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ON A CLASS OF NORMAL SEMIGROUPS

P. KrZovski

A semigroup S is called normal if xS = Sx for
all elements x of S (S.Schwarz [1]). It is considered
in this note the c¢lass of normal semigroups with the
property Sx = sz‘ for all x of S. Two characteriza-
tions for the semigroups of this class are obtained
here.

1°.

Sx = sz for all x of S. .

If a semigroup S is normal and regular, then

Pronf. IE X €8 and X = Xyx, then

Sx = SXyx<SSxSx = Szngsz = Sx.

The following example shows that the converse
does not hold: If S is a semigroup such that (S| > 1
and ISZi = 1, then obviously Sx = x§8 = sz and S

1s not regular.

2°. A semigroup S is ncrmal and has the property
Sx = Sx for all x€S if and only if S is an infla-
tion of a semilattice of groups.

Proof. Let S be a normal semigroup with the pro-
perty Sx = sz for all x€S. Denote by T the set of
;
all regular elements of S. We shall prove that T = S°.

1t zGSZ, then there exist x,y,u,v,s,t€35 such that
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z2 =Xy = uy2 - uyzv = Xyv = (xy)zs = xytxy,

which means that z €T, i.e. S2QT. The inclusion
‘I‘g;S2 is obvious. Now we shall prove that T is normal
If x,y€T, then there exist s,u&S such that xy =
= sSX = SXusxeE€ Szx = Tx and this implies that xTcTx.
By symmetry Txg& xT and thus the semigroup 52 =T
is regular and normal. According to [4]’52 is a semi-
lattice cf groups. We note that idempotents of S are
in the centre of S [i], and thus the set of idempo-
tents E is a subsemigroup of 82 = T. )

Define a transformation ¢ of S as follows. If
X €S, then x2€ 52 and thus there exists an idempoten
e such that XZEEGe. Then ¢ (x) = xe defines a tran-

sformation of S.
If x,y€eS and XEEGE, yzer,then:
(xy)zef = xyxyef = xyxeyf = (xy}z
and thus (xy)zeiGef, i.Je.
¢ (xy) = xyef = xe.-yf = ¢ (x)¢(y).

Moreover, there exist u,v€S such that

l
]
Il

x(ye)f = x(uyz)f

2 2
Xye = vXx e = VX~ = Xy.

¢ (xy) xyef

]

2
xuy

Therefore ¢ is an endomorphism of S which fixes
the elements of 52 and this implies that € is an

inflation of 52.

Conversely, assume that T is a semilattice of gro-
ups, and S is an inflation of T. Then,clearly,T is a
normal semigroup such that Tt = th for each te€T,
and this implies that S is also a normal semigroup

satisfying the equality 8Sx = sz for every x of S.
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3°. Let S be a normal semigroup. The following -

statements are equivalent:
(i) sx = sx® for all XES;
(ii) N(x) = {ye€S | Sxc Sy} for all x € s.
Proof. (i)=>(ii). First we shall prove that
F={yeS | Sxcgcsyl}
is a filter which contains the element x.

Let y,z€F. Then Sx<€Sy and Sx<€Sz and since

sx = sx® = sx? = SxxszSxSxQSySz = Szy:éC_:_Syz,

it follows that vyz eFr.

Conversely, if yz€F, then Sx<CSyz<Sz and
Sx&S8yz = ySz CyS = Sy which means that y,z€eF,
i.e. F is a filter. Since SxSSx, it follows that
X€F and this implies that N(x)< F. To show the inclu-
sion F&N(x) we use II.2.10 of [3:\ If ye€F, then
x2€ Sx €SycJ(y). Since e N, (x)NJ(y), we get
yeNZ(x) € N(x) and so FEN(x). Hence F = N(x).

(ii) = (i) Obviosly szg Sx for any x€S. Sin-

ce x2€ N(x), it follows that Sxf:sz. Therefore

Sx = sz.
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3A EAHA KNACA HOPMANHK NONYTFPYNHU

N. Kpxosckwu

Bo oBa2a craruja ce pa3rnepaHd HOpPMa@8nNnHWUTEe nNOonNyrpy-
nu (xS=Sx za Cekoj XES) Kow ro 3agocBONYBaaT YCNAOBOT
2
Sx=8Sx".

Ako nonyrpynaTta S e HopmanHa K perynapHa, Torauw
Sx=xs=5x2. MeryTtoa ofpaTHoTo He Baxu. Ha npumMep, ako S
e nonvrpyvna Taksa wte S| > 1 u lSzl = 1, Toraw Sx=
=xS=Sx2, Ho S He e perynapHa (1°J, CO’ WTO NOKaxyeaMme
fgeka oBaa Knacé € MoWMPOKa OTKONKY ¥nra S e nonympexa
of rpynu. 338 KnacaTa noayrpynwu Sx=xS=Sx2 pobueame
LBE€ KE2PaKTEDPUCTHKH:

S e HopManAHa nolyrpyna co CBOjCTEBOTO Sx=SX2 3KOo

M camc KO S e uHOnauwia Ha nonyMmpexa oa rpynu (2°).

AKO S e HOopManka, TOralw crnegHWBe MCKa3W Ce EeKBU-

BEaNernTHNn:

- (i) 3a cexoj x € S, Sx=8x2

(ii) sa cexoj x€8, N(x) {y€ §|Sx & Sy} (3% <
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