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SUBALGEBRAS OF ABELIAN TORSION GROUPS

G.Cupona,G.Vojvodié and S.Crvenkovié

An Q-algebra A=(A;Q) is said to be an 0-subalge-
bra of a semigroup S if ACS and there is a map-
ping wu—>w of Q into S such that w(@,s000sa }=Eia1...a

n n

for each n-ary operator w€Q and any al,...,anEA.If
€ is a class of semigroups,then by c(2) 1is denoted
the class of @-algebras which are (-subalgebras of semi-
groups belonging to C.Here we give corresponding de-
scriptions of the classes ABTG(Q) and Aml’.Q) where ABTG
is the class of abelian torsion groups and A the
class of abelian groups in which each element has an
order which is a divisor of m(m>2 is a given inte-
ger) .
l1.First,we will give a description of ABTG(Q).

Theorem 1.Let Q#Q(1) (2(n) <8 the set of n-ary
operators belonging to Q).An Q-algebra A=(A;Q) belongs
to ABTG(Q) <Iff it satisfies the following conditions:
(*) For every m,nz>l,u € Q(m),w” "€ Q(n},ieNm=[1,2....m}
and permutation U-—iiv of Nm the following identity equa-

tions are sgatisfied:

W‘(x rese X )=W‘(x reee X )’
1 m il iy
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w’w (xl,...,xmm_li—m CREC SRR TR Sy

)=

= (xl,...;xi_lfm (xi,...,x 1+n"“'xm+n-1)’

i+n—1)‘rx
(**) There is a mapping m:zwm(z) of AuQ into the
set of positive <integers such that:

11 i o o jl 3 Bl B

1
W s ga ) (al,...,aqq}%\ oaa P (a

q
1 p 1 p 1 ".o'aq )’

for any w € ﬂ(nv),akeh and nonnegative integers iv,ju,ul,

B1 such that:

:Lijv{modm[wU)), oy =8y (modm (a,))
and:

1+11n1+. . .+ipnp-a1+. A qu

1+jln1+...+jpnp=81+...+8q.

Proof.In the first place,it is clear. that if A 18 a

subalgebra of an abelian semigroup S then (*) is sati-
sfied.(In (4] it is shown that the converse is also sa-
tisfied) .If S€ABTG and if for each ae€A(weQ),m(a) (m(w))
is the order of a (w) in S,we odbtain that the conditk
on (**) is satisfied.

Assume now that A=(A;Q) is an f-algebra which
satisfies the conditions (*) and (**).If z€AuQ then
Cz denotes the cyclic group with a generator =z and
order m(z).Further on,let H be the free product

H= |_| C, in the class of abelian groups.(We use a
z & AUl

multiplicative notation.)

If u=au’€ lj and a:m{al,...,an) in A,then we wri-
te upwal...anu’,and also wal...anu’—au.Let UHV & u-v
or u-v.Further on,denote by = the reflexsive and tran-
sitive extension of H ,i.e.:

TAE— Guo,ul....,upe H}u=u0,v=up,p>0 and u;_;HU;

for each ie€f{l,...,p}.
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Then, clearly, ~ is a congruence on |}, and wla seee,a )=
=a in A = wa,...a =a.

We will show that:

(8) a,be A =>(axb=a=b),

and this will complete the proof of Theorem 1..

First we introduce the notion of {-word.Namely,

an element weH is said to be an O-word iff
i1 12 ip oy uq
w=w, 0, ...wp a, ...aq +
and 1+11n1+...+ipnp=al+...+aq,where w, € Q(nv+1),iv,u}> i
Then, 11 iP v aq
l'.l.l1 .--mp (al l-s.laq )=aEAl

and we say that a=[w] is the "value" of w.

We note that by (**) the wvalue of an (Q-word w
is wuniquelly determined.

Clearly ,(4) is a consegquence of the following pro-
position
(AA) tet u,veH be such that uHv.If u is an O-word

then v is also an {O-word and [u]=([v].

il ip al aq
Proof.Let u=uw, ...wp a, ...aq 'mvE'Q{nv+]) and 1+iln1+...+
+i n =al+...+u "
PP q £ i 8, a, a
Assume first that uj—v.Then u=w, ...wppa1 a, ...aqq,
Y 3
o2 o 1 a
slzul(modm(alll By >1 ._\_al—wl{al i .,aq )'Yk’ o,
i +1 i 1 foyi=d oty o_+Y
=l 2 ;e SR | 272 q g
V=W, wy ...wp a, a, ...aq 5
Let we Q(n+l),n>1.Then v=msm(m}a:m(aljv,for each s,

t>0 and it can be easily seen that there exist s,t>0

such that 1+sm(m)n+{11+1)n1+izn2+...+1pnp=tm(a1}+sl+yl—1+u2+

+72+...+uq+yq,and this will dimply that v is also an Q-
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-word.Moreover,we shall have:

i +1 12 . tm{a1)+81+Y1-1 u,+Y, @ _+y

_ sm(w) 71 P q q
vl =w Wy wy ...mp tal 12, ...aq )
i i tm(a,)+B o o
_smiw) 1 P 1 1 2 gy
= CPRERRL (a1 13y ,...,aq )
i i o o uq
=, ...wpp(al 133 reeeray )=1[u] .
Consider now the case u-—v.Namely,we can assume
Jy ko dg By - By o y
that u=w, “w, ...wp a; ...aq ' jl.al,jlzil(modm(wlii,Bk:ak(mod

m(al)hand v=w11 Wy ee.w Fa

1

=14 i B.-y,+1 B.-y f=y
- Pp 11 . azz 2...aqq q,whe::e

Y

Y
a =Nl{a11....,aqq).We can also assume that nk;al for some

xe{1,...,p}.Now it can be easily seen that there exist

s sss 48
Sl! 2! r

Then:

and

3

fvl =w,

p'tlpuacftq;o SuCl‘l that

1+rj1—1+slm(m1))n1+(12+52m(m2))n2+...+{ip+stth})nP=

=(81*y1+1+t1m(all)+(62—Y2+tzm(az)}+...+(Bq—yq+tqmtaq)).

jo1+s m(w;) its m(w)) Bi=Y,+l+t m(a;) By-Y,+t,mla,)

i B P P

v=u, .ol a, a,
-y _+t

Bq Yq qm(an

=1

mw,) i +s m(w ) Y
1 P P P (ml(all,...,a

-

[~ 1+s 'q, L i e

R '
-y +t

Bq Yq qm(aq)

b

1

)=

PRPE - |

j1+slm(w1) i +spu:(uJ ) B+t m(a,) ﬂq+tam{aq)

=w

zml e el (a

This

1

-

P P 1 »
t.up (a:i ,...,aq )

i1 i a o

1 g, _
o 1 ....,aq )=[ul .

completes the proof of (44), and thus of Theoreml.

as well.

Corollary.If ONQ(l)#@ , then the class Am(Q] t8 a vari-

ety.

Proof. In this case we have that m:z—m(z)=m is a con-
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stant ,and thus in (**) we have a system of identiti-
es.

2.Consider now the case when 0=0Q(1) consists of
only unary operators.The following example shows that
the conditions (*),(**) are not suficient.
Example.Let 0=0(1) and let wy be a fixed element of
2.Let A={1,2,3,4,5} and the algebra A=(A;l]) be defined

by :

=(123) (45), w
a

“q §=1A if w#mo.

The algebra A satisfies the conditions (*), (**) .Namely,
the condition (*) reduces to the commutativity of the
semigroup generated by the transformations which are
interpretations of the operators from f.And,if we put
m(m0)=6,m(m}=m(a)=1 for each weq ,m'rmo and each aeA,we
obtain that (**) is also satisfied.But A does not be-
long to ABTG(Q),for if A were an 0-subalgebra of a

group GE€ABTG then we would have E§4=4,but Ggl=3,which

2

is impossible. (Namely, B24=4 implies that 50

0
tity of the group G.)

is the iden-

Theorem 2.r.+ 0=0(1). An, Q-alagebra. A=(A;Q) belongs to

ABTG(Q) ©ff <t satisfies the following conditions:

(=) ww(x)=w W (x), for any w ,w’ "€ Q,xeA;

(**°) There <& a mapping m:wem(w) of O into the set

mw) (x)

of positive integers such that W =X,for any We,

xe A
(***“)A satisfies any quasiidentity of the following

form:
-

0 1

...wp(x)=m ...mé(x)=$uﬁf..mp(y)=wf...wé(y),

1
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Proof.Clearly, the conditions (*7),(**") and (***") are
necessary.The suficiency is a corollary of the following
Lemma.Let I be a commutative group of permutations on

a set A such that:
w (x)=w " (x)=0 " (y)=0""(y).

Define a relation =~ on A by:

axb ¢ (J¢€ ''b=¢(a) .Then, (i) ¥ is an equivalence in A.
(1i)If B is a subset of A such that (Vae a)(JibeBlazxb
then the mapping £: (w,bp—w(b) 1s a bijection from
QX B into A, such that £(w w  ",b)=w (E(w”",b)).

(1ii)1f K is an abelian group generated by B and 1t
G=rX K,then by putting £ (w,b)=(w,b),we obtain that the
algebra (A;T) is a TI-subalgebra of G.

The proof of the Lemma is obvious.
3.Here we will make some remarks and state

some problems.
First,we note that if we try to generalize

Theorem 1. for abelian periodical semigroups,then we get
the result that this generalization is not true.And,we
do not know if the corresponding analogy of Theorem 1.
holds for the class of commutative semigroups with the
propertiy Vx) @m > 0)xm+1=x.

The similar situation arises if we try to ge-
neralize Theorem 2..

We also note that we do not know any conveni-
ent description of the class C (2) if C is one of
the following classes of semigroups:

(a) idempotent semigroups,;

(b) periodic groups,
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(c) groups,
(d) inverse semigroups,
(e) regular semigroups,

(f) completely simple semigroups.
In other words we think that the well known Kurosh’s

problem of characterisations of C(7) is until now solv-
ed only for a few clasces of cemigroups,namely only
if C is one of the following classes of semigroups:
1) the class of semiaroups (1] ;

2) the class of commutative semiaroups [4] ;

3) the class of cancelative semigroups (5],

4) the class of nilpotent semigroups [6];

5) the class of semilattices [2];

6i c 2 ,i.e. the class of commutative semigroups that

=1,m
satisfies the identity »™'l=x (3}

7) ABTG,
8) Am.

Wwe would 1like also to mention the problem of
finding the set of varieties C of semigroups such that

c(@) is also a variety for all @ or for some 0 .
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