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THE MAXIMAL SEMILATTICE DECOMPOSITION OF AN n-SEMIGROUP

Pano Krzovski

The purpose of this paper is to generalize the notion of the
maximal semilattice decomposition of a semigroup to n-ary case.

1. Some definitions. Let S be an n-semigroup i.e. an algebra
S whit an associative n-operation
{xl,xz,...,xn) T X Xyea X
S is called an n-semilattice if S is commutative, idempotent and
satisfies the following identity
i, i 1 ] B| J
1 2 k.= 1 2 k
X, Xy wo e =Xy Xy T.e.ex

k
where j_l+j_2+...+ik = j1+j2+...+jk =n, i ,jv 230§ P

v
A congruence a On an n-semigroup S is called a semilattice
congruence if S/a is an n-semilattice.

An ideal I of § is said to be completely simple iff
xlxz...xneI@x1EI or x2€I or ... or xneI.

A subset F of S is a filter in S iff I = S\F is a completely
simple ideal.

2. Characterisation of semilattice congruences whit comple-
tely simple ideals.

2.1. Let 1 be the set of all completely simple ideals in S.
Then the relation o« defined by

Xay & (VI€ 1) (x,y€1 or x,yeI)
is a semilattice congruence.

Proof. Since the elements of I are completely simple ideals,
one easily obtains that a is a congruence on S; so it remains to
shcw that a is a semilattice congruence. Let I € and xl,xz,...,xne
Since I is a completely simple ideal we have that
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n -
X € I&SXxel; xlxz...xnelg xilxi2...xinel
where v + i , is a permutation of {1,2,...,n};
i i e 3y 3 Ik
1
X, X, cee Xy EI(:)xl Xy Teeaxy €I,

11 + i, e S L] + j2 *aat jk = n,
which implies
n
N AXy XoEoedwXoXAX: X eneXa.
152 n i,74, ln'

- L 334 ]
X, 2 k T x
X.l x2 ...X.k axl x2 ...xk

i.e. a is a semilattice congruence.u

Let us denote the congruence a of 1.1, by @y We shall show

now that the converse of 1l.l. is also true:

2.2. If o is a semilattice congruence on S, then there is a

family I of completely simple ideals in S such that a = G

Proof. Let o be a semilattice congruence on £ and let us
associate to each element x€ S the subset F, of S defined by

F, = {ye€ S|xax™ 1yi.

The set F . 1s nonempty and a filtre in S. Namelly it is
clear that XEF, . If Uyslsy,ee. 0 € For then we have that

n-1 n-2, 6 n-1
ax (x u )u
so we get H n=1""n

(n-1) (n-1)

Xox UjUyeeall so uju,.. .uneFx. Conversely let

uu,. . .uné F. Then

n-1

XgX uluz...unuxn—luluz. o e L P

nun aXu ax u_,

5 n-1 n=1
i.e. une Fx. Since x U u,...u ax uiluiz...u.n where v + iu,
is a permutation of {1,2,...,n} we get ul'“Z""'unEFx’ i.e.

Fx is a filtre.

Put I = S\F, and let I = {I _[x€S}. So I is a set of

completely simple ideals in S. We shall show that o = Oy o
a

Let yoz, I € I and y¢I . Therefore ye F, i.e. xax? "1y, Since
n-1 n=l <

X “yax 2z we have that zZE€F , i.e. zg&Ix. We have thus shown that

af-_:at . Conversely, let xaz yvi; then x€ Fx
a o

- -
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implies ye_Fx. i.e. xaxn-ly. For the same reason y€ FY implies
yuyn-lx. But since o is a semilattice congruence, we have

" lyay™1lx and xay.0

Let us note that:

2.3 1IF El and I, are sets of completely simple ideals and

S¢r,, s€z,, then By ey if and only if I, = I,.0l

3. The least semilattice congruence.

It is clear that the intersection n of all semilattice congru-
ences is a semilattice congruence. So:

3.1. xny iff for every completely simple ideal I in S
X,y €I or x,y¢ I. g

Now we shall give another description of n. Let us denote
by N(x) the minimal filtre in S containing x, i.e. N(x) is the
filtre generated by x.

A direct consecquence of 3.1. and the definition of N(x) is

3.2. xny & N(x) = N(y).0

The classes of the congruence n are called n-classes. If
X €S, then the n-class which contains x is denoteed by Nx. With
this notations we have that:

3.3.I)Nx e Nx e where 11'12""'in is a
Y2 n s S G
3 o8 n
permutation of {1,2,...,n},.

II)an o= e

i & i L
III)Hxl lx2 2_‘_xk =it Nx Jlx j2 jk S
1 2 4..’(k y Where ll iz * .5t

+ ik = Fauik 3y +...* die™ D
IV)Nx is a subsemigroup of S.0

As in the binary case S is said to be n-simple iff S has no
proper completely simple ideals.
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For the n-ary case, and in a similar way as in the binary case,
we can prove some analogous properties for the semilattice decompo-
sition, a part of wich is formulated below.

A constructive way for abtaining N(x), which has an inductive
nature, is given with the following statement:
+
3.4. Let x be an element in S. Let Nl(x} {x,;x ,xz(n 33 1,...,
xk(n-1)+1- ..} and let N 4+1 (%) be the n-semigroup generated by all
elements y in 8 such tha.t N (x)Na(y) # 2, where J(y) = yUSn-]yU

us®%ysy...uys®lyst ys“ 1. Then N(x) rljl._llu (x).0

3.5. If I is an ideal of some n-class of an n-semigroup S,
then I has no proper completely simple ideals.

Proof. Let S be an n-semigroup, z€ S and I an ideal of Nz. It
will suffice to prove that I is the only filtre of I. Let F be a
fiitre of I, a €F and let

T = {(xes|a®™ 2 cF).

We shall show that T is a filtre of S. Let xl,xz,...,xne T;
then azn-zxier‘ for i = 1,2,...,n. By the inclusion FECICN, we
have that Nazn—-zxi = Nan-lxi = I\Ixian—l =N, which implies
aZn-in' xiaZn-z €I. Since azn-zxi; a€F it follows that
(aZn—in}a?.n—-Z = aZn-2(xia2n-2)€ F and xiazn-zel‘-‘. Nz is an

5 n-1 n-1, _n-2 s :
n-subsemigroup of S, so (a X x,a )a ENZ which implies
N_n-1 n-1_n-2 = N_n-1 =N_,
a X;x,a “a a X, X, z
and finally a?™ 3y X,X,€I. Since F is a filtre, then
a{aZn 3x = )a o (a2n-2x i 5121'1-2)an—2€F
2 1 2
implies azn-3x1x2€F. By induction, if follows that T is an

n-subsemigroup.

Let xlxz...xne T. By the inclusion F;IQN we have that
2n—2 = _2

n-1 n
a,a X Xy...X €N, and N(a) € N(a X,) €N(a X %X5) & .S N(ax 1X9e .-

...xn_l)gﬂ(an X X,...X ) = N(a) = N(z).
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So we have shown that

n-1 n-1 n-2
a xi, xia , @ xlxz,...,axlxz...xn_IENz.

Since J is an ideal it follows that

2n-2 2n-2 2n-3 n
a xi, X.a , a X Xgre-e,a xlxz...xn_lel.

i
2n=-2

We have that a xlxz...xn, a€F, so

2n-2 2n-2 _ n-2_,.n 2n-2
(a Xlxz...xn}a = a (a Xlxz...xn_ll (xna JEF
which implies anxlxz...x P azn‘ZEF. But then
. n-1 n
aZn—Z(xnaZn-Z) (azn-zxn)azn-ZEF and so azn_zan :

: : ; n
i.e. anT. By reapeting this procedure with a,a xlxz...xn_zxn_leF

we get x €T, Thus T I8 a filtre.

n-1

Ie is clear that FSTC<I. Let X€TNI. Then a2® 2x&F. Since
F is a filtre, it follows that X€ F. But from ac€ NzﬂT it follows
that NJST. So TNI = I and finally F = 1.0

As a consequence of 3.5 we conclude that

3.6. Every n-semigroup is an n-semilattice of n—-simple
n—semigroups.ﬂ

3.7. If I is a completely simple ideal of an n-semigroup S
and if INN, = §, then INN,_ is completely simple.ll

The following is a consequence of 3.7.

3.8. Every completely simple ideal of an n-semigroup S is a
union of n-classes.[]

If 2 28 denotes the set of all n-classes of an n-semigroup S,
then the following holds:

3.9. If I is a completely simple ideal of an n-semigroup S,
then J = {N €Y_|x€I} is a completely simple ideal in Y_. Conversely,
if J is a completely simple ideal in Y , then I = {xES[NxEJ} is
a completely simple ideal in s.0
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