™

Since p is separative we get Xxopy, i.e. ab(k_l)(nnl)pb(k-l)(n_lﬁl

and similarly we show that a{k-1]t“-l)*lphatk'l)(n-li. Therefore

(6) holds for k-1. By induction, (6) helds for k=1, i.e. ab? 1, p?
and ban-lpan, whence apb.

3.3. A commutative n-semigroup S which archimedean compenents

Sq (e € Y) are cancellative is separative.

Proof. Let S be a commutative n-semigroup such that every
archimedean component S, is cancellative. Let a,b€ S such that
a"=a""1p, b"=ab""!. Let a€S,, beSg; then

n-1
aB

so that a=B. Since S, is cancellative we obtain a=b.

a"lpegt?! =5 , b1

af a€s

= S§,

The converse of 3.3 is also true. First we will prove the
following proposition.

3.4. Let S be 2 commutative separative n-semigroup. If
a,b€S are such that
apt (n-1) br(n—1)+1' T L 4k b R af (n=1)+1

for some r,s€N, then a=b.
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Proof. By 3.1, ae¢b. Since S is separative, the identy
relation ¢ on S is separative. By 3.2 ¢ < I and hence a=b.

3.5. If a commutative n-gsemigroup is separative, then its
archimedean components are cancellative.

Proof. Let’ S.be a commutative separative n-semigroup and let

Sy be an archimedean component of S. Since S is separative, then

Sy is separative. we will show that S  is cancellative. Let

a,b,cl,cz,..,.c be elements of S; such that

n-1l

— bclcz...c

Since S is archimedean then for a and c, there exist ele-

ac,c,...c e

ments APl ""uln—les and integer Iy such that
rl(n—1)+1

C1911%12° 2+ B1pag < 2
Similarly for a‘-and Coprevey @ and Ch-1 there exist
“21'“22""'“z,n-l""'“n—ll’un—lz'""un—ln-leas and integers
rz,...,rn_l such that

r,(n-1)+1
o 0 - S u = a 2
27217227 "2n-1
A 4 rn_lin-1}+1
€a=-1%n-11%n-12*""%n-1pn-1 = 2
So we have

e e o Bl ity b S e KL S DU B P e

(rl+r2+...+r 1+1){n—1]+1

.

= a =

s G R L P EERL T e ERTL MU P N TRTl. S
(XitrF oty 1) (n—1)

Eh =2 n-1

Denoting rytro+...+r _,+1 by k, we have

SK(-1)+1 _ ok (n-1)

Similarly we can show that

bs(n-1)+1 s(n-1)

= ab for some s€ N.

By 3.4, a=b.
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